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Preface

In the last decades, impressive advances have been made in the use of quantum mechan-
ical methods to calculate molecular properties including response properties. Linear and
non-linear response methods have been developed and implemented for most of the ap-
proximate wave functions used in quantum chemistry, giving a range of computational
methods of varying cost and accuracy. Thus it is presently possible to calculate for ex-
ample excitation energies, linear and nonlinear optical properties, one- and multi-photon
transition rates, and magnetically induced transition moments for a wide range of mole-
cules and target accuracies. These calculations aid in the interpretation of a wide range of
spectroscopies including electron spin resonance, nuclear magnetic resonance and mag-
netic circular dichroism and general laser spectroscopy.

We found it therefore appropriate and timely to arrange an international meeting devoted
to these topics and the conferenceResponse Theory and Molecular Propertieswas held in
the period May 5–8, 2004, at Sandbjerg Estate, Denmark. The conference also celebrated
two of the Danish pioneers in this field, Prof. Jan Linderberg and Prof. Poul Jørgensen,
who in 2004 turned 70 and 60 years old, respectively. The conference gathered about 70
participants and included more than 30 lectures by leading experts, covering many aspects
of the calculation of molecular properties and the development and use of response theory.

The present proceedings includes papers by a number of the invited lecturers. We hope
that the wide range of properties, molecules, and computational methods discussed will
provide the reader with a sense of the creativity and activity in the field. The proceedings
also includes the lectures given by Prof. Yngve Öhrn, Gainesville and Prof. Jens Odd-
ershede that outline the scientific career and contributions of Jan Linderberg and Poul
Jørgensen, respectively.

We would like to thank all the lecturers and participants of the conference for their
contributions to an enjoyable and interesting meeting. On a more personal note, we would
like to congratulate Jan and Poul with their birthdays and thank them for their contributions
to our own scientific developments and careers. We wish them many happy and fruitful
years to come.

Jeppe Olsen
Hans Jørgen Aagaard Jensen

xi
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Jan Linderberg, Scientist, Teacher, Friend

Yngve Öhrn

Quantum Theory Project, Departments of Chemistry and Physics, University of Florida, PO Box 118435,
Gainesville, FL 32611-8435, USA

Abstract
It is difficult to write an article about a close friend and colleague, and when asked to do so about Jan Erik Linder-
berg, I hesitated. It would be far less demanding to give a speech about him with a few jokes and reminiscences.
Nevertheless, I have tried to present Jan as I know him. I am not trying to list everything that he has done in
science and otherwise. That is too difficult a task. I have instead picked a few examples of his published works
and glimpses of events in his career and present them as illustrations of Jan the Scientist, the Teacher, and the
Friend.

1. INTRODUCTION

I first got to know Jan Linderberg as a fellow graduate student in the Quantum Chemistry
Group of Professor Per-Olov Löwdin at Uppsala University. Actually “graduate student” is

xiii
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a misnomer, since at the time there was no formal graduate program in quantum chemistry
at Uppsala, and this fledgeling research group existed with the support of various research
grants from Swedish and United States sources. Per-Olov, or Pelle as we all called him, was
a master at raising research money and he hired a number of interested young scientists to
carry out quantum mechanical calculations on atoms and molecules. I joined the group in
the Fall of 1958. Jan was then already a member of this outfit and so were other interesting
personalities, such as Anders Fröman, Jean-Louis Calais, Jan Nordling, Einar Lundquist,
and Klaus Appel. In addition there were a couple of visiting foreign scientists. I remember
the presence of Harrison Shull, from the University of Indiana, and George Hall, from
Nottingham University, in the Fall of 1958. In these early days of electronic computing,
the group had an in-house Alwac III, which was less powerful than a modern day calculator.
This computer was kept running by Klaus Appel, and the rest of us tried to use it by writing
machine code, a very slow and cumbersome activity.

We spent our time reading the classical papers in the field and also learning from our
seniors in the frequent seminars. The research results were first written up in Technical
Reports to be sent to the granting agencies. The advent of a new report required the in-
volvement the entire group. A secretary typed the text on a special wax stencil from a hand
written manuscript, leaving spaces for the formulae that were added by hand. The dupli-
cation process was done with a hand cranked mimeograph machine that emitted a pungent
smell of alcohol and produced a bluish type. The stacks of pages were placed on a long
table in the library and we all walked a round the table assembling a report with a green
cover and stapled on one edge. This and other activities of the group introduced an infor-
mal atmosphere in the interaction among the members, something quite unique in Swedish
academic life at the time.

The group had little administrative help from the university and the necessary book
keeping of research grants and other funds was put in the hands of Jan Linderberg. He spent
some time every week recording debit and credit items in a large ledger. His numbers were
then used when auditors from the university and from the granting agencies came to check
on our work. Jan’s sense of order and penchant for accuracy made him particularly well
suited to handle the finances. The university auditor, Mr. Mårdell, once remarked during
one of his visits that Jan had the Debit and Credit sides of the ledger opposite to established
accounting practice. After some discussion Jan challenged the auditor on his definitions,
and Mr. Mårdell had to admit that the only definite criterion was that the Debit side of the
ledger should be kept “towards the window”.

Jan and I soon became very good friends. We realized that we both greatly enjoyed
a mid-morning coffee break away from the office. Most mornings we walked out of the
group quarters at the street level of Rundelsgränd to have a cup of java and a piece of cake
at Alma Cafe in the central university building. In doing so we had to pass Pelle’s window,
and he soon let us know that he disapproved of our coffee habit. This did not slow us
down one bit. We also learned that we shared many ideas about science and that we simply
enjoyed each others company.

Pelle had spent time as a visiting scientist at US universities in the 1950s and he had
been approached by some institutions to establish a research program in the emerging field
of quantum chemistry and theoretical solid state physics. In 1959 he decided to accept
an offer from the University of Florida to do just that, and all of us youngsters suddenly
were given the opportunity to spend some time at this university. Rather characteristically,
Jan was one of the very first to take advantage of this offer, and he moved, in early 1960



Jan Linderberg, Scientist, Teacher, Friend xv

with his wife Gunnel and infant son Johan, to Gainesville, Florida to assume a one-year
appointment as Research Associate in Physics. Inspired by Jan’s decision and by the news
that trickled back to Uppsala from “over there” my family and I chose the same path about
a year later and Jan’s and my appointments at the University of Florida overlapped for a
couple of months in 1961.

2. THE SCIENTIST

Jan’s first paper is published in 1959 in Swedish. It appeared in a Conference Proceedings
and treats interpolations with the use of exponential functions. He then published a paper
with Harrison Shull (J. Mol. Spectroscopy5 (1960) 1) investigating electron correlation in
3- and 4-electron atoms. I think this paper is the first to point out the interesting effect that
the (2s)2 and (2p)2 near degeneracy has on electron correlation in Beryllium-like ions.

While at University of Florida (UF) he published a paper on perturbative treatment of
the Hartree–Fock equations (Phys. Rev.121 (1961) 816). When the proofs came and the
question of page charges had to be settled, Jan took the paperwork from Physical Review
to the Assistant Chairman in the Department of Physics, and found out that he had never
seen or dealt with such matters. This is a small illustration of where physics at UF was at
the time and how much it needed an influx of some industrious Swedes. Fortunately things
have changed and science at UF now ranks among the best in the nation.

Starting in 1962 and continuing through early 1964 Jan set a fast pace in his research
with an eye on presenting a doctoral dissertation. He focused his efforts on dispersion
energy and electron correlation in molecular crystals, and, in particular, rare gas crystals.
In the spring semester 1964 he went to the custodian of the central university building to
obtain a couple of two-inch nails and to borrow a hammer to literally nail his thesis “Role of
correlation in electronic systems” to the main bulletin board for public scrutiny. In May he
successfully defended his dissertation in a public forum where Docent Stig Lundqvist, as
university appointed opponent and I as Jan’s appointed opponent tried to find weaknesses
where there were none.

In typical Jan fashion, there was no time for rest, other than a daily coffee break, and he
applied for and won a one-year temporary appointment as Professor of Theoretical Physics
at Umeå University in northern Sweden. He moved there in July 1964 and theoretical
physics got a real boost in Umeå as did the coffee shop business.

Jan and I had started a closer collaboration when we both were back in Uppsala in 1963.
This was the beginning of the propagator era in our lives. The physical separation between
Umeå and Uppsala did not slow the collaboration. We managed to produce a paper that,
I think, we both are very proud of, “Propagators for alternant hydrocarbons” (Phys. Rev.
139 (1965) A1063), which was later reprinted in the series “Selected Papers in Physics”,
by the Physical Society of Japan (Theory of Molecular StructureII, 1966 p. 131).

Anyone who has worked with Jan quickly finds out that he is a wizard of mathematics
and that his thinking does not always follow straight lines of reasoning. I have many times
watched in amazement how he can see patterns of regularity and order in wildly chaotic
mathematical expressions. Examples of his unconventional thinking are two small pa-
pers he published in 1967 and 1970. “Consistency requirements in the Pariser–Parr–Pople
model”,Chem. Phys. Lett.1 (1967) 39 presents the idea that parameter values in so-called
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semi-empirical Hamiltonians can be obtained via requirements that operator representa-
tives in a very limited basis of such quantities as position and momentum are required to
satisfy the commutation relations of quantum mechanics. The other paper I refer to is “Use
of contour integral method in molecular orbital theory”,Chem. Phys. Lett.5 (1970) 134.
In this paper Jan shows how formulae, originally introduced by Coulson and Longuet–
Higgins, involving contour integration in the complex energy plane, actually can be used
efficiently in numerical work.

The variety of topics covered by Jan’s published papers is impressive and a testimony to
the way he works. Many of our colleagues in the field of theoretical chemistry do not stray
very far from the path they take in their early career and seem satisfied to be doing more of
the same. That is obviously not the way to characterize Jan’s career. His one hundred plus
published papers cover method development such as propagator or Green function theory
applied to molecular problems, statistical atomic central field models, hyperspherical coor-
dinates for scattering, isoparametric finite elements, theory of dissociative recombination,
differential ionization energy, and many others. Furthermore, Jan never does theory for its
own sake. There is always an application and an often novel numerical approach to reach
an interesting and meaningful solution. He is the complete quantum chemist, in the sense
that he in many cases works out the equations, he codes them for the computer, and he
runs the calculations. The applications covered by his published papers include, cohesive
energy of solids, band structure of graphite, London forces, spin densities, g-tensors for
electron spin resonance, magneto-optical activity, optical activity of organic disulphides,
photochemical rearrangement reactions,etc.This is not a scientist stuck in one method and
one set of problems.

Another trait of Jan as a scientist is a deep knowledge of the literature. He takes great
care to give credit where credit is due and it is interesting to note how many of his papers
have references to work done decades ago.

3. THE TEACHER

Jan’s unconventional way of approaching a problem coupled with his unique facility to
perform mathematical operations in his head sometimes makes his lectures hard to follow
for the novice. However, for those willing to work hard and not give up there are ample
rewards in learning many clever tricks and interesting new ways to look at a problem.
I have in my possession several sets of typed notes by Jan relating to a particular course
given at Århus, or Utah or wherever he may have enlightened a group of graduate students.
He has always been generous to send me these gems of didactic reasoning.

One such undated note called “Symmetry feature of the 3,3,5 polytope” deals with the
discretization of the unit sphere and how it relates to Coxeter groups and the approximate
treatment of angular momentum in terms of finite rotations. Another entitled “Concerning
orthogonal polynomials” relates to optimization procedures, and interpolations in the com-
plex domain. One dated October 1992 is called “Concerning forms, bilinear, sesquilinear,
and quadratic” and presents a way to deal with polynomials of several variables. This note
also includes three challenging problems for the reader to sharpen his/her understanding of
the theory.

During one of his recent stays at the University of Utah Jan gave a series of lectures
on Green functions and linear response theory with the use of electron field operators. He
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prepared a set of notes for his students and as usual sent me copies. These notes are not
copied from some text on the subject, but present a fresh new way to learn about these
matters. I always gain some insight from Jan’s pamphlets and try to incorporate the ideas
in my own teaching.

When Jan became Professor of Theoretical Chemistry at Århus University in 1966 he
introduced a new way to teach quantum chemistry. I still have his lecture notes in Swedish
from that first year. So not only did his Danish students have to cope with another Scan-
dinavian language but also with an unconventional way to teach theory in a chemistry
department. The first chapter deals with Maxwells equations and the quantization of the
radiation field. The treatment of electrons starts with the Dirac equation, and the Heisen-
berg equation of motion gets as prominent a role as does the Schrödinger one. I have heard
that the older professors of chemistry at Århus at the time were a bit concerned that this
was going to be too difficult for the chemistry students.

There were, however, a number of Danish students, who took the opportunity to learn
from the new professor and a small, but soon very influential, group of theoretical chemists
gathered at Århus under Jan’s leadership. Many of these early students have gone on to
prominent careers such as Erik W. Thulstrup, Poul Jørgensen, Jens Oddershede, and others.
Soon the group grew with foreign postdoctorals, some of them former graduate students
of mine at the University of Florida, such as Joseph Kouba, Rodney J. Bartlett, Nelson
H.F. Beebe, and Manoj Mishra, and some from other places such as Mark Ratner, Ian L.
Cooper, and others.

I had the good fortune to spend fourteen months in 1970–71 with the Linderberg group
at Århus, and on many other occasions I was the Visiting Professor in the group for a
couple of months and thoroughly enjoyed the science and the fellowship there. In the early
days we often spent the Friday summer afternoons on the soccer field. Sometimes we
organized real tournaments against the organic groups or some of the physics groups. These
were serious battles with real team uniforms. I have pictures to prove it. It was fun and
much of this activity has led to lifelong friendships and lasting international professional
contacts.

Another aspect of Jan as teacher is the way he interacts with his chemistry and physics
faculty colleagues who may need help or guidance with some theoretical matter. Jan is
always approachable for consultation and I have many times seen him provide answers and
useful suggestions to an experimental colleague. Some of the questions raised during such
sessions have led to collaborations and published papers, such as “ESR spectra ofClO2

andBrO2 exchange coupled to molecular oxygen”,Chem. Phys. Lett.33 (1975) 612 with
J.R. Byberg, and “Electron-transfer fluorescence quenching of radical ions. Experimental
work and theoretical calculations”,J. Am. Chem. Soc.106(1984) 5083 with Jens Eriksen,
Karl Anker Jørgensen, and Henning Lund.

From very early in his career Jan realized that the teaching of quantum chemistry is
an international activity. He has lectured at several international institutes and schools in
Scandinavia and elsewhere. Already in 1962 he participated as an instructor in the leg-
endary Coulson Theoretical Chemistry Summer School at Oxford, England. He has been a
guest lecturer at universities in Norway, Sweden, Germany, Hungary, Switzerland, North-
ern Ireland, Canada, Japan, Italy, India, and the United Sates.
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4. THE FRIEND AND TRAVEL COMPANION

Jan and Gunnel were born and grew up in Karlskoga, Sweden. They often return there to
enjoy the Swedish nature and to relax with their relations. The people Jan used to know
when growing up in the home town of Alfred Nobel and close to where the famous Bofors
guns are manufactured, I think, in many ways still form a reference frame for him and his
view of the world. There is a fundamental, stable coherence in Jan’s persona that is always
present, and I think, it derives from the sound values and attitudes he experienced from his
parents and surroundings in Karlskoga. The inherent value in learning and achievement,
in manual as well as intellectual skills, was something both he an I grew up with. This
provides a basis for Jan’s thoughts and actions. These basic personal values, I think, is the
main reason that Jan and I early on felt a special friendship for each other and this is also
a principal reason for why we have enjoyed doing science together.

I have had the privilege to be able to visit Jan at Århus University on many occasions for
shorter times and, although less frequent, Jan has visited me at the University of Florida.
However, we have not really spent that much common time at the same institution and
much of our collaboration has been of the long distance kind. Nevertheless, at last count
we have managed to co-author about twenty research papers and two editions of a book.

When we are together at the same time-space point we like to write our papers sitting
together and working out the formulation of each sentence. We also work best by using the
blackboard for derivations while we discuss, and delight in the rare successes and agonize
over the many failures.

With such close collaboration it is unavoidable that the families get involved, and our
spouses and children have enjoyed each others company over the years.

Jan and I both like physical exercise and try to stay in some reasonable shape. Many
times we have run together in the forests around Århus and Jan is quite a determined
long distance runner. I don’t think I have been able to outrun him on any of our jaunts
in the Danish woods. He and Gunnel have, in the last several years, taken up the sport of
orienteering. This is an activity, where you attempt, in the shortest time possible, to find
a set of stations each marked with a small colorful screen usually in rather severe terrain.
You use a detailed map and compass and have to find the stations in order. Jan likes to
tell stories about his successful and not so successful starts in such competitive events.
Actually, I think that Gunnel has had more prominent results in orienteering than has Jan.

Jan and I have traveled together to scientific meetings around the world. As young gradu-
ate students we each gave seminars at the famous Bates group at the University of Belfast,
Northern Ireland. There we also had our first experience with oversized steins of Irish
stout, but managed not to disgrace ourselves or our hosts. We travelled to Japan in 1976 to
a conference on Electronic Structure held on the north island of Hokkaido. Jan flew from
Denmark and I from Florida. We met in Tokyo and arrived together a day early to Tomako-
mai, a small paper mill town on the coast of Hokkaido. We took a walk about town and
realized that the locals had no experience with westerners. People in the street laughed at
us and stared at us. Jan is a strapping six foot four inches and although I am barely six feet
tall, we both towered over the local Japanese. In particular Jan became very popular and
when a school class on excursion wanted to have their picture taken with Jan, he kindly
obliged. Jan loves to travel and he rarely hesitates to accept an opportunity to cross the
Atlantic. I am no different. So, since 1966 there has hardly been a year when we have not
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met somewhere. When we meet after some time of little or no communication, we more
often than not discover that we have been thinking about similar matters.

With Jan’s retirement and my own impending one, we will have less opportunities for
professional travel, but on the other hand we will have more time to “do integrals”, which
are Jan’s code words for working out new theoretical and computational schemes. So,
maybe more co-authored papers are just around the corner. I would very much like that.
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Poul Jørgensen and His Science
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Abstract
Having had the privilege of knowing Poul Jørgensen since before he started in science, being one of his first
scientific co-workers, and having followed his development from a distance in the later years, it is a special
pleasure for me to have this chance to take a closer look at his scientific career and at his contributions to our field.
In my opinion his science is characterized by a long series of new and important methodological contributions to
the field of electronic structure. I have tried to focus on some of his most important contributions and I have also
shown how modern quantum chemistry—including the science of Poul Jørgensen—is never the work of one man.
I conclude with some personal remarks about the impact of Poul Jørgensen’s science on contemporary electronic
structure theory.

1. INTRODUCTION

I met Poul Jørgensen in one of the dormitories on campus at Aarhus University when
we were both students in the mid 1960s. He was a chemistry student and I a student of

xxi
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chemistry and physics. Since he had started at the university one year prior to me, it was
not until we both moved in to the dormitory that I got to know him.

He introduced me to Jan Linderberg and got me interesting in doing my degree with Jan
in quantum chemistry. As you can see from Yngve Öhrn’s contribution in this issue on Jan
Linderberg, he had just been appointed professor of Quantum Chemistry at Aarhus Uni-
versity in 1966 and Poul and I became his first students. Exactly who was first is perhaps a
little difficult to decide as can be seen from the following.

After Poul had introduced me to Jan and to the field of quantum chemistry, he decided
to leave chemistry all together! Poul has always been—and still is—very actively engaged
in sports; in his early years it was track and field that had his interest and in later years
it has been orienteering. He had decided to make his hobby his living, which meant leav-
ing chemistry and going to Copenhagen University to study sports science. That was the
summer of 1967. Thus, when I started as a graduate student in September 1967, Poul
had left. Luckily for me—and for quantum chemistry—Poul soon discovered that sports
is more fun from a practical than from an academic point of view, and during the fall of
1967 he returned to active service at the Theoretical Chemistry Division at the Chemistry
Department in Aarhus. However, by then the first course of quantum chemistry at Aarhus
University had started (1 September 1967) with Jan Linderberg as the professor and me
as the Teaching Assistant. Poul had to wait a year to achieve this honour—and source of
income!

If this gave him the extra time needed to concentrate on his thesis or he just was more
determined than I, I do not know. However, whatever the reason was, he graduated first
(July 1969)—just about one year before I did (May 1970), so it is fair to say that Poul was
indeed Jan’s first student.

Being a student in the group of Jan Linderberg in those days was not always so easy. Jan
had very high standards, both for himself and for his students. It could at times be difficult
for him to comprehend the level of ignorance of the Danish students in those days. We had
to work very hard in order to follow what “the master” tried to explain to us. After a session
with Jan on a given topic we had to study for days to sort out in our own minds what he had
been trying to teach us. Jan was always extremely friendly and was also patiently trying to
explain it to us again and again, but we felt that there were some missing links and details
in the explanations that we just did not understand—and Jan simply could not comprehend
that we did not know them.

Thus, there was no other way out of this predicament than to start all over on our own
and to be our own mutual tutors. So we did, and this was the start of a series of long lasting
scientific collaborations between former graduate students of Jan Linderberg, including
that between Poul and me. I doubt that this was a deliberate act on Jan’s part but it was a
useful one. We were brought up to stand our own feet and we were also trusted to do so.
Very often one sees that thesis advisors want to or need to be part of their students’ work,
and this makes it difficult for the students to develop their own independent profile and line
of work. This was never a problem in Jan Linderberg’s group. Both Poul and I have only
two papers in common with Jan. This is not an indication of lack of interest from Jan’s
side. On the contrary, he was always there with good advice and help. However, it was a
sign of “no interference” and it gave us both a chance to develop our own scientific careers,
careers that are clearly influenced by the guidance and subject pioneered by Jan Linderberg
and his co-workers.
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The very international atmosphere that Jan created at his new group in Aarhus also
influenced both Poul and me. Long term visitors, postdocs,etc., as,e.g., Yngve Öhrn, Mark
Ratner, Nelson H.F. Beebe, Rodney J. Bartlett, Pekka Pykkö, Josef Michl, Jack Simons and
John R. Sabin, as well as very many lectures and short term visitors taught us early on that
quantum chemistry is a truly international science and that the inspiration one receives
from scientists with different culture and upbringing is invaluable to the progress of one’s
own science.

Add to that the social dimension that was created by sports activities, as well as the fact
that we also met after working hours in our homes and at outings, and one has a most
fruitful environment for the development good and dedicated scientists such as Poul and
many others.

2. THE CAREER

After graduation Poul was a postdoc in Aarhus as well as with Yngve Öhrn in Florida
(1972–73), in Utah with Jack Simons (1974) and in Pasadena with V. McKoy (1974–75)
before being appointedlektor (associate professor) at Aarhus University in 1975. In 2000
he became professor. In Denmark becoming professor is not a matter of individual pro-
motion but relies on the availability of a vacant professorship. When the dean at long last
decided to create an individual professorship that Poul could apply for, the promotion was
long overdue—but most welcomed by Poul and all of us who had followed his scientific
achievements.

Poul’s first paper onTime-dependent Hartree–Fock calculations in the Pariser–Parr–
Pople model. Application to aniline, azulene and pyridineappeared inInt. J. Quantum
Chem.in 1970 (co-authored by Jan Linderberg). Since then he has published nearly 300
papers and other contributions in the international scientific literature. The list of publi-
cation also includes three textbooks and together with Jeppe Olsen and Trygve Helgaker
he has organized a series of summer schools inQuantum Chemistry and Molecular Prop-
erties in Denmark since 1990. Both the textbooks and the summer schools have had a
considerable influence on the coming generations of quantum chemists.

In the 34 years that have passed since his maiden paper, Poul Jørgensen has made many
seminal contributions to the field of electronic structure theory. Typically, for both his sci-
entific legacy and for the field in general, these contributions are the results of collaboration
with a long list of colleagues and students. In fact, the list of publication reveals that he
has had 98 co-authors during the 34 years. About half of those are co-authors on a single
paper. However, Poul Jørgensen’s scientific career is characterized by a longstanding col-
laboration with a few other scientists.Table 1lists the names of some of them as well as
the number of joint publications with Poul.

Two co-authors—Trygve Helgaker and Jeppe Olsen—stand out as long-term co-workers
of Poul, and as we shall see later, they have important shares in the many contributions Poul
has made to his field.

3. SCIENTIFIC MILESTONES

Trying to determine the most important scientific contributions of a very active and versa-
tile scientist such as Poul Jørgensen is a difficult task—and some may even say a hazardous
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Table 1. The top ten co-authors of Poul Jørgensen
and their number of joint publications (spring 2004)

1. Trygve Helgaker 99
2. Jeppe Olsen 83
3. Hans Jørgen Aagaard Jensen 48
4. Henrik Koch 46
5. Ove Christiansen 40
6. Christof Hättig 31
7. Kenneth Ruud 30
8. Keld Bak 29
9. Danny L. Yeager 28

10. Hans Ågren 27

one. The choice will always represent a personal taste. Others—including Poul—may well
disagree with the choices made. However, despite all these uncertainties and despite the
fact that Poul has only just passed 60 and still is scientifically at the peak of his career I
shall risk being proved wrong, and try to pinpoint some of the subfields of electronic struc-
ture theory where I find that Poul’s fingerprints are especially noticeable. My background
for doing so is my experience from the first years of collaborations with him and the role
of the interested spectator since I left Aarhus University in 1977.

In looking over more than 30 years of scientific activities I find that it is possible to
identify seminal contributions by Poul Jørgensen in at least 8 different fields of quantum
chemistry. In my view it is also possible to match these contributions to specific publi-
cations. These papers have all, in one way or another, become central sources to consult
if one is interested in these subfields. In order to have a measure of the interest, the total
number of citations to each paper is also indicated.

3.1. E.S. Nielsen, P. Jørgensen and J. Oddershede: Transition moments and dynamic
polarizabilities of a second-order polarization propagator approach,J. Chem.
Phys. 73 (1980) 6238—130 citations

Poul and I were brought up in a wave function free environment! Jan Linderberg early on
made it clear to us that propagators or Green’s functions were the future of quantum chem-
istry. Why calculate individual state energies and subtract them from each other in order
to determine their energy difference? Why not use the propagators to obtain the energy
differences directly as poles of these functions and then determine the response properties
of molecules, as,e.g., dynamic polarizabilities, directly from the functions themselves? We
did not question this dogma. Students never do. However, it was obvious to all of us who
were involved in this development in the early seventies that unless we were able to develop
propagator methods based onab initio methods we would never be able to convince the
rest of the world that our belief was the right one. Thus, Poul, Nelson Beebe and I set out
to developab initio based polarization propagator methods. That is, on the methods used
to calculate number conserving excitation phenomena as excitation energies and molecular
response properties. Other research groups engaged in similar developments for electron
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propagator methods for non-number conserving processes such as electron addition and
removal.

Poul and I ended up with methods based on perturbative techniques, methods that would
ensure that all terms up through a particular order of Møller–Plesset perturbation theory
were included in the energy difference and in the response function. The most complete
method of the kind was the Second-Order Polarization Propagator Approach (SOPPA)—
an acronym suggested by Nelson Beebe—and the reference given in the heading gives the
most complete account of this method. The method is still used and it has survived the
test of time as a useful and rather accurate way of calculating, for example, the magnetic
properties of molecules.

3.2. E. Dalgaard and P. Jørgensen: Optimization of orbitals for multiconfigurational
reference states,J. Chem. Phys. 69 (1978) 3833—154 citations

Poul Jørgensen did not remain completely faithful to the gospel of Jan Linderberg staying
away from wave function-based methods! He and another one of Jan’s students, Esper Dal-
gaard, together with many other scientists in our field at about the same time (late seventies)
got interested in ways of developing and improving the rather widely used multiconfigu-
rational self-consistent (MCSCF) methods. The main new idea in their paper was the use
of an exponential ansatz for the form of the MCSCF wave function, an idea that Poul also
has pursued in many of his later developments. Both the orbital and the configurational
variation parameters were cast into the form of exponents and it thus become easier to treat
them at a balanced level of approximation. A second-order MCSCF method was derived.
The ansatz also made it possible to formulate a MCSCF-based time-dependent Hartree–
Fock method as demonstrated in a paper by Danny Yeager and Poul Jørgensen (Chem.
Phys. Lett.65 (1979) 77). The method of Esper and Poul represents one of the most ele-
gant ways of understanding the connection between orbital and configurational variation
parameters in MCSCF-based methods. It paved the way for a series of papers in which
Poul and his co-workers, using Newton–Raphson update techniques, demonstrated how to
obtain guaranteed convergence in ground state MCSCF calculations.

3.3. P. Jørgensen and J. Simons:Ab initio analytical gradients and Hessians,
J. Chem. Phys. 79 (1983) 334—106 citations

The analytical parameterization of the MCSCF state made it natural for Poul Jørgensen
and Jack Simons, a friend and co-worker ever since Poul was a visiting professor in Utah
in 1977, to look into the possibility of evaluating analytic gradients and Hessians for SCF
and MCSCF wave functions. The paper cited above represents the first reference to this
work, even though it may not be the most well known of their papers on this subject. Based
on citation counts it appears that the one they wrote together with two of Jack’s students,
Hugh Taylor and Judy Ozmont, on how to combine these ideas with update techniques to
“walk on potential energy surfaces” (J. Chem. Phys.87 (1983) 2745) is more popular.

Analytic derivative techniques were developed in many different research groups in the
early to mid eighties. Poul and Jack made significant contributions to this development. It
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was thus very appropriate that the two of them together arranged a workshop on “Geometri-
cal derivatives of energy surfaces and molecular properties” at Sandbjerg—the same place
we have this meeting—in August 1985, the proceedings of which has become a standard
reference in analytical derivative techniques.

3.4. J. Olsen and P. Jørgensen: Linear and non-linear response functions for an
exact state and for a MCSCF state,J. Chem. Phys. 82 (1985) 3225—295 citations

After his excursions into wave function methods, Poul returned to his “childhood learning”
in this his next seminal contribution to electronic structure theory. Together with Jeppe
Olsen he wrote what has become the standard reference in response theory. Poul and Jeppe
had decided that the term polarization propagator created too many negative reactions in
the electronic structure community so they suggested to use the term response functions
for these functions instead—a phrase that has been widely used ever since.

Using the time-dependent Ehrenfest equation, they derived the form of the response
functions for both an exact and an approximate (MCSCF) reference function. Here again,
the exponential ansatz for the wave function was crucial for the development.

The main achievement of their work was that this paper for the first time devised a
general way of calculating higher order response functions, that is, including non-linear
response functions. This lead to the firstab initio implementation of quadratic response
functions for an MCSCF wave function by H. Hettema, H.J. Aagaard Jensen, P. Jørgensen
and J. Olsen inJ. Chem. Phys.97 (1992) 1174. In later years, even higher order response
functions have been programmed and many of the most interesting contemporary response
calculations make use of these non-linear response functions.

Most of the later theoretical developments of response methods is based on the work of
Olsen and Jørgensen from 1985, so this is clearly one of Poul’s most influential contribu-
tions to the field of electronic structure theory.

3.5. H. Koch and P. Jørgensen: Coupled cluster response functions,J. Chem. Phys.
93 (1990) 3333—211 citations

In recent years Poul Jørgensen and Henrik Koch’s work on coupled cluster-based response
function is probably the single development in the Aarhus group that has caught the most
attention from the outside electronic structure community. Based on the general ideas in the
1985 work of Olsen and Jørgensen, Koch and Jørgensen formulated a response function
for a coupled cluster reference state. Here again, it came in handy that the formulation
of response functions was developed in terms of exponential wave functions. However,
what made this piece of work particularly useful was the fact that Poul and his co-workers
derived a series of perturbative approximation to the full coupled cluster response theory.
The second-order method (CC2) is described in a paper by O. Christiansen, H. Koch and
P. Jørgensen,Chem. Phys. Lett.243(1995) 409 and the CC3 method is derived in a paper
by H. Koch, O. Christiansen, P. Jørgensen, A.S. de Meras and T. Helgaker inJ. Chem.
Phys.106(1997) 1808.

The perturbative approximations are useful in that they allow an hierarchical study of
the importance of including electron correlation in the calculation of excitation energies
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and of other response properties up to and including third order. This is one order higher
that is possible to perform with the SOPPA-like methods that have never been formulated
consistently beyond second order in terms of perturbation theory.

3.6. T. Helgaker and P. Jørgensen: An electronic Hamiltonian for origin independent
calculation of magnetic properties,J. Chem. Phys. 95 (1991) 2595—66 citations

Even though Poul’s main interest has been the development of new electronic structure
methods, as is apparent from the previous subsections, he has also had a keen interest in
proving that these methods can indeed produce accurate results for properties that may be
difficult to compute with other methods.

Magnetic properties of molecules represent one such class of properties. However, the
gauge-origin dependence of calculated magnetic properties is an added difficulty as soon as
one enters this field. The use of London orbitals represents a standard way of circumventing
the problem. Using second-quantization, Trygve and Poul have shown how to include the
effect of London orbitals not in the wave function, but as extra terms in the electronic
Hamiltonian, thus making a calculation of magnetic properties in a gauge-invariant fashion
a straightforward task using response methods as well.

This methodological development has spurred a long series of response calculations of
magnetic properties by authors such as Kenneth Ruud and co-workers.

3.7. J. Olsen, O. Christiansen, H. Koch and P. Jørgensen: Surprising cases of
divergent behaviour in Møller–Plesset perturbation theory,J. Chem. Phys. 105
(1996) 5082—66 citations

To me—and I guess to many of us in the electronic structure community—it came as
surprise when the paper listed above proved that total energy calculations using the widely
applied Møller–Plesset perturbation theory (MBPT) diverged in higher orders for “well-
behaved, normal closed shell systems” such as Ne and HF. Later calculations on other
systems have substantiated the initial results and proved that this is a rather general feature
of MBPT.

Depending on your preference, you may either conclude from these findings that there is
problem with MBPT or that it is advisable to stick to the lower order of MBPT, for which
the calculations seem to behave nicely and reasonably! However, knowing that MBPT is a
general tool in many black-box electronic structure codes used by non-experts in electronic
structure methods, the findings of Jørgensen and co-workers concerning the convergence
difficulties of MBPT-calculations ought to be more widely communicated to the chemistry
and biochemistry circles.

3.8. A. Halkier, H. Koch, P. Jørgensen, O. Christiansen, I.B. Nielsen and
T. Helgaker: A systematicab initio study of the water dimer in hierarchies of
basis sets and correlation models,Theor. Chim. Acta 97 (1997) 150—78 citations

The last development that I shall draw the reader’s attention to is Poul and co-workers’
recent series of papers in which they determine the normal distribution of the error in com-
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puted quantities. Using hierarchical electronic structure methods—such as the perturbative
approximations to the coupled cluster response method—and hierarchical basis sets, they
are able to estimate error bars on calculated electronic structure properties. This is a com-
mon practise in experimental papers, but is rarely seen done in a systematic fashion in
theoretical papers.

Clearly this line of work makes the theoretical results more reliable and thus more useful
for those who wish to use our numbers.

4. CONCLUDING REMARKS

Poul Jørgensen’s scientific contributions are, of course, not limited to the few examples I
have chosen to highlight very briefly in the preceding section, nor has he at an age of 60
stopped contributing to the field of electronic structure theory. He is still going strong, and
I expect many more important contributions from him—and the test of time may prove
me wrong in some of the choices I have made in order to illustrate his scientific achieve-
ments.

The focus of Poul’s science has been on method developments usingab initio methods.
This is his primary interest; this is where he has made his major contributions to our field.
Application of his methods has often been left in the hands of his many co-workers. Ap-
plications have held his interest but primarily as a tool to show that his latest method is the
best!

It is characteristic of Poul’s science that he does not stick to the same method for very
long. In his earlier career, he was promoting perturbative propagator methods. However,
when he became interested in MCSCF and MCSCF-based response methods he lost in-
terest in the perturbative propagator methods at the same time. Currently, he is a staunch
advocate of coupled cluster-based response methods, and MCSCF-based response methods
are out!

It is of course quite natural and reasonable to be of the opinion that your latest theoretical
development is the best. However, this attitude also may have the effect that you do not
allow yourself the benefit of discovering that different methods works in different situations
and that the truth is not always one-dimensional.

However, Poul is the kind of person that focuses his strengths in one direction, and he
has a tendency to have a black-and-white outlook at the world. He has had his disagree-
ments with his colleagues in the scientific community and he has never followed “main
streams”. Perhaps for these reasons he has not gotten the full international recognition that
his scientific contributions warrant. Surely, he is well-known in our circles and he is also
invited to very many conferences and events in quantum chemistry. However, he is not a
“science entrepreneur”; he does not sell the same method for years and he does not even
try to please those in power and of influence.

Poul is the way he is. We—his friends—enjoy that and enjoy his friendship. He makes
us proud of our field and we are looking forward to seeing many more scientific advances
from his hand.

My best wishes to you, Poul, on your 60th birthday. All the best for you and your science
in the many more active years to come!
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Abstract
Recent applications of response theory formulations of Olsen and Jørgensen on multi-photon absorption of
molecules have been briefly reviewed. The connection between the calculated microscopic and experimentally
measured macroscopic properties is derived. The performance of various computational approaches ranging from
Hartree–Fock and Coupled Cluster to Density Functional theory for these spectral properties is analyzed. Using
analytic response theory results as reference, the validity of the commonly applied few-states models for two-
and three-photon absorption of molecules have been examined. A design strategy for three-dimensional charge-
transfer multi-photon absorption systems is presented.
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1. INTRODUCTION

The field of multi-photon absorption (MPA) can on a superficial level be described as hav-
ing experienced three phases of activity, each separated with periods of about 30 years;
initially a theoretical discovery, a phase of experimental confirmation and applications,
and the present phase characterized by a dynamic interplay between experiment and theory.
The pioneering prediction by Göppert-Mayer[1] already in 1930 pointed out a truly unique
feature; the ability of matter to absorb more than one single photon at a time. In these early
days the phenomenon was far from having a chance of being experimentally confirmed
and remained therefore as a rather exotic, albeit interesting, aspect of light-matter interac-
tion. The birth of the laser in 1960 released a floodgate of research in particular within the
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evolving discipline of non-linear optics (NLO). So the phenomena of two-photon absorp-
tion (TPA) [2] and three-photon absorption (3PA)[3] could soon thereafter be confirmed,
in 1961, respectively, 1963.

On the theoretical side we consider the formulation of response theory of Olsen and
Jørgensen in 1985[4] as a large step towards and implementation of a practical scheme
for large scale molecular calculations of multi-photon absorption (MPA). Traditionally,
the physical origin of all MPA processes has been traced to various orders of the non-
linear susceptibilities,χ (1), χ (3), χ (5), . . . . However, much more efficient computational
schemes can be obtained by examining the resonance conditions in the sum-over-states
(SOS) representation and by identifying products of first, second, third order of transi-
tion moments. A decisive simplification is therefore given by an evaluation the multi-
photon transition moments as residues of (hyper)polarizabilities or, as encoded in response
methodology, as residues of linear, quadratic or cubic response functions. These considera-
tions enabled the MPA cross-sections to be extracted at the same order as the corresponding
(hyper)polarizability;i.e., σTPA fromβ andσ 3PA from γ . This is a considerable simplifica-
tion from, for example, evaluating the 3PA cross-section from the fifth order polarizability.
Other advantages of response theory for general molecular property calculations are well
known, and will probably be reviewed in other contributions to this volume.

Calculations using response theory was greatly promoted in the late 90s by the discovery
of organic systems with large cross sections along with a growing attention motivated by a
new generation of novel photonic technologies[5–15]. Although theoretical modelling has
been available at anab initio level since quite long time, it has not until recently reached a
stage where it can match the increasing pool of experimental results. The original response
theory work on Hartree–Fock and multi-configurational quadratic response functions have
been extended to cubic response functions and a wider selection of wavefunctions, in par-
ticular to the coupled cluster hierarchies of electron correlated wave functions, and lately
also to density functional theory (DFT). The present implementation of response theory in
the program DALTON thus provides a flexible and powerful toolbox for theoretical mod-
elling of multi-photon absorption of which only some aspects will be covered in this review.

We start by deriving some basic relations in MPA which later is connected to computa-
tional schemes viable for direct response calculations. In the following section we recast
the attained expressions into modified sum-over-states (SOS) expressions suitable for trun-
cation into so called few-states models. Henceforth we review a sample of applications
starting with examining the validity of the few-states models, followed by some results for
explicit three-dimensional systems. Finally, we demonstrate the applicability of DFT by
comparing with CC results and present DFT calculations of three-photon absorption for a
set of chromophores.

2. MULTI-PHOTON CROSS-SECTIONS

2.1. Macroscopic approach

On a macroscopic scale, the MPA processes can be elucidated by considering the rate of
absorbed energy per volume unit when subjected to an external electric field,E

(1)

〈
d

dt

(
absorbed energy

volume

)〉

time
= 〈j · E〉.
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The current density,j , induced in a non-magnetic medium with no free charge carriers,
can be expanded as

(2)j = ∂P
∂t

+ c∇ × M − ∂

∂t
∇ × Q + · · ·

where the terms represent the electric dipole, magnetic dipole and electric quadrupole po-
larization. In the field of nonlinear optics the latter terms are neglected in general and the
electric dipole term is expanded as

(3)P = P(1) + P(2) + P(3) + P(4) + P(5) + · · ·
where it is sufficient to consider terms of odd order and the highlighted terms because of
the time averaging procedure[16]

(4)P
(1)
i = χ

(1)
ij (−ω;ω)Eje−iωt + c.c.+ · · · ,

(5)P
(3)
i = 3χ (3)ijkl(−ω;ω,−ω,ω)Eje−iωtE∗

keiωtEle
−iωt + c.c.+ · · · ,

(6)

P
(5)
i = 10χ (5)ijklmn(−ω;ω,−ω,ω,−ω,ω)Eje−iωtE∗

keiωt

× Ele
−iωtE∗

meiωtEne
−iωt + c.c.+ · · · .

In the expansion of the rate of absorbed energy we can determine the first order contribution
of the rate of absorbed energy as

(7)

〈
∂P(1)

∂t
· E
〉

= 2ω Im
[
χ
(1)
ij (−ω;ω)

]
EiE

∗
j .

This corresponds to one-photon transitions and the remaining terms can be ascertained as

(8)

〈
∂P(3)

∂t
· E
〉

= 6ω Im
[
χ
(3)
ijkl(−ω;ω,−ω,ω)

]
EiE

∗
jEkE

∗
l ,

(9)

〈
∂P(5)

∂t
· E
〉

= 20ω Im
[
χ
(5)
ijklmn(−ω;ω,−ω,ω,−ω,ω)

]
EiE

∗
jEkE

∗
l EmE

∗
n

which correspond to two- and three-photon absorption. The expressions can be abbreviated
further by introducing the intensity,I , asI = nc

2πE
2 (in cgs units)[17] and identifying the

one-, two- and three-photon absorption coefficients,α, β andγ , as

(10)α = 2πh̄ω

nc
Im
[
χ
(1)
ij (−ω;ω)

]
,

(11)β = 24π2h̄2ω

n2c2
Im
[
χ
(3)
ijkl(−ω;ω,−ω,ω)

]
,

(12)γ = 160π3h̄3ω

n3c3
Im
[
χ
(5)
ijklmn(−ω;ω,−ω,ω, ω,−ω)

]

which can be related to the phenomenological equations describing the attenuation of a
light beam experiencing OPA, TPA and 3PA as

(13)
dI

dz
= −αI − βI2 − γ I3.
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Trough the relations

(14)σTPA = h̄ωβ

N

and

(15)σ 3PA = h̄2ω2γ

N

one can finally define the OPA, TPA and 3PA cross-sections,σOPA, σTPA andσ 3PA.

2.2. Microscopic approach

At a microscopic level, the susceptibilities correspond to (hyper)polarizabilities which in
principle are attainable by quantum chemistry methods, but less feasible for larger systems.
Instead of evaluating the imaginary part of (hyper)polarizabilities as such we can achieve
a considerable downshift of the order of the property by only considering the resonant
terms forγ (−ω;ω,−ω,ω) with ω = 1

2ωf whereωf is the excitation energy to the final
two-photon state|f 〉. Under these conditions it is possible to rewriteγ as

γαβγ δ(−ω;ω,−ω,ω) = h̄−3
∑

P1,3

×
∑

km

[ 〈0|µα|k〉〈k|µγ |f 〉〈f |µβ |m〉〈m|µδ|0〉
(ωk − ω)(−iΓf /2)(ωm − ω)

+ 〈0|µγ |k〉〈k|µα|f 〉〈f |µβ |m〉〈m|µδ|0〉
(ωk − ω)(−iΓf /2)(ωm − ω)

]

= i
2h̄−3

Γf

∑
P−σ,2

∑

k

〈0|µα|k〉〈k|µγ |f 〉
(ωk − ω)

∑
P1,3

∑

m

〈f |µβ |m〉〈m|µδ|0〉
(ωm − ω)

(16)= i
2h̄−1

Γf
Sαγ S

∗
δβ .

Hence, in the vicinity of two-photon resonance it is sufficient to evaluate the two-photon
transition matrix elementsSαβ defined as

(17)Sαβ = h̄−1
∑

k

[ 〈0|µα|k〉〈k|µβ |f 〉
ωk − ω

+ 〈0|µβ |k〉〈k|µα|f 〉
ωk − ω

]
.

Due to the slow convergence of these so called sum-over-states (SOS) expressions an ex-
plicit summation does not form a viable option forab initio methods, except when they can
be truncated to a few leading terms. These truncations have traditionally been considered
legitimate for so-called charge transfer (CT) systems, where the excitation scheme is com-
pletely dominated by a few major excitation channels. In addition, they may also serve as
a valuable tool for interpretation purposes because of their ability to display the relation of
the TPA probability,δTPA, to other somewhat more intuitive quantities. A more computa-
tionally efficient approach is offered by residue analysis of the (hyper)polarizabilities. The
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single residue of the first order hyper-polarizability can be written as

lim
ω2→−ωf

(ω2 − ωf )βijk(−ωσ ;ω1, ω2)

= 1

h̄

∑

n

[ 〈0|µi |n〉〈n|µj |f 〉〈f |µk|0〉
(ωn − ω1 − ωf )

+ 〈0|µj |n〉〈n|µi |f 〉〈f |µk|0〉
(ωn + ω1)

]

(18)= 1

h̄

∑

n

[ 〈0|µi |n〉〈n|µj |f 〉
(ωnf − ω1)

+ 〈0|µj |n〉〈n|µi |f 〉
(ωn0 + ω1)

]
〈f |µk|0〉.

It is clear that the term inside the brackets is connected to the two-photon absorption matrix
element given by equation(17), when evaluated forω1 = −ωf 0/2.

The final step in order to relate the microscopic origin to the macroscopic detection
consists in relating the two coordinate systems; that of the laboratory and that of the mole-
cules. Specifically we need to be able to relate the quantity that defines the macroscopic
coordinates in the microscopic realm, that is the polarization of light, with the transition
dipole moments evaluated at the quantum level. Since experiments rarely are made on sin-
gle molecules, but an ensemble of molecules which for gases or liquids has no preferred
direction, the relation must include a full orientation averaging. Thus, we want to establish
a relation such as

(19)
〈∣∣S0f (λ, ν)

∣∣2〉 =
〈
(λAνBλ

∗
Cν

∗
D)(lAa lBblCclDd)

(
S

0f
AB

(
S

0f
DE

)∗)〉
.

In the beginning of 1970s, Monson and McClain[18,19] derived the following relations
for accomplishing this task

(20)δTPA = FδF +GδG +HδH

whereF ,G andH are defined as

(21)F = −|λ · ν∗|2 + 4|λ · ν|2 − 1,

(22)G = −|λ · ν∗|2 − |λ · ν|2 + 4,

(23)H = 4|λ · ν∗|2 − |λ · ν|2 − 1

and

(24)δF =
∑

a,b

SaaS
∗
bb, δG =

∑

a,b

SabS
∗
ab, δH =

∑

a,b

SabS
∗
ba .

For linearly polarized light this implies thatF = G = H = 2.
The microscopically determined two-photon probability,δTPA, is subsequently related

to the macroscopic cross-section,σTPA, as

(25)σTPA = 24π2h̄ω2

c2
Im
[
χ (3)

]
= 4π2h̄ω2

c2
e4a4

0E
−3
h δTPA = 4π2αa5

0ω
2

c
δTPA.

Provided the Bohr radius,a0 and the speed of light are given in cgs units and the frequency,
ω and the TPA probability,δTPA in atomic units the resulting unit will be cm4 s photon−1.
The result can be generalized further by introducing the finite lifetime broadening as

(26)σTPA = 4π3αa5
0ω

2

c
δTPA
(ωf − 2ω,Γf )
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through the normalized Lorentzian

(27)
(ωf − 2ω,Γf ) = 1

π

Γf

(ωf − 2ω)2 + Γ 2
f

.

2.3. Three-photon absorption

In complete analogy with TPA, 3PA cross-sections determined by third order transition
moments which in turn can be evaluated through a single residue of the second order hy-
perpolarizability. Again, orientational averaging is required in order to relate the intrinsic
coordinates of a single molecule to the ensemble of freely moving particles as measured in
the laboratory coordinate system. As for TPA one therefore seeks to evaluate:

(28)δ3PA =
∣∣T 0f (λ, ν, ξ)

∣∣2 =
(
λAνBξCT

0f
ABC

)(
λDνEξFT

0f
DEF

)∗
.

According to McClain[20,21]the orientation averaged values for the 3PA probabilityδ3PA
for linearly (L) and circularly (C) polarized light can be written as:

(29)δ3PA
L = 1

35
(2δG + 3δF ),

(30)δ3PA
C = 1

35
(5δG − 3δF ),

where

(31)δF =
∑

i,j,k

TiijTkkj ,

(32)δG =
∑

i,j,k

TijkTijk.

Similar to TPA, we can finally relate the orientationally averaged three-photon absorption
probabilities,δ3P, to the three-photon cross-section,σ 3PA, as

(33)σ 3PA = 4π4a8
0α

3c

ω3δ3PA
(ωf − 3ω,Γf )(ω)

Γf
.

With the same convention concerning the units as for TPA the final cross-sections will be
obtained in units of cm6 s2 photon−1.

3. RESPONSE FUNCTIONS

To some extent response theory[4,22] can be seen as an elaborate scheme of time-
dependent perturbation theory. By means of this theory we can avoid the explicit sum-
mation of the expressions attained in the previous section by solving algebraic equations.
Secondly, the formalism isanalytically transferable, i.e., the same technique may subse-
quently be applied to retrieve properties from a wave function irrespective of the actual
parameterization of the wave function.
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For exact states these can be given in their spectral representation with

(34)−〈〈A;B〉〉ω1 =
∑

P
∑

p

〈0|A|p〉〈p|B|0〉
ωp − ω1

as the linear response function and

(35)−〈〈A;B,C〉〉ω1,ω2 =
∑

P
∑

p,q �=0

〈0|A|p〉〈p|B̄|q〉〈q|C|0〉
(ωp + ω0)(ωq − ω2)

as the quadratic response function, where〈p|B̄|q〉 = 〈p|B − 〈0|B|0〉|q〉 and−ω0 = ω1 +
ω2+· · · .P is the permutation operator. If the chosen operator is the dipole operator,µ, the
response functions,〈〈µi;µj , µk, . . .〉〉ω1,ω2,... will correspond to the (hyper)polarizabilities
α, β andγ .

The response functions contain inherently information about the excited states. The
poles determine the location of the excitation energies and further information can be re-
trieved by examining resonance conditions through a residue analysis. From the expression
for the linear response function for an exact wave function, where the unperturbed Hamil-
tonian is diagonal, we can easily evaluate transition dipole moments between the ground
state,|0〉, and an excited state,|f 〉 as

(36)lim
ω1→−ωf

(ω1 − ωf )〈〈µi;µj 〉〉ω1 = 〈0|µi |f 〉〈f |µj |0〉.

The single residue of the quadratic response function provides information on the two-
photon transition matrix elements

lim
ω2→−ωf

(ω2 − ωf )〈〈µi;µj , µk〉〉−ω1,ω2

= −
∑

n

[ 〈0|µi |n〉〈n|(µj − 〈0|µj |0〉)|f 〉
ωn − ω2

(37)+ 〈0|µj |n〉〈n|(µi − 〈0|µi |0〉)|f 〉
ωn − ω1

]
〈f |µk|0〉

whereω1 + ω2 = ωm. From the double residue of the same response function one can
deduce the transition dipole moments between excited states

lim
ω1→ωf

(ω1 − ωf )
[

lim
ω2→−ωm

(ω2 − ωm)〈〈µi;µj , µk〉〉−ω1,ω2

]

(38)= −〈0|µi |f 〉〈f |
(
µi − 〈0|µi |0〉

)
|i〉〈i|µk|0〉.

We emphasize that this is done from the reference state,|0〉, preferably the ground state,
with no further reference to any excited state.

For approximate wavefunctions the two-photon transition matrix element,Sαβ , can
within the response terminology be evaluated directly as[4]

SAB = −NA
j (ωf /2)B

[2]
jk N

F
k (ωf )−NB

j (−ωf /2)A[2]
(jk)N

F
k (ωf )

(39)−NA
j (ωf /2)

(
E

[3]
j (kl) + 1

2
ωf S

[3]
j lk − ωf S

[3]
jkl

)
NB
j (−ωf /2)NF

k (ωf ).
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In analog, the three-photon tensor elements are evaluated as

Tabc = NA
j (ωf /3)T

[4]
jklm(ωf /3, ωf /3, ωf /3)N

B
k (−ωf /3)NC

l (−ωf /3)NF
m (ωf )

−NA
j (ωf /3)

[
T

[3]
jkl (−ωf /3, ωf /3 − ωf /3)N

B
k (ωf /3)N

CF
l (−ωf /3, ωf /3)

+ T
[3]
jkl (−ωf /3,2ωf /3)NC

k (−ωf /3)NB
l (ωf /3)

+ T
[3]
jkl (ωf ,−2ωf /3)N

F
k (ωf )N

BC
l (ωf /3,−ωf /3)

]

−NA
j (ωf /3)

[
B

[3]
jklN

C
k (−ωf /3)NF

l (ωf )+ C
[3]
jklN

B
k (−ωf /3, ωf )

]

+NA
j (ωf /3)

[
B

[2]
jk N

CF
k (−ωf /3, ωf )+ C

[2]
jk N

BF
k (−ωf /3, ωf )

]

+ A
[2]
jk

[
NB
j (−ωf /3)NCF

k (−ωf /3, ωf )+NC
j (−ωf /3)NBF

k (−ωf /3, ωf )

(40)

+NF
j (ωf )N

BC
k (−ωf /3,−ωf /3)− A

[3]
jklN

B
j (ωf /3)N

C
k (−ωf /3)NF

l (ωf )
]

where

(41)NX
j (ωa) =

(
E[2] − ωaS

[2])−1
jk
X

[1]
k , X ∈ {A,B,C},

(42)
(
E[2] − ωaS

[2])
jk
NF
k (ωf ) = 0

and
(
E[2] − (ω1 + ω2)S

[2])NBC
j (ω1, ω2) = T

[3]
klm(ω1, ω2)N

B
l (ω1)N

C
m (ω2)

− C
[2]
kl N

B
l (ω1)− B

[2]
kl N

C
l (ω2),

(
E[2] − (ωf − ωa)S

[2])NXF
j (ωa, ωf ) = T

[3]
klm(−ωa, ωf )NX

l (−ωa)NF
l (ωf )

−X
[2]
kl N

F
l (ωf ),

(43)X ∈ {B,C}.
The termsT [3]

jkl andT [4]
jklm, which areseparatefrom the three-photon transition matrix ele-

ments, are short-hand notation for

(44)T
[3]
jkl (ω1, ω2) =

(
E

[3]
j (kl) − ω1S

[3]
jkl − ω2S

[3]
jkl

)
,

(45)T
[4]
jklm(ω1, ω2, ω3) =

(
E

[4]
j (klm) − ω1S

[4]
jk(lm) − ω2S

[4]
j l(km) − ω3S

[4]
jm(kl)

)
.

The many parameters not defined here can be found in the paper of Olsen and Jør-
gensen[4]. Again it is noteworthy that the same approach can be applied for a wide
selection of wavefunctions, from low scaling methods as Hartree–Fock (HF) and density
functional theory (DFT) to highly correlated schemes as coupled cluster (CC).

Response theory at the self-consistent field (SCF) level has often been applied for the
calculations of multi-photon absorption of large organic molecules. Considering the size of
these systems and computational tractability the method of choice for incorporating elec-
tron correlation is DFT. Recently, response theory up to the fourth property order has been
implemented in the framework of DFT, which enables improvements of the predictions
with a high degree of correlation.
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4. FEW-STATES MODELS

4.1. Two-photon absorption

The explicit formulas for the transition matrix and tensor elements are normally given as
sum-over-states (SOS) expressions. An option is therefore to enforce a truncation of the
SOS-expression and only include a few dominating states and excitation channels. This
may be motivated by the increasing energy term in the denominator or the assumption that
only a few excitation paths actually will contribute in a full summation. The convergence
rates with respect to the inclusion of states in the summation are known to be slow, except
for charge-transfer (CT) systems which fortunately—but not surprisingly—coincides with
a class of systems proposed for TPA and 3PA applications. These so-called few-states
models where only a limited set of excited states and accompanying transition moments
are addressed to represent the full excitation scheme is clearly inferior to response theory
as a methodology, but the decomposition into simple properties such as excitation energies
and transition dipole moments can enable valuable interpretation and promote an enhanced
intuitive understanding through so-called structure-to-property relations.

Following the orientationally averaging procedure devised by Monson and Mc-
Clain [18], but rearranging the terms in a slightly more intuitive fashion we can rewrite
the two-photon probability for linear polarized lightδTPA

L , and circular polarized light,
δTPA
C , as

(46)δTPA
L = 24δ1 + 8δ2 − 16δ3,

(47)δTPA
C = 16δ1 + 12δ2 − 24δ3

where

(48)δ1 =
∑

ij

(µ0i · µif )(µ0j · µjf )

ωiωj
,

(49)δ2 =
∑

ij

(µ0i × µif ) · (µ0j × µjf )

ωiωj
,

(50)δ3 =
∑

ij

(µ0i × µ0j ) · (µif × µjf )

ωiωj
.

This reformulation emphasizes the vector nature of the transition dipole moments. The
termsδ1 andδ2 thus describe the alignments—or absence of alignments—of the channels
leading to the actual two-photon state,i.e., indirectly the symmetry of the excited state.
Obviously, a perfect alignment is preferable, however not possible in each molecular point
group. Far more intriguing is the task of controlling the interference term,δ3. In order to
avoid negative contributions, the summation would ultimately consist of terms entangled
in arrangements such asµ00, µ11 ⊥ µ01 and whereµ00 is directed in the opposite direction
to µ11. These conditions can easily be fulfilled by arbitrary vectors, but are not likely to
occur for transition dipole moments for a real system. From inspection it is also clear that
theD2h molecular point group is less appropriate, since all excitation paths unavoidably
will be orthogonal. The distribution between the different termsδ1, δ2 andδ3 thus defines a
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clarifying signature of the processes underlying a particular TPA cross-section. Apparently,
it is useful to distinguish between states where the dominating contributions are from par-
allel (P) or orthogonal (O) sub-paths. This may be especially relevant for non-symmetrical
species where the character of the two-photon state cannot be determined directly by re-
ferring to symmetry rules.

Few-states models are obtained by truncating the summation in equation(17) to include
a finite number of excited states. For instance, by truncating equation(46) to three states
and restrict to two dimensions one obtains

(51)δTPA = 8
(µ0iµif )2(2 cos2(θ if0i )+ 1)

(ωi)2
.

The angle,θ1f
01 between the relevant transition dipole moments,µ01 andµ1f , is unknown

from an experimentally point a view and have to be assumed to be zero, which may be
motivated for purely one-dimensional systems. Including yet a state will yield a four state
model and the possibility of constructive or destructive interference between the excitation
channels.

4.2. Three-photon absorption

The monochromatic three-photon transition tensor elementTabc is defined as

(52)Tabc =
∑

Pa,b,c

∑

n,m

〈0|µa|m〉〈m|µb|n〉〈n|µc|f 〉
(ωm − 2ωf /3)(ωn − ωf /3)

.

Confining to two states this can be rewritten as

(53)Tzzz = 27× 2µ0f
z (µ

00
z − µ

ff
z )

2 − (µ
0f
z )

3

2ω2
f

= 27× µ
0f
z [2(
µz)2 − (µ

0f
z )

2]
2ω2

f

and, for a one-dimensional system, the total three-photon absorption probabilityδ3PA for
linearly polarized light will become

(54)δ3PA
L = (Tzzz)

2

7
.

5. VALIDITY OF FEW-STATES MODELS

The matrix equations describing multi-photon excitations given in the response section are
indeed not very illuminating, but by inspecting theE andS terms under certain conditions
we can identify a connection with the conventional SOS expressions. IfH0On|0〉 = En|n〉,
as for instance is the case for FCI, the second-order Hessians and overlap matrices, will
be diagonal and the third-order matrices will vanish, with the final consequence that the
equation for the TP transition moment [equation(39)] will equal the SOS expression in
equation(17). Thus, when approaching FCI we can expect a convergence for the absorption
cross-sections between the two formalisms. At other levels of theory, the two approaches
will be different even when performing a complete summation of the excited states.
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For a small diatomic such as LiH and a small basis set (here we confine to STO-3G)
we can includeall excited states in the SOS summations, both at the Hartree–Fock, and
the full-configuration interaction (FCI) level. InTable 1we present the results for two-
and three-photon transition matrix elements between the ground stateX1Σ+ and the two
lowest singlet excited states ofΣ+ symmetry. At the FCI level, the SOS and response
approaches agree on the final property values, whereas, at the SCF level, this is no longer

Table 1. Two-photonSzz and three-photon matrix elementsTzzz for LiH at the SCF and
FCI levels with the STO-3G basis set

Property State SCF FCI

SOSa Response SOSa Response

Szz 11Σ+ 42.417 42.406 76.490 76.490
21Σ+ 10.680 10.344 −8.2558 −8.2558

Tzzz 11Σ+ 5939.8 5857.6 13355.1 13355.1
21Σ+ −663.65 −1134.7 −39.695 −39.695

All quantities are given in a.u. Taken from[15].
a The SOS calculations include all states in the given representation.

Table 2. A comparison of truncated sum-over-states values with response results for two-
photonSzz and three-photonTzzz matrix elements

States Szz Tzzz

1 −62.867 −1767.6
2 −62.836 −1763.8
3 −62.774 −1746.3
4 −61.970 −1596.7
5 −80.226 −3210.7
6 −75.316 −2214.0
7 −71.047 −3032.2
8 −70.996 −3017.9
9 −71.030 −3012.1

10 −71.165 −3021.9
11 −70.458 −2942.4
12 −70.416 −2954.8
13 −70.946 −3106.7
14 −70.548 −3236.4
15 −70.528 −3236.6

Response −70.142 −5442.7

Results are obtained for the 21A1 charge-transfer state of pNA at the SCF/6-31G level. All quantities are given
in a.u. Taken from[15].
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so due to the contributions from the third-order Hessian matrix. The discrepancy is more
pronounced for the higher order propertyTzzz.

We also note a rapid convergence for all properties with respect to the number of states
included in the SOS summations at the FCI level. Already with inclusion of five of the total
29 excited states, the properties are converged to within 1%. At the SCF level, on the other
hand, the values predicted by SOS (all states included) and response agree to within a few
percent forSzz and forTzzz of the first excited state. For the second excited state, however,
the results predicted with the two methods differ by a factor of two. This shows that the
quality of truncated SOS models depends not only on the property at hand but that it is also
state specific.

A similar observation can be made for para-nitro-aniline (pNA) as shown inTable 2. For
TPA we note a mutual convergence between SOS and direct response after inclusion of 7

Fig. 1. Molecular structures.
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Table 3. A comparison of truncated sum-over-states values with response results for two-
photonSzz (a.u.) and three-photonTzzz (×104 a.u.) matrix elements

Molecule ωa Osc. str. Szz Tzzz

SOSb Response SOSb Response

AF-240 4.08 1.328 129.2 129.4 2.31 4.05
AF-260 4.11 1.222 156.4 148.2 1.61 4.30
AF-370 4.30 0.365 79.5 81.9 0.22 1.65
AF-385 4.13 1.477 15.7 14.0 3.20 3.78
AF-386 4.27 1.159 65.0 60.9 1.84 2.61
AF-390 4.16 1.430 123.2 118.2 2.36 3.86
DTT 3.17 (4.34) 1.886 99.0 94.0 11.54 7.48
DTT-DD(101) 3.10 (4.19) 2.153 107.3 190.2 15.15 9.78
DTT-AD(102) 2.97 2.219 436.4 430.0 13.51 18.31
DTT-DD(103) 3.04 (4.07) 2.545 206.5 256.5 22.06 14.68
DTT-AD(104) 2.97 2.390 424.9 416.7 17.44 20.15
DTT-AA 3.01 (4.04) 2.275 622.0 674.4 18.79 13.35

Results are obtained for a series of chromophores at the SCF/6-31G level. The excitation energiesω are given in
eV. Taken from[15].
a The state with strongest TPA is given in parenthesis for symmetrical molecules.
b A two-state model is employed for all AF compounds except AF-370 where a three-states model was used.
A two-state model is employed for all DTT compounds except symmetrical DTT where a three-states model is
used forSzz.

states, whereas for 3PA it appears as if the value is converged, while still deviating from
the direct response value by more than 50%.

The majority of systems proposed for TPA applications are various types ofπ-conjugated
structures modified by the attachments of electron accepting (A) and donating (D) groups,
as for instance those shown inFig. 1.

As depicted inTable 3andFig. 2, the agreement between the few-states models (FSM)
and response methods forSzz is striking for all compounds. The deviation for TPA is
occasionally 10%, but mostly below 5% if DTT-DD is disregarded. This is in sharp contrast
to the performance of FSMs forTzzz which show substantial discrepancies when compared
against response results. The mean value of deviation is close to 40%, and the error can
occasionally exceed 200%. Perhaps even more crucial is the fact that few-states models
fail to predict the same ordering of the compounds as the response values with respect to
the strength ofTzzz.

6. THREE-DIMENSIONAL SYSTEMS

The two principal strategies for optimizing multi-photon cross sections have been to ei-
ther propose new types ofπ-conjugated structures or to modify structures by attaching
electron accepting and/or electron donating groups at certain locations. Introducing elec-
tron accepting (A) and electron donating (D) groups to conjugated systems has the well
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Fig. 2. Correlation between results obtained with few-states models and the response
method for two-photonSzz and three-photonTzzz matrix elements. The systems included
are derivatives of stilbene (triangle), AF (square), and DTT (ring).

known effect of localizing the otherwise de-localized highest occupied and lowest unoccu-
pied orbitals (HOMO-LUMO) and thereby establishing an effective charge-transfer path
across the molecule. Due to the increase of transition dipole moment guiding this transi-
tion and an overall alignment involving all transition dipole moments, this technique leads
to enhancements of several orders of magnitude for TPA[10,11]. However, the attach-
ment of various functional groups also affect the symmetry of the molecule, which, as seen
from the generalized few-states model formula, may have a significant influence by im-
posing restrictions among the excitation paths leading to the final multi-photon absorption
state. Para-cyclophane (PCP), seeFig. 3, constitutes an interesting example in this context
since it is explicitly three-dimensional and also offers the possibility of through-space de-
localization as a means of gaining contributions to the cross-sections. From the agreements
between the direct response and the few-states models results for TPA, displayed inTable 4
or Fig. 4, it is evident that it is sufficient to consider three states in order to incorporate the
major sources to the cross sections for all PCP compounds.

The distributions among the terms,δTPA
1 , δTPA

2 andδTPA
3 , are displayed in the histograms

in Fig. 5for compounds PCP0, PCP1, PCP2 and PCP8. In general the first excited state can
be classified as having a clear P-character and it is also far more intense than the second
state. The dipolar structures, PCP0 and PCP1, show similar features. Both are, as expected,
completely dominated by theδTPA

1 term, which indicates an alignment between the relevant
transition dipole moments and a pronounced P-character. PCP2 and PCP8 belong to the
D2 point group, which is not fortunate in terms of the TPA probability, because of the
restrictions of the transition dipole operators impelled by symmetry rules. A typical path to
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Fig. 3. Molecular structures.

Fig. 4. The two-photon probability,δTP, in 105 a.u. as determined from response and
few-states models for the first (1) and second (2) excited state for the systems PCP0-PCP8.
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Table 4. The two-photon probability,δTP, in a.u. as calculated by the 3-states model, the
5-states model and by response theory at the SCF level with the 6-31G basis set

Molecule ωexp ωtheo δ3state
TPA δ5state

TPA δ
response
TPA

0 416 345 9.549e+05 7.383e+05 8.15E+05
0 270 7.748e+04 3.376e+04 7.24E+04
1 – 306 3.183e+05 3.299e+05 2.81E+05
1 – 297 1.086e+04 3.707e+03 3.15E+03
2 446 341 3.059e+02 3.524e+01 7.38E+02
2 337 9.588e+02 2.751e+03 2.44E+03
3 433 361 1.366e+04 1.368e+04 2.00E+04
3 344 4.232e+03 4.229e+03 3.61E+03
4 479 363 2.647e+05 2.647e+05 2.63E+05
4 360 9.117e+05 9.117e+05 8.84E+05
5 491 361 5.552e+05 5.552e+05 7.04E+05
5 358 1.734e+05 1.734e+05 3.76E+05
6 441 363 6.258e+05 6.222e+05 5.91E+05
6 342 1.323e+04 1.451e+04 1.50E+04
7 444 361 3.894e+05 3.894e+05 3.99E+05
7 356 1.633e+05 1.633e+05 1.76E+05
8 – 355 1.504e+03 1.504e+03 3.75E+03
8 – 352 6.447e+03 6.447e+03 1.80E+04

the final excited state will include orthogonal dipole operators which will not only reduce
δTP

1 at the cost ofδTPA
2 , but most likely also lead to destructive interference by adding a

substantial negative contribution from theδTPA
3 term. It is noteworthy that the distinction

between P- and O-character still applies even when the system has an undefined symmetry.
As demonstrated byFig. 5and as indicated by equation(48)an explicit dipolar structure

seems to be preferable because other configurations will then inevitably introduce non-
parallel sub-paths in the excitation scheme with destructive interference as a consequence.
Thus, the supposed flexibility when going from 1D to higher dimensions appears to be
somewhat fictitious in the sense that an unambiguous dipolar structure still will be the
most efficient TPA property of this system.

7. COMPARISON BETWEEN DFT AND AB INITIO RESULTS

Quantum chemical modelling of non-linear absorption has until the implementation of den-
sity functional response theory been limited to Hartree–Fock or semi-empirical methods
for extensive systems. DFT improves the description offered by HF, by supplying fractions
of correlation energy obtained at a moderate computational cost. Because of the possibility
within the response framework to go through the CC hierarchy and so apply a convergence
scheme in then-electron space for any available property, the low-scaling methods HF and
DFT can be thoroughly benchmarked. The convergence and accuracy of results is well
documented for energies[23–26], excited state energies, transition dipole moments, from
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Fig. 5. The distribution betweenδTP
1 , δTP

2 andδTP
3 in a.u. as calculated by the three-states

model compared with the total valueδTP
tot andδTP

resp from response.

ground-to-excited-state as well as excited-to-excited-state and (hyper)polarizabilities. The
general trend is that the initial CCS-value, which is of similar quality as HF, is somewhat
over-corrected by the CC2-method, and stabilized by CCSD somewhere in between the
predictions of CCS and CC2. The refinement when moving to CC3 is often modest, which
reflects that the most important contribution relates to the inclusion of singles and doubles.
This roughly sketched oscillatory pattern for the sequence HF–CC2–CCSD is reproduced
for excitation energies,δTPA andδ3PA as depicted inTable 5. The moderate contributions
from triples, as estimated from the insignificant differences between excitation energies
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Table 5. H2O. Excitation energiesω (in eV), two-photon probabilities,δTPA (in 103 a.u.)
and three-photon probabilities,δ3PA (in 104 a.u.) for linear polarized light as calculated by
response theory at the CC, DFT and HF levels

State 1B2 1B1

ω δTPA δ3PA ω δTPA δ3PA

HF 8.60 0.07 3.46 10.27 0.64 0.49
CC2 7.20 0.24 13.96 8.86 2.72 3.72
CCSD 7.57 0.16 8.35 9.33 1.64 2.06
CC3 7.58 – – 9.35 – –
B3LYP 6.87 0.18 11.9 8.28 1.93 2.96
BLYP 6.24 0.25 26.1 7.50 2.82 5.51
LDA 6.54 0.24 19.5 7.87 2.63 4.72

State 2A1 2B2

ω δTPA δ3PA ω δTPA δ3PA

HF 10.87 0.24 2.98 11.75 0.72 3.45
CC2 9.53 0.48 8.56 10.35 2.46 54.66
CCSD 9.91 0.33 5.26 10.79 1.83 26.69
CC3 9.91 – – 10.82 – –
B3LYP 9.01 0.39 6.60 9.80 1.91 17.9
BLYP 8.35 0.49 8.82 8.98 2.94 39.8
LDA 8.61 0.49 10.6 9.31 2.70 26.5

The aug-cc-pVTZ basis set was employed forω andδ3PA, whereasδTPA was obtained by the Sadlej basis set.

predicted by CCSD and CC3, strengthen the predictive credibility of theδTPA andδ3PA

values obtained at the CCSD level.
While the excitation energies predicted by CCSD neatly is bracketed between the HF

and B3LYP results, the orderings between the estimates forδTPA andδ3PA. are more ir-
regular. The HF results are uniformly the lowest, but CCSD and B3LYP interchangeably
predict the largest value. The overall mutual agreement between CCSD and B3LYP seems
to support the use of B3LYP for exploring theδTPA andδ3PA for larger structures. Option-
ally in conjunction with another low-scaling method as HF, in order to attain a balanced
description. We should note that performance of B3LYP for larger structures are hampered
by “overpolarization”, due to incorrect asymptotic behaviour of the functional. This might
lead to overestimation of the cross-sections.

In Table 6and inFig. 6we display the three-photon absorption probabilities,δ3PA, for the
first excited state for the series of modifiedtrans-stilbene and DTT molecules, seeFig. 1.
As seen inFig. 6 the qualitative agreement concerning trends between HF and DFT is
comforting, though the enhancement when attaching substituents is in general predicted to
be more dramatic with DFT than for HF. A homologous (AA or DD) substitution will raise
δ3PA approximately by a factor between 2 and 18. Indisputably, AD substituted compounds
give the largest responses and supersedes the non-substituted systems with at least one
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Table 6. Excitation energies in eV, three-photon probabilities,δ3PA, for linear polarized
light in 106 a.u. and three-photon cross sections,σ 3PA in 10−82 cm6 s2 as calculated by
response at the HF and DFT levels with 6-31G basis set

Molecule Exp.
ω

HF DFT

ω δ3PA σ 3PA ω δ3PA σ 3PA

TS ≈ 4.0a 4.59 12.3 0.121 4.08 76.6 0.533
TS-DD 3.32b 4.35 32.9 0.277 3.67 261 1.32
TS-AA 4.22 77.8 0.598 3.34 138 0.525
TS-AD 3.06c 4.05 289 1.96 2.78 5990 13.1
DTT 3.17 806.08 2.63 2.66 11574 22.2
DTT-DD(101) 2.88d 2.67e 3.10 1382.17 4.20 2.50 31842.6 50.8
DTT-AA 2.92e 3.01 2590.45 7.25 2.25 114951 134
DTT-AD(102) 2.85d 2.97 4808.37 12.9 1.92 649761 472

a From Refs.[27,28]. b From Ref.[29]. c From Ref.[30]. d From Ref.[31]. e From Ref.[32].

Fig. 6. Comparison between HF and B3LYP results obtained for TS and DTT.

order of magnitude and often close to two. As demonstrated by the substantial difference
between TS- and DTT-based systems, the electron richness of the basic building block,
interpreted as the strength of theπ-center, also strongly influences theσ 3PA.



20 P. Cronstrand et al.

8. CONCLUSION

Different computational approaches for calculations of multi-photon absorption cross sec-
tions of molecules have been discussed. It is clearly shown that the response theory for-
mulation of Olsen and Jørgensen[4] has great advantages. For instance, using the residue
of response functions, one can calculate the MPA cross-sections at the same order as the
corresponding (hyper)polarizability, which is a significant simplification compared to com-
puting the MPA cross section from the(2M − 1)th order polarizability. The importance
of response theory is further illustrated by the fact that the 3PA cross section of mole-
cules converges very slowly with respect to the number of states included. Over the years,
response theory has been implemented at different computational levels, such as Hartree–
Fock, MCSCF, Coupled Cluster and Density Functional Theory. We believe that the recent
development of response theory at the DFT level opens new opportunities for a variety of
applications.
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Abstract
Investigations of spin–spin coupling constants (2hJX–Y ) acrossX–H–Y hydrogen bonds constitute a relatively
new and exciting area of theoretical and experimental research. Despite the tremendous progress that has been
made in a short period of time, there remain many fundamental questions that need to be addressed. Among these
are the following:

(1) Is it possible to predict the signs of two-bond spin–spin coupling constants (2hJX–Y ) acrossX–H–Y hydrogen
bonds?

(2) What determines the sign of2hJX–Y ?
(3) Does the measurement of a two-bond coupling constant prove that the hydrogen bond is covalent?
(4) What role does the proton play in coupling across hydrogen bonds?

Systematic studies of two-bond coupling constants for series of complexes stabilized by C–H–N, N–H–N, O–
H–N, F–H–N, C–H–O, N–H–O, O–H–O, and F–H–O hydrogen bonds have been carried out using theab initio
equation-of-motion coupled cluster singles and doubles (EOM–CCSD) method. The results of these studies are
used to provide some answers to these questions.
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1. INTRODUCTION

A new and important area of both experimental and theoretical research is the investigation
of NMR two-bond spin–spin coupling constants across hydrogen bonds[1–43]. Research
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efforts of many investigators have been directed toward extracting structural information
from NMR spectral data, interpreting the NMR results, and understanding the factors that
are important in determining the signs and magnitudes of coupling constants. Despite the
tremendous progress that has been made in a relatively short time, there are still some very
fundamental questions that remain. In this paper, the results of recent work carried out in
this laboratory will be used to address the following questions.

1. Is it possible to predict the signs of two-bond spin–spin coupling constants (2hJX–Y )
acrossX–H–Y hydrogen bonds?

2. What determines the sign of2hJX–Y?
3. Does the measurement of a two-bond coupling constant prove that the hydrogen bond

is covalent?
4. What role does the proton play in coupling across hydrogen bonds?

2. METHODS

The optimized structures of hydrogen-bonded complexes have been obtained at second-
order Møller-Plesset perturbation theory (MP2)[44–47] with the 6-31+ G(d,p) basis
set [48–51], using the Gaussian 98 suite of programs[52]. Coupling constants for the
optimized complexes and other related complexes were computed using theab initio
equation-of-motion coupled cluster singles and doubles (EOM–CCSD) method in the CI-
like approximation[53–56], with the Ahlrichs[57] qzp basis set on C, N, O, and F atoms,
qz2p on the hydrogen-bonded hydrogen, and Dunning’s cc-pVDZ basis[58,59]on all other
hydrogens. In nonrelativistic theory, the total spin–spin coupling constant has four compo-
nents: the paramagnetic spin-orbit (PSO), diamagnetic spin-orbit (DSO), Fermi-contact
(FC), and spin-dipole (SD) terms. All terms have been evaluated using the ACES II pro-
gram1. All calculations were done on the Cray SV1 or the Itanium cluster at the Ohio
Supercomputer Center.

3. RESULTS AND DISCUSSION

A systematic investigation ofX–Y coupling constants acrossX–H–Y hydrogen bonds has
been completed for eight series of complexes stabilized by hydrogen bonds formed from
the second-period elements13C, 15N, 17O, and19F. Specifically, these include C–H–N,
N–H–N, O–H–N, F–H–N, C–H–O, N–H–O, O–H–O, and F–H–O hydrogen bonds. These
studies have established that for all complexes in these series,2hJX–Y is determined by the
Fermi-contact (FC) term. The dominance of the FC term is not due to a cancellation of
other terms, but arises because the FC term is usually more than an order of magnitude
greater than any other term.

It has also been demonstrated that the FC term, and therefore2hJX–Y , are dependent
on theX–Y distance, as illustrated for the FH:NCLi complex inFig. 1. Because the FC

1 ACES II is a program product of the Quantum Theory Project, University of Florida. Authors: J.F. Stanton,
J. Gauss, J.D. Watts, M. Nooijen, N. Oliphant, S.A. Perera, P.G. Szalay, W.J. Lauderdale, S.R. Gwaltney, S. Beck,
A. Balkova, D.E. Bernholdt, K.-K. Baeck, P. Tozyczko, H. Sekino, C. Huber, and R.J. Bartlett. Integral packages
included are VMOL (J. Almlof, and P.R. Taylor); VPROPS (P.R. Taylor); ABACUS (T. Helgaker, H.J.Aa. Jensen,
P. Jørgensen, J. Olsen, and P.R. Taylor). Brillouin–Wigner perturbation theory was implement by J. Pittner.
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Fig. 1. 2hJF–N and the Fermi-contact term versus the F–N distance for FH:NCLi. Solid
squares:2hJF–N; Solid diamonds: Fermi-contact term.

term is a good approximation to2hJX–Y , FC and2hJX–Y will be used interchangeably in
this paper. Notably absent from the above list of hydrogen bonds is F–H–F, since terms
other than the FC term make significant contributions to2hJF–F. F–F coupling in FHF−

and (HF)2 clusters has been discussed in detail in previous papers[26,60].

3.1. Prediction of the signs of two-bond spin–spin coupling constants (2hJX–Y )
across hydrogen bonds

Of the four questions presented in the Introduction, the first asks whether or not it is possi-
ble to predict the signs of two-bond spin–spin coupling constants acrossX–H–Y hydrogen
bonds.Figure 2presents a plot of two-bond N–N coupling constants for a set of neutral
complexes (with CNH as the proton donor to NCH, NCLi, pyridine, and NH3; and pyr-
role:NCH) and cationic complexes (with pyridinium and diazinium as proton donors to
NCH and NCLi; and NH+4 as the proton donor to NCH, NCLi, N2 and NH3) stabilized
by N–H–N or N–H+–N hydrogen bonds[30]. One notable feature of this graph is that all
N–N coupling constants are positive.

Figure 3presents a plot of the values of2hJC–N versus the C–N distance for a set of
neutral and charged complexes stabilized by C–H–N hydrogen bonds[43]. The neutral
complexes include those with sp-hybridized carbons (HCCH, FCCH, ClCCH, and NCH)
as proton donors to nitrogen bases with the nitrogen sp (NCH and NCLi) or sp3 (NH3)
hybridized, as well as one complex (NCH:pyridine) with an sp2 hybridized nitrogen as
the proton acceptor. Complexes with an sp2 hybridized carbon [F(O)CH] as the proton
donor to NCH and NH3, and with an sp3 hybridized carbon (F3CH) as the proton donor to
NCH and NH3, have also been included. The cationic complexes include HNCH+:NCH,
pyridinium:CNH, and H3NH+:CNH, while the anionic complexes include the set having
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Fig. 2. 2hJN–N versus the N–N distance for the equilibrium structures of neutral and
cationic complexes with N–H–N hydrogen bonds.

Fig. 3. 2hJC–N versus the C–N distance for the equilibrium structures of neutral and
charged complexes stabilized by C–H–N hydrogen bonds.

HCCH, FCCH, and NCH as proton donors to NC−. Figure 3shows that irrespective of the
charge on the complex or whether the hydrogen bond has C–H as the proton donor to N,
or N–H as the proton donor to C, all C–N coupling constants are negative.
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Fig. 4. 2hJF–N versus the F–N distance for the optimized structures of neutral and cationic
complexes stabilized by F–H–N hydrogen bonds. Solid squares: cations; Solid triangles:
neutrals.

Figure 4shows two plots, one for neutral complexes with F–H· · ·N hydrogen bonds[41],
and one for cationic complexes with N–H+· · ·F hydrogen bonds[42]. The neutral com-
plexes have FH as the proton donor to sp (HCN, LiCN, FCN, and NCCN), sp2 (pyridine,
4-Li-pyridine, 1,4-diazine, and 1,3,5-triazine) and sp3 [NH3, NFH2, NF2H, NF3, and NH2
(CH3)] hybridized nitrogens. The cationic complexes are stabilized by hydrogen bonds in
which sp, sp2, and sp3 hybridized nitrogens are the N–H+ donors to FH. The proton donors
include protonated sp bases derived from HCN (HCN, LiCN, CH3CN, FCN, and NCCN),
protonated sp2 aromatic (pyridine, 4-Li-pyridine, 1,4-diazine, 1,3,5-triazine, and 1,2,4,6-
tetrazinium) and imine (H2C=NH, F(H)C=NH, and H2C=NF) bases, and protonated sp3

bases derived from NH3 [NH3, NFH2, NF2H, NF3, and NH2(CH3)]. From Fig. 4 it is
apparent that cationic complexes have larger coupling constants than neutral complexes
at the same F–N distance, a consequence of the increased proton-shared character of the
cationic hydrogen bonds. However, for purposes of this paper, it is important to note that
the equilibrium values of2hJF–N in Fig. 4are always negative.

Table 1reports values of2hJX–Y for five series of complexes stabilized by N–H–O,
C–H–O, O–H–O, F–H–O, and C–H–F hydrogen bonds. The examples listed are represen-
tative of various types of hydrogen bonds involving the same two elementsX andY . For
example, the complexes with O–H–O hydrogen bonds are (H2O)2 with a traditional hy-
drogen bond, and the protonated and deprotonated water dimer, O2H+

5 and O2H−
3 , charged

complexes with symmetric, proton-shared hydrogen bonds. Complexes with F–H–O hy-
drogen bonds include those with HF as the proton donor (FH:OH2 and FH:OCH2) and
those with HF as the proton acceptor (H2COH+:FH and H2OH+:FH). FromTable 1it
can be seen that all complexes with N–H–O, O–H–O, and C–H–F hydrogen bonds have
positive coupling constants, while those with C–H–O and F–H–O hydrogen bonds have
negative coupling constants.
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Table 1. 2hJX–Y (Hz) for representative complexes with N–H–O, C–H–O, O–H–O, F–H–
O, and C–H–F hydrogen bonds

N–H–O hydrogen bonds C–H–O hydrogen bonds

Complex 2hJX–Y Complex 2hJX–Y
HOH:NCH 1.1 F2HCH:OCH2 −1.6
H2OH+:NCH 34.1 F2HCH:OH2 −5.5
HOH:NC− 6.6 NCH:OC −2.7
HCNH+:OC 11.3 HNCH+:OC −14.0

O–H–O hydrogen bonds F–H–O hydrogen bonds

Complex 2hJX–Y Complex 2hJX–Y
O2H+

5 39.5 FH:OH2 −18.4
O2H−

3 16.3 FH:OCH2 −12.2
(H2O)2 1.5 H2COH+:FH −33.3
(H2CO)2H+ 21.0 H2OH+:FH −71.0

C–H–F hydrogen bonds

Complex 2hJX–Y
NCH:FH 32.0
HNCH+:FH 141.5
OCH+:FH 228.3
FH:CO 33.7

When coupling constants involving different atoms are compared, it is the reduced cou-
pling constant,2hKX–Y , that should be used[61]. Thus,

2hKX–Y ∝ 2hJX–Y /(γX)(γY )

whereγX andγY are the magnetogyric ratios of atomsX andY . The second-row nuclei
investigated in this work include two that have positive magnetogyric ratios (13C and19F)
and two that have negative magnetogyric ratios (15N and17O). The signs of2hJX–Y and
2hKX–Y for C–H–N, N–H–N, O–H–N, F–H–N, C–H–O, N–H–O, O–H–O, and F–H–O
hydrogen bonds are summarized inTable 2. It is apparent that the signs of the reduced
two-bond spin–spin coupling constants are positive in all cases[62]. Thus, it is possible
to predict the signs of two-bondX–Y coupling constants acrossX–H–Y hydrogen bonds.
If neither or bothX andY have negative magnetogyric ratios,2hJX–Y is positive. If either
X or Y has a negative magnetogyric ratio, then2hJX–Y is negative. Unfortunately, there is
little experimental data to test this prediction, but the available data are consistent. The N–N
coupling constants across the N–H–N hydrogen bonds in the AU and GC pairs are positive
[6,7,39,63], as is an N–N coupling constant across an intramolecular N–H–N hydrogen
bond[29]. The F–N coupling constant for the FH:collidine (FH:2,4,6-trimethylpyridine)
complex is negative[28].
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3.2. Factors that determine the signs of reduced two-bond coupling constants

Having established that the signs of reduced two-bond spin–spin coupling constants are
positive, it is appropriate to seek some insight into what determines these signs. The Dirac
Vector Model[64], which is based on considerations of ground-state bonding, states that
all one-bond coupling constants are positive, two-bond are negative, three-bond positive,
etc. However, it is known that this model is often violated, even in relatively simple mole-
cules[65]. Moreover, sinceX–Y coupling across anX–H–Y hydrogen bond is a two-bond
coupling, the Dirac Vector Model predicts that2hKX–Y should be negative. Thus, this
model cannot explain the signs given inTable 2.

Since the Fermi-contact term is an excellent approximation to2hJX–Y , an appropriate
question to ask is what determines the sign of the reduced Fermi-contact term. Some insight
into the answer to this question can be gained by considering the recently-proposed Nuclear
Magnetic Resonance Triplet Wavefunction Model (NMRTWM)[66]. This model arose
from consideration of the equation relating2hJX–Y to the second-derivative of the energy
(E) with respect to the nuclear magnetic moments (µX andµY ),

JX–Y = ∂2E/∂µX · ∂µY
and from the sum-over-states expression for computing the Fermi-contact term, which
arises from the coupling of excited triplet states to the ground state through the Fermi-
contact operator[67]. The excited triplet states must beσ -type states so that there is
s-electron density at nucleiX and Y , and must be of the appropriate symmetry. NM-
RTWM states that the alignment of nuclear magnetic moments responds to the phases
of excited triplet state wavefunctions. The Model is illustrated for a symmetricX–H–X
hydrogen bond inFig. 5, which shows nodal patterns of wavefunctions for lower-energy
excited triplet states. If the nuclear magnetic moment is arbitrarily assigned as “up” when
the phase of the wavefunction is positive, then the nuclear magnetic moments of the two
X atoms are parallel if the wavefunction has either no nodes or two nodes intersecting the
axis between the twoX atoms, as shown inFig. 5 “a” and “c”. These patterns gives rise
to a negative reduced coupling constant. However, if the wavefunction has one (or an odd
number of nodes) between the twoX atoms, then one node must pass through the H atom,
as shown inFig. 5“b”. In this case, the nuclear magnetic moments of the twoX atoms have

Table 2. Signs of2hJX–Y and2hKX–Y for complexes withX–H–Y
hydrogen bonds

X–H–Y Sign of2hJX–Y Sign of2hKX–Y

C–H–N − +
N–H–N + +
O–H–N + +
F–H–N − +
C–H–O − +
O–H–O + +
F–H–O − +
C–H–F + +
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Fig. 5. Nodal patterns and nuclear magnetic moment alignments for a symmetricX–H–X
hydrogen bond.

Fig. 6. Nodal patterns and nuclear magnetic moment alignments for an asymmetric
X–H–Y hydrogen bond.

an antiparallel alignment, and the signs of the reduced Fermi-contact term and2hKX–X are
positive. This suggests that triplet states that have one node dominate and determine the
signs of reduced spin–spin coupling constants,2hKX–X.

Figure 6shows the nodal patterns of wavefunctions and nuclear magnetic moment align-
ments for triplet states having zero, one, or two nodes intersecting theX–H–Y hydrogen-
bonding axis. For this example, the hydrogen bond is a traditional hydrogen bond, and
the assumption is made that none of the nodes accidentally pass through a nucleus. Nodal
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patterns “a” and “d” with zero and two nodes, respectively, give rise to parallel alignments
of the magnetic moments ofX andY , thus making the reduced Fermi-contact term nega-
tive. Patterns “b” and “c” have only one node, intersecting theX–H covalent bond or the
H–Y hydrogen bond. In both cases, the magnetic moments ofX andY have an antiparallel
alignment. Since an antiparallel alignment leads to a positive value of the FC term, it is
triplet states of types “b” and “c” that dominate. Which is the more important cannot be
determined since a complete sum-over-states calculation is not feasible[67,68].

3.3. Two-bond coupling constants and hydrogen bond covalency

The third question posed in the Introduction asks whether or not the experimental measure-
ment of a spin–spin coupling constant across an hydrogen bond proves that the hydrogen
bond is covalent. Statements that this is the case have been made by several investigators,
but these claims have been disputed by others[6,12,69–71]. Those who did not support
this claim noted that through-space couplings can occur between atoms in a repulsive
orientation, an example being19F–19F coupling in cis-1,2-difluoroethene. There is, how-
ever, a way in which this question can be addressed more directly[72,73]. Table 3reports
X–Y coupling constants for selected equilibrium structures of complexes stabilized by
X–H–Y hydrogen bonds, and structures related to these by the removal of the hydrogen-
bonded proton. The first complex is the protonated water dimer, O2H+

5 . The O–O coupling
constant of this complex is 39.9 Hz at the equilibrium O–O distance of 2.386 Å. For com-
parison, coupling constants for two H2O molecules at the same O–O distance and with
the same orientation of the two H2O molecules are also given. For the first comparative
structure, H+ has been removed, but its basis functions kept. The O–O coupling constant

Table 3. Two-bond spin–spin coupling constants (2hJX–Y , Hz) andX–Y distances (Å) for
hydrogen-bonded complexes and related structures

Complex RX–Y
2hJX–Y Related structure RX–Y JX–Y

O2H5
+ (C2) 2.386 39.9 O2H4 (C2)a 2.386 25.6

O2H4 (C2)b 2.386 25.0
N2H7

+ (D3d ) 2.598 17.2 N2H6 (D3d ) 2.598 13.5
FH:NH3 2.637 −45.2 F−:NH3 2.637 −51.7
HOH:OH2 (Cs) 2.914 1.5 H2O:OH2 (D2h)c 2.914 5.8
C3H4O2 (Cs)d 2.600 3.5 C3H4O2 (Cs)e 2.600 5.1

a The two H2O molecules have the same orientation as in the equilibrium protonated dimer O2H5
+ with the

hydrogen-bonded proton removed, but with the basis functions on this proton remaining.
b The two H2O molecules have the same orientation as in the equilibrium protonated dimer O2H5

+ with the
hydrogen-bonded proton and its basis functions removed.
c A planar arrangement of two optimized H2O molecules with D2h symmetry and no hydrogen bond. The two O
atoms are adjacent, and the H atoms are on the outside of the two oxygens.
d The optimized equilibrium structure of malonaldehyde with an asymmetric O–H–O hydrogen bond.
e A conformer of malonaldehyde derived from the optimized structure by rotating the O–H bond of the C–O–H
group by 180◦ about the C–O bond, thereby destroying the O–H–O hydrogen bond.
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decreases to 25.6 Hz. For the second comparison, both H+ and its basis functions have
been removed. The O–O coupling constant decreases further, but by only 0.6 Hz. Since
the coupling constant decreases when H+ is removed, the presence of the H atom must
influence the magnitude of the O–O coupling constant. However, since coupling between
the two O atoms remains despite the fact that there is no hydrogen bond suggests that the
measurement of a two-bond coupling constant across a hydrogen bond is not a proof that
the hydrogen bond is covalent. That JO–O changes so little whether or not the H atom basis
functions are present suggests that there is no significant basis set superposition effect on
JO–O. The second example inTable 3is similar to the first, in this case it is the protonated
ammonia dimer, N2H+

7 , and its deprotonated structure N2H6 that are compared. The two
NH3 molecules in N2H6 have the same orientation as they do in N2H+

7 . The coupling con-
stant between the two N atoms decreases from 17.2 to 13.5 Hz when the proton is removed,
but the two N atoms still couple despite the fact that there is no hydrogen bond, and the
interaction between the two molecules is repulsive.

In the next example a neutral complex, FH:NH3, is compared with its deprotonated
analogue, F−:NH3. 2hJF–N is −45.2 Hz at the equilibrium F–N distance of 2.637 Å in
FH:NH3. JF–N increases (in an absolute sense) to−51.7 Hz in the structure F−:NH3 which
has the same F–N distance, despite the fact that there is no hydrogen bond.

The first three examples involve the removal of H+, so that the charge on the complex
changes from+1 to 0, or from 0 to−1. In the next example, the charge is unchanged
when the O–O coupling constant in the water dimer (H2O)2 is compared with the O–O
coupling constant between two H2O molecules in a nonhydrogen-bonded orientation. At
the equilibrium O–O distance of 2.914 Å in the water dimer,2hJO–O is quite small at
1.5 Hz. By contrast, the O–O coupling constant between two H2O molecules in a repulsive
orientation of D2h symmetry in which the two O atoms are adjacent is 5.8 Hz at the same
O–O distance.

The final example is malonaldehyde, which has an equilibrium structure of Cs symmetry
and is stabilized by an asymmetric intramolecular O–H–O hydrogen bond. The equilibrium
structure has an O–O distance of 2.600 Å, and2hJO–O is 3.5 Hz. If the hydrogen-bonded
O–H is rotated by 180◦ about the C–O bond, the hydrogen bond is broken, but all other
coordinates remain the same. In this non-hydrogen-bonded conformation, JO–O increases
to 5.1 Hz. These data demonstrate that even in the absence of anX–H–Y hydrogen bond,
X andY can couple. The coupling constant for the nonhydrogen-bonded structure may be
greater or less than that of the corresponding hydrogen-bonded structure, depending on the
nature of the complex. Thus, the measurement of a two-bond coupling constant across an
X–H–Y hydrogen bond cannot be interpreted as proof that the hydrogen bond is covalent.

3.4. Role of the proton in coupling across hydrogen bonds

It is therefore appropriate to ask just what role does the proton play inX–Y coupling across
a hydrogen bond. The proton is essential for hydrogen bond formation, which brings the
atomsX andY close enough to couple. Through the hydrogen bond, a stable complex is
formed which can be probed experimentally. Another important role for the proton is to
influence the magnitude of coupling constants. Hydrogen bond formation alters the elec-
tron densities of atomsX andY in both ground and excited triplet states. Changing the
s-electron densities of these atoms changes2hJX–Y . However, the proton is not directly
involved in the mechanism ofX–Y coupling.



Two-Bond Spin–Spin Coupling Constants (2hJX–Y) across X–H–Y Hydrogen Bonds 33

4. CONCLUSIONS

Four questions concerning two-bondX–Y spin–spin coupling acrossX–H–Y hydrogen
bonds were raised in the Introduction, and discussed in this paper. The following statements
summarize the answers given to these questions. The answers to questions 1 and 2 apply
to all hydrogen-bonded complexes formed from the second-period elements C, N, O, and
F except those with F–H–F hydrogen bonds.

1. The signs of all two-bond reduced spin–spin coupling constants (2hKX–Y ) for X–H–Y
hydrogen bonds formed from the elements13C, 15N, 17O, and19F are positive. Thus,
it is possible to predict the signs of the experimentally measured coupling constants
(2hJX–Y ) taking into account the magnetogyric ratios ofX andY .

2. 2hJX–Y is determined solely by the Fermi-contact term. The nuclear magnetic resonance
triplet wavefunction model (NMRTWM) applies specifically to the reduced FC term,
and suggests that the alignment of nuclear magnetic moments and therefore the sign of
2hKX–Y are sensitive to the nodal patterns of wavefunctions for excited triplet states.

3. The measurement of a two-bondX–Y coupling constant across anX–H–Y hydrogen
bond does not constitute proof that the hydrogen bond is covalent.

4. Although the proton is not involved in the mechanism ofX–Y coupling, the proton
is necessary for the formation of anX–H–Y hydrogen bond. This leads to a stable
complex in which the atomsX andY are close enough to couple. The proton influences
the magnitudes ofX–Y coupling constants by altering the s-electron densities ofX and
Y in ground and excited triplet states.
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Abstract
The performance of the second-order methods for excitation energies CC2 and ADC(2) is investigated and com-
pared with the more approximate CIS and CIS(D) methods as well as with the coupled-cluster models CCSD,
CCSDR(3) and CC3. As a by-product of this investigation the first implementation of analytic excited state gra-
dients for ADC(2) and CIS(D∞) is reported.

It is found that for equilibrium structures and vibrational frequencies the second-order models CIS(D), ADC(2)
and CC2 give often results close to those obtained with CCSD. The main advantage of CCSD lies in its robustness
with respect to strong correlation effects. For adiabatic excitation energies CC2 is found to give from all second-
order methods for excitation energies (including CCSD) the smallest mean absolute errors. ADC(2) and CIS(D∞)
are found to give almost identical results.

An advantage of ADC(2) compared to CC2 is that the excitation energies are obtained as eigenvalues of a
Hermitian secular matrix, while in coupled-cluster response the excitation energies are obtained as eigenvalues
of a non-Hermitian Jacobi matrix. It is shown that, as a consequence of the lack of Hermitian symmetry, the latter
methods will in general not give a physically correct description of conical intersections between states of the
same symmetry. This problem does not appear in ADC(2).
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1. INTRODUCTION

Since the early days of response theory[1–4] the description of electronic excitations, in-
cluding ionization and electron attachment, has been a central subject of this branch of
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theoretical chemistry. Its main idea, the direct calculation of molecular properties as,e.g.,
excitation and ionization energies, transition strengths, frequency-dependent properties,
etc., provides a viable alternative to state specific approaches. For frequency-dependent
properties the response function approach,i.e., the evaluation of (higher-order) polarization
propagators, is today the most successful and efficient route to calculate such quantities.
For excitation and ionization energies it bypasses through the evaluation of these quanti-
ties as poles of the polarization propagator some subtle balance problems encountered in
state specific approaches. But at least as important for the response function or propaga-
tor approach to molecular properties has been that it offers a route for the description of
electronic excitations with single reference wavefunction models since it does not require
(non-linear) optimizations for excited states. This ansatz is the basis for such successful
and widely applied approaches as time-dependent density functional theory (TDDFT) and
coupled-cluster response theory.

Partially because of the success of the latter two methods and their availability in several
quantum chemistry packages, the interest in earlier ansätze for approximate calculations
of polarization propagators or response functions as,e.g., the polarization propagator ap-
proaches (SOPPA[5–7], TOPPA[5], etc.) or the algebraic diagrammatic construction[6]
has in recent years been relatively limited. These approaches aimed at a direct expansion
of the response functions in orders of the electron fluctuation potential without reference
to a specific wavefunction model for the ground state. Giving up the reference to a certain
model for the ground state energy, introduces additional freedom which allows,e.g., to en-
force some properties of the exact response function, which else are often lost. On the other
hand, if total energies are needed—for example for the determination of equilibrium struc-
tures of excited or ionized states—the reference to a specific model for the ground-state
energy or wavefunction is unavoidable.

Excitation energies may be taken as an example to demonstrate what is meant above:
Given a ground-state model for the energy, a general approach to derive the expressions
for the response functions is through the construction of a time-dependent quasi-energy
Lagrangian. The latter is made up of the expectation value for the energy〈H 〉 and some
constraintsfk[H ] for the (wavefunction) parametersλk, both generalized for the time-
dependent case by replacing the time-independent Hamiltonian with the Schrödinger op-
eratorH(t)− i ∂

∂t
:

(1)L(λ̄k, λk, t) =
〈
H(t)− i

∂

∂t

〉
+
∑

k

λ̄kfk

[
H(t)− i

∂

∂t

]
(λk′ , t).

The expressions for the response functions are then obtained by taking the derivatives of
L(λ̄k, λk, t) with respect to strengths parameters of harmonic time-dependent perturba-
tions with the sum of all frequencies restricted to zero[7–9]. The poles of the response
functions occur at the eigenvalues of the stability matrix of the Lagrangian,i.e., for varia-
tional methods (SCF, DFT, MCSCF, CI,etc.) at the eigenvalues of the electronic Hessian

(2)(E − ωkS)�c(k) = 0, Eij =
(

d2〈H 〉
dλi dλj

)

0
,

and for non-variational methods, as the coupled-cluster methods are, at the eigenvalues of
the electronic Jacobian

(3)(A − ωkS)�c(k) = 0, Aij =
(

d2L

dλ̄i dλj

)

0
.



Structure Optimizations for Excited States with Correlated Second-Order Methods: CC2 and ADC(2) 39

For response methods derived from an approximation for the ground-state energy or wave-
function, the expressions for the stability matrix, and thus its structure, properties, and
symmetries are determined by the approximations used for the ground-state. In particu-
lar, the stability matrix will in general be non-symmetric for any non-variational method.
A well-known example for this is the non-symmetric coupled-cluster eigenvalue problem
[10,11]. The loss of Hermitian symmetry leads to different left and right eigenvectors,
which increases somewhat the computational costs if both vectors are needed, but else
does not give rise to major problems. But a potentially more severe consequence is that
eigenvalues may become complex and then can no longer be used to obtain a qualita-
tively correct and quantitatively accurate description of the corresponding excited states.
In propagator type methods which avoid such a connection to a ground-state model these
problems can be bypassed by imposing Hermitian symmetry of the stability or secular
matrix by construction, as it is done,e.g., in SOPPA and in the ADC methods.

In the present article some of the above mentioned problems will be studied at the ex-
ample of three iterative second-order methods, namely the approximate coupled-cluster
singles-and-doubles model[12] CC2, the iterative variant of the doubles correction to con-
figuration interaction singles[13] CIS(D∞) and the algebraic diagrammatic construction
through second order[6,14]ADC(2). As shown in the next section these three methods are
closely related to each other and thus are an interesting example to discuss some aspects
of response theory. In Section3 the problems that may arise from non-Hermitian secu-
lar matrices will be discussed in connection with conical intersections between two excited
states. The remaining sections will be concerned with the implementation of analytic deriv-
atives for CIS(D∞) and ADC(2), which are a prerequisite for an efficient determination of
stationary points on the (excited state) potential energy surfaces, and a comparison of the
performance of the three methods CC2, CIS(D∞) and ADC(2) for equilibrium structures
and vibrational frequencies.

2. RELATION BETWEEN CC2 AND THE CIS(D ∞) AND ADC(2)
MODELS

For the CC2 model, which has been designed such that for single replacement dominated
transitions the excitation energies are correct through second-order in the fluctuation po-
tential, the Jacobian becomes

(4)ACC2 =
(

〈 a
i
|[(Ĥ + [Ĥ , T2]), τ ck ]|HF〉 〈 a

i
|[Ĥ , τ cdkl ]|HF〉

〈 ab
ij

|[Ĥ , τ ck ]|HF〉 〈 ab
ij

|[F, τ cdkl ]|HF〉

)

whereF is the usual Fock operator and̂H = exp(−T1)H exp(T1), i.e., a Hamiltonian
similarity transformed with the exponential function of the single replacement part of the
cluster operatorT = T1 + T2. Here and in the following indicesi, j , k, . . . are used for
orbitals which are occupied in the reference determinant|HF〉 and indicesa, b, c, . . . are
used for virtual orbitals.τ ck andτ cdkl denote, respectively, single and double replacement
operators.

As by-product of its construction as derivative of the residual of ground-state cluster
equations, the CC2 Jacobian contains some contributions which would not be needed
to obtain excitation energies correct through second-order: the terms introduced via the
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similarity transformation with exp(−T1) contribute only in third and higher orders to the
excitation energies of single replacement dominated transitions. The “minimal” Jacobian
which gives excitation energies correct through second order is obtained by replacing in
ACC2 the CC2 ground-state cluster amplitudes by the amplitudes from first-order pertur-
bation theory—which implies that the singles replacement part of the cluster operator
T1 vanishes, if the Brillouin condition is fulfilled. The resulting Jacobian is that of the
CIS(D∞) model, an iterative variant of CIS(D) introduced by Head-Gordonet al. [15]:

(5)ACIS(D∞) =
(

〈 a
i
|[(H + [H, T (1)2 ]), τ ck ]|HF〉 〈 a

i
|[H, τ cdkl ]|HF〉

〈 ab
ij

|[H, τ ck ]|HF〉 〈 ab
ij

|[F, τ cdkl ]|HF〉

)
.

Similar as the CIS(D) perturbative second-order correction to CIS excitation energies, also
the CIS(D∞) excitation energies cannot directly be derived from the response function
of a known (ground-state) wavefunction model. A characteristic it has in common with
propagator methods. Indeed, the secular matrix for CIS(D∞) differs only in a small (but
important) detail from a propagator method proposed about two decades ago by Schirmer
[6]: the algebraic diagrammatic construction through second order ADC(2). The secular
matrix used in ADC(2) is just the symmetric or, in the complex case, the Hermitian part of
that for the CIS(D∞) model:

(6)AADC(2) = 1

2

(
ACIS(D∞) +

(
ACIS(D∞)

)†)
.

Provided that the Hartree–Fock reference determinant fulfills the Brillouin condition
〈 a
i
|H |HF〉 = 0, i.e., for a closed-shell or an unrestricted open-shell case, the CIS(D∞)

Jacobian can be rewritten as:

(7)ACIS(D∞) =
(

〈 a
i
|H − EHF| c

k
〉 + 〈 a

i
|[[H, T (1)2 ], τ ck ]|HF〉 〈 a

i
|H | cd

kl
〉

〈 ab
ij

|H | c
k
〉 〈 ab

ij
|F − E0| cdkl 〉

)

with EHF = 〈HF|H |HF〉 andE0 = 〈HF|F |HF〉. Thus, in these cases the symmetrization
in equation(6) affects only the second-order contribution to the singles-singles block,i.e.,
the terms proportional to the ground-state doublesT

(1)
2 . All other contributions are already

Hermitian.
The above relations between CC2, CIS(D∞), and ADC(2) provide a simple recipe to

implement the latter two methods in an existing CC2 program:

• For CIS(D∞) the only modification required is that the converged CC2 ground-state
amplitudes are replaced by those from first-order perturbation theory.

• For ADC(2) in addition the contributions of[H, T (1)2 ] to the singles-singles block have
to be symmetrized. This can be achieved with a few additional operations at costs of
O(n2N2).

3. INTERSECTIONS OF EXCITED STATES IN COUPLED-CLUSTER
RESPONSE THEORY

As pointed out in the introduction, the coupled-cluster response or equation-of-motion
methods lead to Jacobi or secular matrices which in general are not symmetric. While this
usually does not cause any problems in single-point calculations for vertical excitation
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spectra or in the optimization of excited state equilibrium structures, it has serious conse-
quences for the topology of the potential surfaces at intersections between excited states.

If one assumes that the Jacobi matrix has been block diagonalized by applying a (non-
unitary) transformation

(8)Ã = LAR with LR = 1,

such that for a pair of nearly degenerate states (i, j ) one is left with a 2×2-problem which
has been decoupled from all other eigenvalues:

(9)Ã =




. . . 0 0 0
0 Aii Aij 0
0 Aji Ajj 0

0 0 0
. . .


 .

The 2× 2 block for this effective two-state problem can in general be written in the form

(10)Ã2×2 =
(
Ē −∆ S − A

S + A Ē +∆

)
.

which gives the eigenvaluesE1,2 = Ē ±
√
∆2 + S2 − A2. For a symmetric matrix,i.e.,

whenA = 0 for all values of the coordinates, the two states will be degenerate if both
parameters∆ andS become zero. This leads to the well-known result[16,17]that (ignoring
spin-orbit effects) states of the same symmetry may have a seam of intersection with the
dimensionN int − 2, whereN int is the number of internal degrees of freedom (nuclear
coordinates). For states of different symmetryS vanishes for symmetry reasons and the
intersection seam may have the dimensionN int − 1.

For a non-symmetric Jacobi matrix, as in general obtained for the iterative coupled-
cluster response or equation-of-motion coupled-cluster methods, a number of different
cases can be distinguished, depending on the magnitude of the antisymmetric contribu-
tion to the couplingA:

1. A2 < ∆2 + S2, which is the situation usually encountered in single-point calculations
for vertical excitation energies and in the optimization of equilibrium structures for
excited states: One obtains two real eigenvaluesE1,2 = Ē ±

√
∆2 + S2 − A2.

2. A2 > ∆2 + S2: this leads to a conjugated pair of degenerate roots with eigenvalues
E1,2 = Ē ± i

√
A2 −∆2 − S2.

3. A2 = ∆2 + S2, a condition, which for states of the same symmetry in general will
be fulfilled in N int − 1 dimensions. In this case one obtains an unphysical apparent
degeneracy. It can be considered as a kind of instability along a path which connects the
two previous cases.

4. Only forA = ∆ = S = 0 a true intersection of the states is found. For states of the
same symmetry this condition will only be fulfilled inN int − 3 dimension,i.e., in a
manifold which compared to the intersection seam of a symmetric matrix is reduced by
one dimension.

Methods with a non-symmetric secular matrix will thus in general not be able to describe
conical intersections between states of the same symmetry qualitatively correct.Figure 1
shows a typical two-dimensional cut through potential energy surfaces in a plane where
the two states intersect. While a symmetric secular matrix leads to a conical intersection,
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Fig. 1. Intersection of two states of the same symmetry as described by a symmetric and a
non-symmetric secular matrix. The potential curves obtained with a symmetric secular ma-
trix are shown as broken lines. The full lines are the potential curves for a non-symmetric
secular matrix in the region where both eigenvalues are real, while for the region where the
eigenvalues are complex only the real part is shown as a dashed and dotted line.

the potential energy curves obtained with a non-symmetric secular matrix pass—as the in-
tersection is approached—through a point with an (apparent) degeneracy of the two states
before a region is entered in which the eigenvalues are complex. This region encloses the
intersection seam obtained with a symmetric matrix. At the points with apparent degenera-
cies the derivatives of the potential energy curves with respect to the coordinateQ become
singular.

Figure 2shows a three-dimensional plot of a similar situation, but now the energy axis
has been skipped and instead the points where the two eigenvalues are degenerate are
shown in a space spanned by the tuning coordinates of the conical intersection and one
coordinate along the intersection seam. In this subspace, the points at which the two states
become degenerate with a non-symmetric Jacobian (A2 = ∆2 + S2) form a tube or cone
around the intersection seam obtained with a symmetric secular matrix. If the antisym-
metric contribution to the off-diagonal matrix elementA is a parameter independent of
the symmetric contributionS, a true intersection of the two states is only found in a sub-
space with a dimensionality which—compared to the dimensionality of intersection seam
obtained with a symmetric secular matrix—is reduced by one.

The standard coupled-cluster response and equation-of-motion coupled-cluster methods
(CC2, CCSD, . . . ) will thus ingeneral not give a qualitatively correct description of po-
tential energies surfaces (for excited states) at or close to conical intersections. Only if,
e.g., because of symmetry reasons, the antisymmetric and the symmetric contribution to
the coupling matrix element vanish simultaneously a true intersection will be found. To
obtain a qualitatively correct description of intersections between states of the same sym-
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Fig. 2. Intersection of two states shown in a space spanned by the two tuning coordinates
of the conical intersection and one coordinate along the intersection seam. The thick line
is the intersection seam obtained with a symmetric secular matrix. For the non-symmetric
matrix the surface on which the two eigenvalues are degenerate is plotted.

metry requires a symmetric secular matrix. For such problems the algebraic diagrammatic
construction methods could be a useful alternative. But in order to make them applicable
to intersections in molecules with more than a few atoms, efficient techniques for the lo-
calization of stationary points on (excited state) potential energy surfaces are needed[16].
Analytic gradients for excitation energies and total energies of excited states are one im-
portant prerequisite for this.

4. IMPLEMENTATION OF ANALYTIC EXCITED STATE GRADIENTS
FOR ADC(2) AND CIS(D∞)

4.1. The relaxed excited state Lagrange function

Since in contrast to the CC2 model, ADC(2) and CIS(D∞) are not derived from the re-
sponse function of a ground state method, there is no unique definition of total energies.
One could combine the excitation energies provided by these methods with ground state
energies of any suitable method. However, both for consistency to which order in the fluc-
tuation potential correlation effects are accounted for and for computational convenience
second-order Møller–Plesset perturbation theory appears to be the most natural choice.
With this definition of the total energies, the implementation of analytic gradients for ex-
cited states becomes a relatively simple task. Indeed, all the expressions can be obtained as
simplifications of those for the CC2 model[18]. In particular, one can define a variational
Lagrange function for the total energy of an excited statef as[18,7,19]:
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Lf = 〈HF|H + [H, T2]|HF〉 +
2∑

i,j=1

∑

µiνj

ĒfµiAµiνjE
f
νj

(11)+ ωf

(
1 −

2∑

i=1

∑

µi

ĒfµiE
f
µi

)
+ t̄fµ2

Ωµ2 +
∑

µ0

κ̄fµ0
Fµ0.

The first term on the right hand side gives the MP2 ground state energy, with|HF〉 the
Hartree–Fock reference wave functions andT2 = ∑

µ2
tµ2τµ2 the cluster operator for the

first-order doubles. (In the followingµ1 or ν1 will be used to enumerate single replace-
ments andµ2 or ν2 for double replacements.)

The second term in equation(11) represents the excitation energy and the subsequent
term ensures the (bi-)orthonormality of the eigenvectorsĒf andEf . To cover both the
ADC(2) and the CIS(D∞) model, different left (̄Ef ) and right (Ef ) eigenvectors are al-
lowed in the above equation. Requiring stationarity of the Lagrangian with respect toEf

andĒf leads to the left and right eigenvalue problems for the JacobianA, which determine
Ēf , Ef andωf . Since for ADC(2) the JacobianA is Hermitian, for this model left and
right eigenvectors will be equivalent.

The last two terms of the Lagrangian in equation(11) resemble terms in the Lagrange
function for the MP2 ground state energy. The first one determines the Lagrange multipliers
t̄µ2 for the ground states doubles equations,

(12)Ωµ2 = 〈µ2|H + [F, T2]|HF〉 = 0

whereF is the Fock operator (for the definition of the projection manifold〈µ2| see,e.g.,
Ref. [20]), and the other determines the Lagrange multipliersκ̄µ0 for the Hartree–Fock
equations,i.e., it implements the constraint that the subspaceµ0 of the Fock matrix ele-
ments is zero. Depending on the choice for the manifoldµ0 one obtains either the Brillouin
condition (Fia = 0) or the canonical condition (diagonal Fock matrix) or an intermediate
semi-canonical condition. The Hartree–Fock state is for the following parameterized as

(13)|HF〉 =
∑

expµ0

(
κµ0(τµ0 − τ†

µ0
)
)
|HF0〉

where |HF0〉 is either the unperturbed state, or if the orbital basis depends on the
perturbation—as it does in the case of geometric derivatives and also for magnetic fields if
GIAOs are used—a determinant build from the orthonormalized molecular orbital (OMO)
basis for the distorted system[21].

Similar as MP2 and CC2, also the ADC(2) and CIS(D∞) models can be implemented
very efficiently using the resolution-of-the-identity (RI) approximation which allows for a
fast AO to MO transformation

(14)B
Q
ai =

∑

P

(∑

α

Cαa
∑

β

Cβi(αβ|P)
)
V

−1/2
PQ

and a subsequent fast formation of four-index integrals in the MO basis

(15)(ai|bj) ≈ (ai|bj)RI =
∑

Q

B
Q
aiB

Q
bj .

In the latter equationsVPQ = (P |Q) and(αβ|P) are, respectively, two- and three-index
electron repulsion integrals (ERIs) andP , Q denote orbitals from an auxiliary basis used
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to resolve the identity. Since onlyN3-scaling intermediates are needed on disk, the I/O re-
quirements are reduced drastically compared to a conventional four-index transformation.
For further details about the RI approximation,e.g., the choice of auxiliary basis sets and
the accuracies obtained for ground and excited state energies and properties, the reader is
referred to Refs.[18,22,23].

4.2. The effective orbital-relaxed one- and two-particle density matrices

In the present implementation the Hartree–Fock equations are still solved using conven-
tional four-index integrals. Therefore, one needs to distinguish between contributions to
the Lagrangian which arise from the reference state and the Fock operator and those which
are calculated using the RI approximation. However, this is anyway advantageous since it
leads to simple expressions to account for a frozen core approximation. For this purpose,
the Lagrange function, equation(11), is rewritten as

L = 〈HF|H |HF〉 +
∑

µ0

κ̄µ0Fµ0 +
∑

pq

(
DF,ξpq (t̄ )+DF,Apq (Ē, E)

)
Fpq

+ ω̄

(
1 −

∑

i=1,2

∑

µ

ĒµEµ

)

(16)+ 1

2

∑

pqrs

(
d

nsep,ξ
pqrs (t̄ )+ d

nsep,A
pqrs (Ē, E)

)
(pq|rs)RI,

where the superscriptf is from now on omitted for brevity. Above, the one-particle densi-
ties

(17)DF,ξpq (t̄ ) =
∑

µ2

t̄µ2〈µ2|[Epq , T2]|HF〉

and

DF,Apq (Ē, E) =
∑

i=1,2

∑

µ1νi

Ēµ1〈µ1|[Epq , τνi ]|HF〉Eνi

(18)+
∑

µ2ν2

Ēµ2〈µ2|[Epq , τν2]|HF〉Eν2

have been introduced. These densities contain only contributions from the correlation and
excitation treatment. The two contributions to the non-separable two-electron density read:

(19)d
nsep,ξ
pqrs (t̄ ) = 〈HF|[epqrs, T2]|HF〉 +

∑

µ2

t̄µ2〈µ2|epqrs |HF〉

and

d
nsep,A
pqrs (Ē, E) =

∑

µ1ν1

Ēµ1〈µ1|[epqrs, τν1] +
[
[epqrs, τν1], T2

]
|HF〉Eν1

+
∑

µ1ν2

Ēµ1〈µ1|[epqrs, τν2]|HF〉Eν2

(20)+
∑

µ2ν1

Ēµ2〈µ2|[epqrs, τν1]|HF〉Eν1.
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Explicit expressions for the densities are given inTables 1 and 2for a closed-shell RHF
reference determinant and an excited singlet state. For the modifications needed for excited
triplet states or for an UHF reference determinant see Refs.[24,18]. Note that the elements
ofDF anddnsepare non-zero only if all indices refer to active orbitals.D

F,ξ
pq anddnsep,ξ are

related to the unrelaxed correlation contributions to the MP2 one- and two-electron densi-
ties, which are recovered asDF,ξpq (t̄

MP1) anddnsep,ξ
pqrs (t̄

MP1) wheret̄MP1 are the Lagrangian
multipliers from first-order Møller–Plesset perturbation theory.DF,A anddnsep,A contain
the contributions from the eigenvectors, which do not have counterparts in the expressions
for the MP2 ground state densities.

The equations determining the Lagrangian multiplierst̄ν2 for the ground state doubles
equations are obtained as

∑

µ2

t̄µ2〈µ2|[F, τν2]|HF〉 = −〈HF|[H, τν2]|HF〉

(21)−
∑

µ1γ1

Ēµ1〈µ1|
[
[H, τγ1], τν2

]
|HF〉Eγ1.

They reduce to the calculation of MP1-like doubles amplitudes with modified two-electron
integrals[23,25,26]and can in the canonical orbital basis directly be inverted. Similar the

Table 1. Explicit expressions for the one-particle densitiesDF,ξ (t̄ ) andDF,A(Ē, E) de-
fined in equations(17) and (18)

DF,ξ (t̄ ) DF,A(Ē, E)

Dij −∑abk t̄
ab
jk t

ab
ik −∑a ĒajEai −∑abk Ē

ab
jkE

ab
ik

Dia 0
∑
jb Ēbj (2E

ab
ij − Ebaij )

Dab
∑
ijc t̄

ac
ij t

bc
ij

∑
i ĒaiEbi +∑ijc Ē

ac
ij E

bc
ij

Table 2. Explicit expressions for the non-separable two-particle density matricesdF,ξ (t̄ )

anddF,A(Ē, E) defined in equations(19) and (20)

dξ (t̄ ) dA(Ē, E)

dijka 0 −∑b Ēbj (2E
ba
ik − Eabik )−∑b Ē

ba
jkEbi

dijab 0 −ĒajEbi
diajb 4tabij − 2tbaij + t̄abij Sabij {2CaiEbj − CbiEaj −∑k(

∑
c ĒckEcj )(2t

ba
ki − tabki )

−∑c(
∑
k ĒckEbk)(2t

ca
ji − tacji )} + 2ĒbjEai

diabc 0
∑
j Ēbj (2E

ac
ij − Ebaij )+∑j Ē

ab
ij Ecj

The intermediateC used for the formulation ofdF,A(Ē, E) is defined asCai = ∑
jb Ēbj (2t

ab
ij

− tba
ij
); for the

definition of the Lagrangian multipliers̄tab
ij

and the symmetrization operatorS see text.
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double replacement parts of the eigenvectorsE andĒ are obtained as:

(22)
∑

ν2

(
〈µ2|[F, τν2]|HF〉 − ωδµ2ν2

)
Eν2 = −

∑

ν1

〈µ2|[H, τν1]|HF〉Eν1,

and

(23)
∑

µ2

Ēµ2

(
〈µ2|[F, τν2]|HF〉 − ωδµ2ν2

)
= −

∑

µ1

Ēµ1〈µ1|[H, τν2]|HF〉.

The Lagrangian multipliers for the Hartree–Fock equationsκ̄ are determined as usual from
a set of CPHF or Z-vector equations:

(24)
∑

AI

κ̄AI (AAIBJ − δABεA − δIJ εI ) = −ηκBJ

where the indicesI , J andA, B denote, respectively, general (i.e., active and frozen) oc-
cupied and virtual orbitals andεp are the SCF orbital energies. The CPHF matrixApqrs
is defined asApqrs = 4(pq|rs) − (pr|qs) − (ps|rq) with conventional four-index ERIs.
The evaluation of the right-hand side vectorηκ from one- and two-electron density inter-
mediates is done in the same way as described for CC2 in Ref.[18].

The first derivative of the excited state energy with respect to an external perturbationx

can now be evaluated from an expression which is analogous to that for RI-CC2[25,18]:
(

dL

dx

)

x=0
=
∑

αβ

D
eff,ao
αβ h

[x]
αβ + 1

2

∑

αβγ δ

d
sep,ao
αβγ δ (αβ|γ δ)[x] −

∑

αβ

F
eff,ao
αβ S

[x]
αβ

(25)+
∑

αβP

∆
ao,P
αβ (αβ|P)[x] −

∑

PQ

γPQV
[x]
PQ,

whereh[x], S[x], (αβ|γ δ)[x], (αβ|P)[x] andV [x]
PQ are the derivatives of, respectively, the

one-electron Hamiltonian, the overlap and the four-, three- and two-index coulomb inte-
grals in the AO basis.Deff,ao

αβ is the relaxed one-particle density in the atomic orbital basis

anddsep,ao
αβγ δ the separable part of the two-electron density which is easily constructed on-

the-fly:

(26)d
sep,ao
αβγ δ = S

αβ
γ δ

(
1 − 1

2
Pβδ

)(
D

eff,ao
αβ − 1

2
D

SCF,ao
αβ

)
D

SCF,ao
γ δ .

Here,Sαβγ δ symmetrizes a function according toSαβγ δ f
αβ
γ δ = f

αβ
γ δ + f

βα
δγ andPαβ denotes

a permutation operator which interchanges two indices.F
eff,ao
αβ is the usual effective Fock

matrix that appears in expressions for gradients of correlated methods and the densities
∆

ao,P
αβ andγPQ are defined as:

(27)∆
ao,P
αβ =

∑

pq

CαpCβq
∑

rsQ

d
nsep,ex
pqrs (rs|Q)V −1

PQ,

and

(28)γPQ =
∑

αβR

(αβ|R)∆ao,P
αβ V −1

RQ.
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For ADC(2) and CIS(D∞) the course of a gradient calculation after the solution of the
eigenvalue problem (which for CIS(D∞) implies the determination of both the right and
the left eigenvectors) can be sketched as follows:

• First the eigenvectors are normalized as
∑
i=1,2

∑
µi
ĒµiEµi = 1.

• Then the unrelaxed one-electron densitiesDF,ξ andDF,A and intermediates for the
two-electron densities are computed.

• The right-hand sideηκ for the CPHF equations and the effective Fock matrixF eff are
set up and the CPHF equations are solved.

• Finally the contributions to the gradient are evaluated by contracting the derivative inte-
grals with the respective densities.

Note, that in contrast to CC2 for ADC(2) and CIS(D∞) after the solution of the eigenvalue
problem no other equations withO(N5) scaling costs must be solved iteratively.

5. PERFORMANCE OF CORRELATED SECOND-ORDER METHODS
FOR EXCITED STATE STRUCTURES AND VIBRATIONAL
FREQUENCIES

From the discussion in Sections2 and 3it follows that for well-isolated states,i.e., far from
same-symmetry intersections, the non-Hermitian contribution to the Jacobian in which
ADC(2) and CIS(D∞) differ should have only a small effect on the eigenvalues and vectors.
Test calculations on a few diatomic molecules and CH2O and C2H2 show (seeTable 3) that
indeed ADC(2) and CIS(D∞) give not only vertical excitation energies, but also adiabatic
excitation energies, bond lengths and vibrational frequencies, which are almost identical.
The differences are close to or fall even below the convergence threshold used for the calcu-
lations. Since ADC(2) has both conceptual and computational advantages over CIS(D∞),
the latter model will in the following not be considered further.

In the next two subsections the results of two sets of test calculations are presented.
The first test is a comparison of a hierarchy of single-reference methods for excited states
up to approximated coupled-cluster singles, doubles and triples methods in large basis
sets but restricted to diatomic molecules. In the second part only ADC(2) and CC2 are
compared for a set of small and medium sized polyatomic molecules for which excited
state geometries and frequencies are experimentally well-known.

5.1. Benchmark study on the four diatomic molecules N2, CO, BH, and BF

For the comparison of the second-order methods for excitation energies with highly cor-
related methods which account also for the effects of connected triples, four molecules
N2, CO, BH, and BF have been selected since for these several excited states are experi-
mentally well known and have minima at not too far stretched internuclear distances and
accurate basis sets are available. The test set consists of 11 singlet and 19 triplet states:

N2: A3Σ+
g , B3Πg, B ′3Σ−

u , a′1Σ−
u , a1Πg, w1∆u, C3Πu,

CO: a3Π , A1Π , B1Σ+, C1Σ+,
BF: a3Π , A1Π , B1Σ+, C1Σ+, b3Σ+, d3Π ,
BH: A1Π , B1Σ+
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Table 3. Comparison of ADC(2) and CIS(D∞) for excitation energies and structures of
excited states

Molecule State Property CIS(D∞) ADC(2) CC2 Exp.

N2 w1∆u Tvert 10.629 eV 10.628 eV 10.584 eV
Te 9.36 eV 9.36 eV 9.37 eV 8.94 eV
Re 128.1 pm 128.1 pm 129.3 pm 126.8 pm
ωe 1449 cm−1 1449 cm−1 1360 cm−1 1559 cm−1

BF A1Π Tvert 6.424 eV 6.424 eV
Te 6.36 eV 6.37 eV 6.36 eV 6.34 eV
Re 131.2 pm 131.2 pm 131.4 pm 130.4 pm
ωe 1214 cm−1 1214 cm−1 1213 cm−1 1265 cm−1

CH2O 11A′′ Tvert 3.930 eV 3.930 eV 4.025 eV
T0 3.30 eV 3.30 eV 3.52 eV 3.49 eV
d(CO) 138.2 pm 138.2 pm 135.5 pm 132.3 pm
φd 14.6 deg 14.6 deg 25.7 deg 34.0 deg
ν2(a

′) 1344 cm−1 1344 cm−1 1321 cm−1 1293 cm−1

CH2O 13A′′ Tvert 3.477 eV 3.476 eV 3.556 eV
T0 2.91 eV 2.91 eV 3.05 eV 3.12 eV
d(CO) 134.5 pm 134.5 pm 133.6 pm 132.3 pm
φd 33.4 deg 33.5 deg 38.1 deg 41.1 deg
ν2(a

′) 1323 cm−1 1320 cm−1 1298 cm−1 1283 cm−1

C2H2 11Au Tvert 7.224 eV 7.224 eV 7.199 eV
T0 5.38 eV 5.38 eV 5.33 eV 5.23 eV
d(CC) 137.3 pm 137.3 pm 138.1 pm 137.5 pm
ν2(ag) 1426 cm−1 1426 cm−1 1368 cm−1 1385 cm−1

The calculations on N2 and BF where carried out in the aug-cc-pwCVQZ basis sets and all electrons have been ac-
tive, while for CH2O and C2H2 the aug-cc-pVQZ basis and a frozen core approximation was used. Experimental
values taken from Refs.[27–29].

and the following methods have been included in the comparison:

• configuration interaction singles (CIS), which is equivalent to coupled-cluster singles
(CCS)—provided that the Hartree–Fock reference wavefunction fulfills the Brillouin
condition;

• CIS(D), a perturbative doubles correction to CIS;
• the algebraic diagrammatic construction through second order ADC(2);
• the approximate coupled-cluster singles and doubles model CC2;
• coupled-cluster singles and doubles (CCSD);
• CCSDR(3), a perturbative triples correction to CCSD—since for this method no imple-

mentation for triplet excited states is available, the results for CCSDR(3) include only
the 11 singlet states of the test set;

• the approximate coupled-cluster singles, doubles, and triples model CC3.
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For single excitation dominated transitions, as the investigated states are, CIS is cor-
rect through first order in the fluctuation potential, the methods CIS(D), ADC(2), CC2 and
CCSD are correct through second order, and CCSDR(3)[30] and CC3[31,32]are correct
through third order. As in Section4 the total energies for CIS(D) and ADC(2) were de-
fined as the sum of the excitation energies obtained with these models and the MP2 ground
state energy, the CCSDR(3) excitation energies were combined with the ground state ener-
gies from the CC(3) perturbative triples correction[30] to CCSD. The CCSD, CCSDR(3),
CC(3), and CC3 calculations have been carried out with the Dalton quantum chemistry
package[33]; for all other calculations a development version of Turbomole was used.

To avoid any bias of the results due to core correlation effects all electrons have been cor-
related and the aug-cc-pwCVQZ basis[34–37]has been used. This basis set should even
for the triples methods CCSDR(3) and CC3 give results close to the basis set limit. Detailed
results for the bond lengths, the harmonic vibrational frequencies and the adiabatic excita-
tion energies are given inAppendix A; a summary of the results is shown inFigs. 3–5.

For none of the three investigated quantities (bond lengths, vibrational frequencies and
adiabatic excitation energies) the convergence within the coupled-cluster hierarchy is as
smooth as it is usually found for vertical excitation energies. In particular for the bond
lengths and the vibrational frequencies the results indicate some oscillations within the
CC model hierarchy, similar to that found for ground state bond length and vibrational
frequencies[20]: CIS gives, similar as SCF for the ground state, much too short bond
lengths—for the 19 states included in this test setRe is on the average underestimated by
about 3 pm. CC2 overestimates the correlation contribution and thus the bond lengths and
their change upon excitation, while CCSD gives again too short bond lengths, even though
CCSD is much more robust with respect to strong correlation effects, as encountered in
N2 and CO if the bond is stretched upon excitation from a bounding into an anti-bonding
orbital. After inclusion of the effects of connected triples at the CCSDR(3) and the CC3
level the results are very accurate.

Fig. 3. Errors in calculated bond lengths for 19 excited states. Experimental data from
Ref. [28]; for technical details of the calculations see text.
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Fig. 4. Errors in calculated harmonic frequencies for 19 excited states in N2, CO, BH, and
BF. Experimental reference data taken from Ref.[28]; for technical details of the calcula-
tions see text.

Fig. 5. Errors in adiabatic excitation energies for 19 excited states in N2, CO, BH, and BF.
Experimental reference data taken from Ref.[28]; for technical details of the calculations
see text.

Compared to CC2 the ADC(2) model profits from the somewhat better stability of the
underlying MP2 for the ground state, while the results for the perturbative doubles cor-
rection CIS(D) are intermediate between the results for CIS and ADC(2). However, two
of the example molecules, N2 and CO, are difficult cases for single-reference methods
and in particular for CC2. Taking this into account, one can, based on the above trends,
expect that for single replacement dominated excited states CC2 and CC3 for larger mole-
cules with polyatomic chromophores give equilibrium geometries of similar accuracy as
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obtained with these methods for the ground state,i.e., close to the accuracy obtained with,
respectively MP2 and CCSD(T). Similar, CCSD cannot be expected to give for excited
states geometries which are more accurate than those for ground states. Its main advantage
lies in its robustness.

The results for harmonic frequencies corroborate the above observations. For almost
all excited states it is found that the vibrational frequencies are overestimated (underesti-
mated) the more the bond lengths are underestimated (overestimated). Thus, CIS and, to
a lesser extend, CCSD give too high vibrational frequencies, while CC2 usually yields to
low vibrational frequencies. Again, after inclusion of approximate triples in the methods
CCSDR(3) and CC3 the results are close to the experimental values.

In contrast to the smooth convergence of vertical excitation energies in the hierarchy
CCS–CC2–CCSD–CC3, the adiabatic excitation energies change more irregular: no im-
provement is obtained when going from CC2 to CCSD. The CCSD results have about the
same accuracy as those obtained with ADC(2). The errors obtained with the perturbative
doubles correction CIS(D) are slightly larger. First after the inclusion of connected triples
at the CCSDR(3) and CC3 level a systematic and significant improvement upon CC2 is
obtained.

5.2. Comparison of ADC(2) and CC2 for polyatomic molecules

The benchmark results from the previous subsection include only states in four diatomic
molecules. It will of cause require further studies, in particular for polyatomic molecules to
see how general these findings are. But, for polyatomic molecules excitations are usually
delocalized over chromophores which comprise several atoms and, as a consequence, the
changes in the bond lengths upon excitation will be more moderate than they are in small
molecules.

This means that the results will be much more dominated by the performance of the
underlying ground state method. Though, one would expect for polyatomic molecules—
in particular if the differences between the bond lengths in the ground and the excited
states are not large—that the approximate doubles methods ADC(2) and CC2 give results
of almost the same accuracy as obtained for ground state geometries with MP2 and CC2.
However, for small molecules like CH2O, C2H2, where the excitation process is essentially
localized at one bond, similar difficulties as found above for the diatomic molecules have
to be expected.

In Tables 4–6some results are listed for 0–0 transition energies, equilibrium bond
lengths and angles and vibrational frequencies for 13 excited states of small polyatomic
molecules, where accurate experimental results are available. The CC2 results, which have
been taken from Ref.[18], and the ADC(2) results, which are from the present work, have
been obtained in the aug-cc-pVQZ basis sets (aug-cc-pV(Q + d)Z for the atoms Si–Cl)
[34–36,39]. The frozen core approximations has been used throughout, with the 1s orbitals
frozen for the atoms B–F and 1s2s2p frozen for Si–Cl.

In contrast to the diatomic molecules investigated in Section5.1, where from the exper-
imental data values forTe, Re andωe could be extracted, for the excited states in these
molecules experimental data is only available forT0, R0 and fundamental frequencies.
This limits somewhat the comparability with the calculated values, which have been ob-
tained within the harmonic approximation. This impairs in particular the results for C–H
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Table 4. 0–0 transition energies (in eV) in the harmonic approximation

Molecule State CC2 ADC(2) Exp.

SO2 13B1 2.92 2.94 3.19a

SiF2 11B1 5.49 5.44 5.34b

CCl2 11B1 2.11 2.00 2.14b

CS2 13A2 3.29 3.18 3.25a

HCN 11A′′ 6.72 6.82 6.48a

HCP 11A′′ 4.48 4.51 4.31a

C2H2 11Au 5.33 5.38 5.23a

CH2O 11A′′ 3.52 3.30 3.49c

13A′′ 3.05 2.91 3.12c

CH2S 11A2 2.15 2.03 2.03c

13A′′ 1.79 1.69 1.80c

CHOCHO 11Au 2.70 2.63 2.72a

HC2CHO 11A′′ 3.17 2.90 3.24a

a From Ref.[28]. b From Ref.[38]. c From Ref.[29].

bond lengths and the corresponding stretchings modes, for which anharmonic effects are
sizable.

The results listed inTables 4–6indicate that the above anticipated trends are indeed
found for polyatomic molecules. In the 0–0 transition energies f.ex. the mean absolute
error (MAE) is for CC2 0.1 eV, only for SO2 and HCN the errors are larger than 0.2 eV.
Also for ADC(2) the MAE of 0.17 eV for these polyatomic molecules is considerable
smaller than for the diatomic molecules studied in Section5.1. Interestingly, the difference
in mean absolute errors for CC2 and ADC(2) is almost the same for the excited states in the
polyatomic molecules listed inTable 4and for the excited states in the diatomic molecules
(Table A.3) studied in the previous subsection.

For bond lengths and angles and for vibrational frequencies the performance of the two
methods is—at least for the present test set—on the average very similar. ADC(2) improves
upon CC2 in several cases where multiple bonds are weakened upon excitation,e.g., for
HCN, HCP, C2H2 or the difficult case of SO2. On the other hand, ADC(2) performs inferior
for n → π∗ transitions as in CH2O, CH2S and HC2CHO, where it gives by far too long
C–O distances and too low frequencies for the modes involving these bonds. However, one
has to keep in mind that the calculated CC2 and ADC(2) results are not strictly comparable
to the experimental reference data, since in the calculations anharmonic effects have been
neglected. Even though this is not expected, it cannot, without further investigations, be
excluded that corrections from the anharmonicities will change the conclusions about the
performance of CC2 and ADC(2) for excited state equilibrium structures.

6. SUMMARY AND CONCLUSIONS

The coupled-cluster methods CCS (CIS), CIS(D), CC2, CCSD, CCSDR(3), and CC3 form
today a relatively well-established hierarchy of black-box methods for excited states. The
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Table 5. Excited state structure parameters (bond lengths in pm and angles in degrees)
calculated with CC2 and ADC(2)

Molecule State Parameter CC2 ADC(2) Exp.

SO2 13B1 d(SO) 155.4 151.8 149.4
� (OSO) 128.8 126.5 126.1

SiF2
a 11B1 d(SiF) 162.8 162.3 160.1

� (FSiF) 115.9 116.0 115.9
CCl2a 11B1 d(CCl) 164.8 164.7 165.2

� (ClCCl) 132.0 131.6 131.4
CS2 13A2 d(CS) 164.9 163.7 164.0

� (SCS) 135.7 136.7 135.8
HCN 11A′′ d(CH) 111.5 111.3 114.0

d(CN) 132.1 129.3 129.7
� (HCN) 122.3 127.6 125.0

HCP 11A′′ d(CP) 171.6 168.2 169.0
� (HCP) 128.4 137.1 128.0

C2H2
b 11Au d(CC) 138.1 137.3 137.5

d(CH) 109.2 109.1 110.5
� (HCC) 122.0 122.2 121.4

CH2Oc 11A′′ d(CH) 108.7 108.4 109.8
d(CO) 135.5 138.2 132.3
� (HCH) 121.6 124.1 118.4
φd 25.7 14.6 34.0

CH2Oc 13A′′ d(CH) 109.2 108.9 108.4
d(CO) 133.6 134.5 130.7
� (HCH) 118.0 119.8 117.9
φd 38.1 33.5 41.1

CH2Sc 11A2 d(CH) 108.3 108.3 107.7
d(CS) 170.6 171.9 168.2
� (HCH) 121.2 121.2 120.7

CH2Sc 13A′′ d(CH) 108.2 108.2 108.2
d(CS) 168.9 169.3 168.3
� (HCH) 120.5 121.3 119.3
φd 15.0 4.3 11.9

trans-(CHO)2e 11Au d(CC) 147.9 147.7 146.0
d(CH) 109.5 109.4 112.0
d(CO) 125.4 125.0 125.0
� (HCC) 114.5 114.9 114.0
� (OCC) 123.9 123.6 124.0

(Continued)

performance of these methods for vertical excitation energies has been investigated in sev-
eral benchmark studies[44] and are well understood. With the implementation of analytic
gradients[18,45,46]it is for some of these methods now possible to obtain equilibrium
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Table 5. (Continued)

Molecule State Parameter CC2 ADC(2) Exp.

HC2CHO 11A′′ d(C1C2) 123.8 122.9 123.8
d(C1H) 106.3 106.3 107.5
d(C2C3) 136.0 135.8 136.4
d(C3H) 108.5 108.3 109.1
d(C3O) 140.6 144.9 132.5

Unless otherwise stated the experimental data was taken from Refs.[28,27].
a Experimental values from[38]. b Experimental values from[40]. c Experimental values from[29]. d Out-of-
plane angle of the oxygen or sulfur atom, respectively.e Experimental values from Ref.[41].

Table 6. Harmonic vibrational frequencies (cm−1) calculated with CC2 and ADC(2)

Molecule State Parameter CC2 ADC(2) Exp.

SO2 13B1 ν1(a1) 673 852 906
ν2(a1) 285 337 360

SiF2 11B1 ν1(a1) 705 714 598
ν2(a1) 235 236 342

CCl2a 11B1 ν1(a1) 641 643 634
ν2(a1) 308 310 303

CS2 13A2 ν1(a1) 682 727 692
ν2(a1) 243 311 311

HCN 11A′′ ν2(a
′) 1345 1661 1496

ν3(a
′) 963 973 941

HCP 11A′′ ν2(a
′) 888 1061 951

ν3(a
′) 636 647 567

C2H2 11Au ν2(ag) 1368 1426 1385
ν3(ag) 1086 1088 1048

CH2Ob 11A′′ ν1(a
′) 3064 3107 2846

ν2(a
′) 1321 1344 1293

ν3(a
′) 1015 859 1183

ν5(a
′′) 3202 3255 2968

ν6(a
′′) 873 867 904

13A′′ ν2(a
′) 1298 1320 1283

CH2Sb 11A2 ν1(a1) 3127 3124 3034
ν2(a1) 1343 1346 1320
ν3(a1) 799 751 859
ν4(b1) 3253 3254 3081
ν5(b1) 769 772 799
ν2(a

′) 1337 1342 1320
ν3(a

′) 846 826 859

(Continued)
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Table 6. (Continued)

Molecule State Parameter CC2 ADC(2) Exp.

trans-(CHO)2c 11Au ν1(ag) 3052 3070 2809
ν2(ag) 1369 1410 1391
ν3(ag) 1233 1252 1195
ν4(ag) 995 1019 952
ν5(ag) 494 504 509
ν6(au) 754 760 720
ν7(au) 219 221 233
ν8(bg) 763 782 735
ν10(bu) 1248 1219 1281
ν11(bu) 1176 1096 1172
ν12(bu) 372 372 379

HC2CHOd 11A′′ ν2(a
′) 3170 3200 2953

ν3(a
′) 1898 1970 1946

ν4(a
′) 1218 1205 1304

ν5(a
′) 1074 1090 1120

ν6(a
′) 780 695 952

ν7(a
′) 642 655 650

ν8(a
′) 471 477 507

ν9(a
′) 171 172 189

ν10(a
′′) 550 593 507

ν11(a
′′) 416 449 390

ν12(a
′′) 324 340 346

Unless stated otherwise, the experimental values are taken from Refs.[28,27].
a Experimental values from Ref.[38]. b Experimental values from Ref.[29]. c Experimental values from

Ref. [42]. d Experimental values from Ref.[43].

structures for electronically excited states of small and medium sized molecules in an al-
most routine manner.

The benchmark study in Section5.1, which compares the performance these methods,
indicates, in agreement with previous results in the literature[46–49], that the accuracies
obtained for equilibrium structures and harmonic frequencies of single excitation domi-
nated excited states are almost comparable to those obtained for the ground state. It is
found that CCSD, even though much more robust with respect to strong correlation effects
than the approximate singles-and-doubles methods CIS(D), ADC(2), and CC2, is in gen-
eral for equilibrium structures not systematically more accurate than these methods. As a
consequence CCSD is also not able to improve for adiabatic excitation energies upon the
results obtained at the CC2 level.

A drawback of the standard CC response or equation-of-motion CC methods is the
lack of Hermitian symmetry of the Jacobi or secular matrix. While this will usually
not affect their performance for equilibrium structures, it leads to qualitative wrong
results for the potential energy surfaces of excited states in the vicinity of intersec-
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tions between states of the same symmetry: instead of a conical intersection seam
these methods will give a region with a conjugated pair of complex eigenvalues.
Propagator type methods, as the algebraic diagrammatic construction (ADC) models,
which have a Hermitian secular matrix could for such situations be a valuable alterna-
tive.

In Section4 the equations for orbital-relaxed one- and two-particle densities and ana-
lytic gradients of excited states have been derived for the ADC(2) and the CIS(D∞) model.
These have been implemented in theRICC2 module[50] of the Turbomole package[51]
and were used to investigate the performance of ADC(2) for excited state potential energy
surfaces. The results presented in Sections5.1 and 5.2show, that ADC(2) gives equilib-
rium structures and harmonic frequencies with an accuracy comparable to that of CC2. In
some cases, as for example N2 and CO, ADC(2) is due to the underlying MP2 ground state
more robust than CC2. Only for excitation energies ADC(2) gives somewhat larger errors
than CC2.
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APPENDIX A

In Tables A.1–A.3the data underlyingFigs. 3–5is collected.

Table A.1. Bond lengthsRe (pm) of diatomic molecules

Molecule State CIS CIS(D) ADC(2) CC2 CCSD CCSDR(3) CC3 Exp.

N2 A3Σ+
u 122.8 129.0 129.4 131.5 126.8 – 129.3 128.7

B3Πg 117.6 122.2 123.1 124.9 119.5 – 121.4 121.3
B′3Σ−

u 123.3 128.6 129.2 130.7 125.2 – 128.3 127.8
a′1Σ−

u 123.3 128.5 129.0 130.4 124.8 126.9 128.0 127.5
a1Πg 119.0 123.0 124.5 126.5 120.1 121.5 122.2 122.0
w1∆u 122.8 127.6 128.1 129.3 124.2 126.3 127.4 126.8
C3Πu 110.1 114.3 115.4 116.3 113.1 – 114.6 114.9

(Continued)
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Table A.1. (Continued)

Molecule State CIS CIS(D) ADC(2) CC2 CCSD CCSDR(3) CC3 Exp.

CO a3Π 117.5 121.0 121.4 122.7 119.4 – 121.1 120.6
A1Π 121.0 126.0 127.8 128.6 122.2 123.3 124.5 123.5
B1Σ+ 108.5 112.3 112.6 113.8 110.9 112.1 112.5 112.0
C1Σ+ 108.2 111.7 112.0 113.5 110.8 112.0 112.4 112.2

BF a3Π 129.8 131.5 131.6 131.9 130.6 – 131.1 130.8
A1Π 128.4 131.1 131.2 131.4 130.1 130.5 130.7 130.4
b3Σ+ 120.0 121.3 121.4 121.9 121.1 – 121.9 121.5
B1Σ+ 119.3 120.4 120.5 121.0 120.2 120.9 121.0 120.7
C1Σ+ 120.8 122.1 122.2 122.7 121.8 122.4 122.5 122.0
d3Π 119.9 121.0 121.0 121.5 120.7 – 121.5 121.0

BH A1Π 120.3 120.6 120.5 120.6 121.9 122.1 122.2 121.9
B1Σ+ 119.9 120.2 120.4 120.5 121.4 121.5 121.5 121.6

For the technical details see Section5.1; experimental values from Ref.[28].

Table A.2. Harmonic vibrational frequenciesωe (cm−1) of diatomic molecules

Molecule State CIS CIS(D) ADC(2) CC2 CCSD CCSDR(3) CC3 Exp.

N2 A3Σ+
u 1873 1407 1379 1223 1582 – 1420 1461

B3Πg 2008 1653 1576 1432 1884 – 1728 1733
B′3Σ−

u 1841 1440 1402 1290 1701 – 1480 1517
a′1Σ−

u 1841 1447 1412 1303 1732 1582 1491 1530
a1Πg 1904 1616 1505 1353 1858 1753 1685 1694
w1∆u 1859 1483 1449 1360 1752 1604 1509 1559
C3Πu 2533 2133 1994 1885 2265 – 2113 2047

CO a3Π 1965 1686 1645 1542 1830 – 1688 1743
A1Π 1646 1326 1214 1170 1594 1536 1426 1518
B1Σ+ 2480 1982 1830 1815 2233 2120 2064 2113
C1Σ+ 2488 2154 2111 1945 2287 2174 2124 2176

BF a3Π 1379 1298 1291 1277 1334 9999 1314 1324
A1Π 1365 1238 1214 1213 1279 1259 1251 1265
b3Σ+ 1744 1638 1631 1592 1652 9999 1599 1629
B1Σ+ 1784 1711 1699 1666 1724 1689 1670 1694
C1Σ+ 1703 1612 1607 1577 1631 1601 1587 1613
d3Π 1774 1704 1697 1663 1725 9999 1679 1697

BH A1Π 2550 2480 2480 2473 2335 2309 2305 2251
B1Σ+ 2528 2498 2484 2476 2398 2390 2389 2400

For the technical details see Section5.1; experimental values from Ref.[28].
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Table A.3. Adiabatic excitation energiesTe (eV) of diatomic molecules

Molecule State CIS CIS(D) ADC(2) CC2 CCSD CCSDR(3) CC3 Exp.

N2 A3Σ+
u 5.30 6.70 6.62 6.54 6.33 – 6.13 6.22

B3Πg 7.71 7.64 7.44 7.31 7.59 – 7.38 7.39
B′3Σ−

u 7.52 8.79 8.70 8.67 8.62 – 8.19 8.22
a′1Σ−

u 7.52 8.82 8.73 8.72 8.82 8.54 8.43 8.45
a1Πg 9.60 8.86 8.56 8.39 8.85 8.67 8.61 8.59
w1∆u 8.13 9.46 9.36 9.37 9.34 9.04 8.90 8.94
C3Πu 11.82 11.51 11.29 11.24 11.23 – 11.11 11.05

CO a3Π 5.78 6.26 6.18 6.08 6.17 – 6.02 6.04
A1Π 8.82 8.24 8.07 7.97 8.26 8.11 8.04 8.07
B1Σ+ 12.02 11.49 11.35 11.11 11.21 10.96 10.94 10.78
C1Σ+ 12.57 11.79 11.88 11.64 11.75 11.51 11.50 11.40

BF a3Π 2.73 3.44 3.42 3.43 3.59 – 3.60 3.61
A1Π 6.56 6.39 6.37 6.36 6.40 6.34 6.34 6.34
b3Σ+ 7.24 7.73 7.67 7.57 7.69 – 7.57 7.57
B1Σ+ 8.33 8.35 8.33 8.22 8.29 8.16 8.15 8.10
C1Σ+ 8.51 8.74 8.72 8.64 8.71 8.62 8.63 8.56
d3Π 8.58 8.87 8.85 8.77 8.87 – 8.76 8.77

BH A1Π 2.85 2.79 2.80 2.80 2.90 2.86 2.88 2.87
B1Σ+ 6.41 6.54 6.48 6.48 6.57 6.52 6.54 6.49

For the technical details see Section5.1; experimental values from Ref.[28].
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Abstract
The most accurate studies of few-body Coulomb systems have used wavefunctions of forms that are simple in
Hylleraas coordinates (those that explicitly include all the interparticle distances). In most studies the wavefunc-
tion has been constructed from Slater-type orbitals about a single center (relative to which the other particles are
at positionsr i ) by adjoining to each orbital product a polynomial in the other interparticle distancesrij . Matrix
elements have then usually been evaluated by expanding therij in terms of ther i . This type of wavefunction is
not ideal for “nonadiabatic” systems in which all the particles are of comparable (finite) mass; a preferable alter-
native is to use a wavefunction constructed from exponentials in all the Hylleraas coordinates. It is not practical to
use the usual expansion methods for Hylleraas exponential wavefunctions, and this paper considers issues arising
when four-body systems are treated directly in the Hylleraas coordinates for states of general angular symme-
try. The two problems treated here are (1) convenient and compact expression of the kinetic energy for angular
eigenstates, and (2) angular integrations in matrix elements. Both these problems differ from their well-known
counterparts in orbital formulations, in part because therij are not orthogonal coordinates, and in part because
the angles of ther i are not all independent variables.
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1. INTRODUCTION

The mathematics that arises when angular momentum eigenfunctions are expressed in a
coordinate system that includes all the interparticle distances is of a kind that would interest
Jan Linderberg, as evidenced by the nice paper entitled “Hyperspherical coordinates in four
particle systems” published by Öhrn and Linderberg[1] in 1983. It thus seems fitting that
the present topic be included in the proceedings of a meeting at which he was a principal
honoree. The autumn of 2003 marked the fortieth anniversary of my first meeting with Jan
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(when I came for an extended visit to Uppsala), and already at that time I was struck by
both the breadth and the depth of his mathematical knowledge and skill. The unfolding
of his career reinforced my first impressions, and I have enjoyed being his colleague and
friend for more than four decades.

The search for optimum sets of coordinates in few-body problems has a long history,
extending at least as far back as the work of Jacobi and of Radau in the nineteenth century.
In addition to considering hyperspherical coordinates, a number of recent authors have
investigated more general internal (shape) coordinates in few-body systems. A glimpse
into the current state of such efforts is provided by the work of Littlejohn and Reinsch[2]
and the many citations included therein. It is apparent from these works that the coordinates
most directly reflecting shape symmetry are functions of the various interparticle distances
and are too complicated to be easy starting points for matrix evaluation. An alternative is to
use the individual interparticle distances as coordinates, appending the angular dependence
to a shape function. The first treatment of angular eigenstates in this way was probably
due to Breit[3], who considered three-particleP states. Other studies along similar lines
included those of Bhatia and Temkin[4] and Schwartz[5], the latter of which we will find
to be a useful take-off point for the present study.

The use of the interparticle distances in wavefunctions dates back to the early work of
Hylleraas[6], who found that inclusion of the interelectron distance as an explicit coordi-
nate (often referred to as a “Hylleraas coordinate”) could lead to surprisingly good results
for the ground-state energy of the He atom. For two-electron atoms, use of the nuclear-
electron distances (r1 and r2) and the Hylleraas coordinater12 proved computationally
convenient, in part because the volume element for the internal coordinates was of the form
r1r2r12dr1 dr2 dr12. This simplicity did not extend to systems with more than three par-
ticles, but nevertheless the systematic use of Hylleraas coordinates has seen considerable
use in recent years, most frequently as adjuncts to a Slater-type orbital basis. Most work-
ers have expanded expressions containing powers of the interparticle distances in terms of
the orbital coordinates, using formulas first reported by Sack[7]; the present state of this
approach is nicely summarized in recent review articles by Drake[8] and King[9]; these
papers examine both three and four-body problems (e.g., the Li atom).

A smaller number of studies, the earliest of which were by Delves and Kalotas[10] and
by Thakkar and Smith[11], have used exponentials in all the Hylleraas coordinates for
three-body systems. This type of wavefunction is of particular value when all the parti-
cles have comparable, finite masses. Such systems, often termed “nonadiabatic”, require
a description in which the correlations of all particle pairs are placed on an equal foot-
ing. Extension to Hylleraas exponential wavefunctions for four-body systems only became
practical when closed formulas for the radial integrals became available[12–14]. When
these exponentials are used in a four-body problem, it is not advisable to attempt to expand
in terms of the orbital coordinates, and it is best to continue with the explicit use of the
Hylleraas coordinates.

If the rij are expanded in the orbital coordinates, the construction of angular-momentum
eigenfunctions and the evaluation of the kinetic energy proceed exactly as in a totally
orbital formulation. However, if it is chosen to evaluate matrix elements directly in the
Hylleraas basis, new considerations arise. For three-body systems, the use of Hylleraas
functions (in that case,r12) was addressed by Bhatia and Temkin[4] and Schwartz[5],
and a rather compact formulation of the kinetic energy operator for general angular states
was recently given by this author[15] (see also Frolov and Smith[16]). For spherically



Angular Symmetry and Hylleraas Coordinates in Four-Body Problems 63

symmetric (S) states of four-body problems, a Hylleraas-coordinate representation of the
kinetic-energy operator is straightforward and has been exhibited by a number of authors
(see, for example, Rebane[17]). However, for application to states of general angular de-
pendence, the situation is considerably more complicated. An analysis has been provided
by Yan and Drake[18], but their partitioning into radial and angular parts has led to formu-
las which seem more unwieldy than necessary. Accordingly, there still remains a need for
a Hylleraas-coordinate formulation of the kinetic energy for general angular dependence
that is compact and compatible with the analytical methods for evaluation of the resulting
radial integrals. Such a formulation and its use in matrix element evaluation are the issues
addressed in the present communication.

2. WAVEFUNCTIONS

We consider four-body systems with spatial wavefunctions depending on the space-fixed
coordinatesr1, r2, r3, r4; it is convenient to transform to the coordinateR of the system’s
center of mass and to relative coordinatesr14, r24, r34, wherer ij stands forr i− r j ; we also
definerij = |r ij | andr̂ ij = r ij/rij . After separation of the center of mass, the nine remain-
ing coordinates can be chosen to be the three Euler angles describing overall rotation of the
wavefunction and the six internal coordinatesr12, r13, r14, r23, r24, andr34, together with
a discrete two-valued inversion index. The ranges of therij consist of all values permitting
the formation of a tetrahedron with edges of lengthsrij . A given set ofrij defines two
tetrahedra which are mirror images of each other; the inversion index enables specification
of each.

Wavefunctions of general angular dependence can be written in terms of a basis whose
members have the generic form

(1)Ψ (r14, r24, r34) = Y
l1l2(l

′)l3
LM (r14, r24, r34)g(r12, r13, r14, r23, r24, r34).

HereY l1,l2(l
′)l3

LM is an angular momentum eigenfunction built from individual spherical har-
monics of respective quantum numbersl1, l2, and l3, combined in such a way that the
angular momenta described byl1 andl2 couple to a resultant of quantum numberl′, which
in turn is coupled with thel3 angular momentum to a final resultant of quantum numbers
L,M. The well-known formula describing the angular-momentum coupling is given for
reference inAppendix A, and the expression we use forY is

Y
l1l2(l

′)l3
LM (r14, r24, r34) = (−1)−l1+l2+l3−l

′
r
l1
14r

l2
24r

l3
34

×
√
(2l′ + 1)(2L+ 1)

∑

(m)

(−1)−m
′
1−M

(
l1 l2 l′

m1 m2 −m′

)

(2)×
(
l′ l3 L

m′ m3 −M

)
Yl1m1(r̂14)Yl2m2(r̂24)Yl3m3(r̂34).

The quantities of form
( a b c
d e f

)
are Wigner 3-j symbols[19], and the notation(m) indicates

that the summation is to be over all values ofm1,m2,m3, andm′ for which the 3-j symbols
do not vanish.

Extending an analysis given by Schwartz for the three-body problem[5], we now note

that the multiplication of an angular functionY l1l2(l
′)l3

LM by a quantity of the formr i4 · r j4
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converts a functionY into linear combinations of variousY in which L andM remain
unchanged butli andlj becomeli ± 1 andlj ± 1 (in all combinations that do not cause
li < 0, lj < 0, or l1 + l2 + l3 < L). We note also that these linear combinations ofY

preserve the parity ofl1+l2+l3. These observations mean that there exist linear recurrence
relations of types illustrated by the following (fori, j = 1,2):

(3)

Y
l1l2(l

′)l3
LM = C1Y

l1−1,l2−1(l′)l3
LM +C2Y

l1−2,l2(l′)l3
LM +C3Y

l1,l2−2(l′)l3
LM +C4Y

l1−2,l2−2(l′)l3
LM .

HereC1 will include the scalar productr14 · r24. Similar relations hold for other pairsi, j ,
but with additional terms in whichl′ changes. Those coefficientsCj that correspond to
illegal combinations of the variousl will, of course, vanish.

The recurrence relations illustrated in equation(3) will enable anyY l1l2(l
′)l3

LM to be re-
duced to a linear combination of similar functions either all havingl1 + l2 + l3 = L or
all having l1 + l2 + l3 = L + 1, with coefficients that may be polynomials in the scalar
productsr i4 · r j4. Since these scalar products are “radial functions” that depend only on
therij , with the specific form

(4)r i4 · r j4 = 1

2

(
r2
i4 + r2

j4 − r2
ij

)
,

the coefficientsCj can be incorporated into the radial functiong of equation(1), and it
therefore can be seen that the most general four-body wavefunction is expressible in the
basis given at equation(1) with l1 + l2 + l3 restricted to the valuesL andL+ 1.

In the present exposition we restrict consideration to situations not involving external
fields, so the matrix elements we compute will be independent ofM. For simplicity we
continue the analysis forM = L. The restrictions on the possible values of theli then
enable important simplifications to equation(1). If l1+ l2+ l3 = L, the only possible value
of l′ is l1 + l2, and the correspondingY reduces to the following form to which we assign
the shorthandΦ0:

(5)Φ
l1,l2,l3
0 = Y

l1l2(l1+l2)l3
LL (r14, r24, r34) = r

l1
14r

l2
24r

l3
34Yl1l1(r̂14)Yl2l2(r̂24)Yl3l3(r̂34).

Notice that in writingΦ0 the values ofL, M, and ther̂ i4 have been suppressed but are
assumed to be those consistent with the final member of equation(5), i.e., L = l1 + l2 +
l3, M = L. The center member of equation(5) is useful for matrix element evaluations
(vide infra), while the final member is a good starting point for the application of various
operators arising from the kinetic energy.

The casel1 + l2 + l3 = L+ 1 is a bit more complicated. If all threeli are nonzero there
will be two basis functions, one withl′ = l1 + l2 and another withl′ = l1 + l2 − 1; if two
li are nonzero the basis function is unique; and the case of one nonzeroli is not consistent
with l1 + l2 + l3 = L + 1. It turns out to be convenient to span the basis space by the
functions

Φ
l1l2l3
2 = Y

l1l2(l1+l2−1)l3
LL (r14, r24, r34)

= r
l1
14r

l2
24r

l3
34

[(
l1

l1 + l2

)1/2

Yl1l1(r̂14)Yl2,l2−1(r̂24)

(6)−
(

l2

l1 + l2

)1/2

Yl1,l1−1(r̂14)Yl2l2(r̂24)

]
Yl3l3(r̂34),
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Φ
l1l2l3
3 = Y

l1l3(l1+l3−1)l2
LL (r14, r34, r24)

= r
l1
14r

l3
34r

l2
24

[(
l1

l1 + l3

)1/2

Yl1l1(r̂14)Yl3,l3−1(r̂34)

(7)−
(

l3

l1 + l3

)1/2

Yl1,l1−1(r̂14)Yl3l3(r̂34)

]
Yl2l2(r̂24).

We note thatΦ3 can be obtained fromΦ2 by exchange of the indices 2 and 3 in both the
li and ther i4. Again, it is assumed thatl1 + l2 + l3 = L + 1. Just as forΦ0, the central
member of these equations will be advantageous for matrix element evaluations, while the
final member will be useful for the application of operators. In cases where there is only
one basis function for the givenli , eitherΦ2 andΦ3 will become linearly dependent or one
will vanish.

The use ofΦ2 andΦ3 instead of a pair of functions such asY l1l2(l1+l2)l3LM (r14, r24, r34)

andY l1l2(l1+l2−1)l3
LM (r14, r24, r34) has significant computational advantages, one of which is

the simplification resultant from the symmetry relationship betweenΦ2 andΦ3. Another
advantage stems from the fact that aY with l′ = l1 + l2 would be a sum ofY products
containing three terms, and with more complicated coefficients than appear in equation(7).

3. KINETIC ENERGY

For nonrelativistic Coulomb systems, the potential energy consists of terms proportional
to r−1

ij and it is obvious how to incorporate these contributions into matrix elements.
However, the kinetic energy is much more problematic, as the basis functions contain
nonorthogonal coordinates (therij ) and exhibit redundancy between therij and the coor-
dinates occurring in the angular factors. If computations are restricted to spherically sym-
metric (S) states, this problem is minimal; for states of general angular symmetry, it is not.

A starting point for our present discussion of the kinetic energy operatorT is its form
in the space-fixed coordinatesr1, r2, r3, r4, which we write in a system of units in which
h̄ = 1, with the particle atr i having massmi :

(8)T = − 1

2m1
∇2

1 − 1

2m2
∇2

2 − 1

2m3
∇2

3 − 1

2m4
∇2

4.

We consider the application ofT to functions which formally depend upon the overcom-
plete set of relative coordinatesr12, r13, r14, r23, r24, r34, with the result that we may write
∇i as

(9)∇i =
∑

j,j �=i
∇ij .

Here we have used the fact that∇ji = −∇ij , and have kept in mind that ther ij on which
the∇ij act are treated as formally independent, so that, for example,∇ijf (r ik) = 0. We
can then form each∇2

i and bringT to the form

(10)T = −1

2

∑

ij, i<j

1

µij
∇2
ij −

∑

i

1

mi

∑

jk �=i, j<k
∇ij · ∇ik,

whereµ−1
ij = m−1

i +m−1
j .
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Now we applyT to wavefunctions of the form

(11)Ψ = Φ l1l2l3n g(r12, r13, r14, r23, r24, r34),

wheren = 0, 2, or 3, andΦn is given by equation(5), (6), or (7). Recognizing thatΨ
consists of an angular factorΦ and a “radial” factorg, we apply equation(10) in a more
extended form, suppressing for clarity the arguments ofg:

TΨ = −
∑

ij, i<j

1

2µij

[
∇2
ijΦn + 2(∇ijΦn) · ∇ij +Φn∇2

ij

]
g

(12)

−
∑

i

1

mi

∑

jk �=i, j<k

[
(∇ij · ∇ikΦn)+ (∇ijΦn) · ∇ik + (∇ikΦn) · ∇ij

+Φn∇ij · ∇ik
]
g.

We next call attention to the relations

(13)∇2
ijΦn = 0,

(14)∇ijΦn = 0 (i �= 4 andj �= 4),

(15)∇ij · ∇ikΦn = 0,

(16)∇ijg = r ij
1

rij

∂g

∂rij
,

(17)∇2
ijg = ∂2g

∂r2
ij

+ 2

rij

∂g

∂rij
,

(18)∇ij · ∇ikg = (r̂ ij · r̂ ik)
∂2g

∂rij ∂rik
,

where equation(13) expresses the fact thatr lYlm is a solution of the Laplace equation,
equation(14) holds becauseΦn depends explicitly only onr14, r24, r34, and equa-
tions(16)–(18)are valid becauseg is a function of only the distancesrij . Equation(15) is
automatically satisfied unlessi = 4 or j = k = 4; for i = 4 and forj = k = 4 it is valid
because of the limitation toL � l1 + l2 + l3 − 1; for a proof of this statement the reader is
referred to Ref.[15].

We now use equations(13)–(18)to simplify equation(12), obtaining after some manip-
ulation the result

TΨ = −Φn
[ ∑

ij, i<j

1

2µij

(
∂2g

∂r2
ij

+ 2

rij

∂g

∂rij

)
+

4∑

i=1

1

mi

∑

jk �=i, j<k
(r̂ ij · r̂ ik)

∂2g

∂rij ∂rik

]

(19)− 1

m4

∑

jk �=4

(r j4 · ∇k4Φn)
1

rj4

∂g

∂rj4
−

3∑

i=1

1

mi

∑

j �=i
(r ij · ∇i4Φn)

1

rij

∂g

∂rij
.

The quantitieŝr ij · r̂ ik reduce to radial functions by a trivial extension of equation(4):

(20)r̂ ij · r̂ ik =
r2
ij + r2

ik − r2
jk

2rij rik
,

so we see that the dependence of the kinetic energy on the angular part of the wavefunction
is localized in the quantities(r · ∇Φ) in the second line of equation(19). The first line of
equation(19) is the form forS states given by Rebane[17] and others.
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It is interesting to compare equation(19) with the corresponding equation of Yan and
Drake [18]. Both are exact in the nonrelativistic limit, taking full account of the finite
masses of all four particles. However, our formulation has included a factorr l with each
spherical harmonic, thereby forming solid harmonics which are solutions to the Laplace
equation, while Yan and Drake have not chosen to do so. Our choice has improved the sep-
aration of the radial and angular contributions and causes equation(19) to be significantly
simpler than its Yan/Drake counterpart. The simplification extends also to the evaluation
of the(r · ∇Φ); our formulas (shown below) are more compact than they would be if, fol-
lowing Yan and Drake, we had restricted∇ to its angular components. The other major
departure of the present work from that of Yan and Drake is in our intention to evaluate
the radial integrals directly in the Hylleraas coordinates, while Yan and Drake proceed by
introduction of the Sack expansion[7].

To complete the analysis of the kinetic energy we must reduce the(r ·∇Φ) to calculable
quantities. The evaluation proceeds by methods similar to those discussed in Appendix B
of Ref. [15]. That approach (summarized inAppendix A hereto) leads to the following
formulas which can serve as a starting point for the relationships we require:

(21)(r j4 · ∇j4) r
l
j4Ylm(r̂ j4) = lr lj4Ylm(r̂ j4),

(r j4 · ∇k4) r ljj4r
lk
k4Ylj lj (r̂ j4)Ylk lk (r̂ k4)

(22)=
[
lk(lj + 1)(2lk + 1)

2lj + 3

]1/2

r
lj+1
j4 r

lk−1
k4 Ylj+1,lj+1(r̂ j4)Ylk−1,lk−1(r̂ k4),

(r j4 · ∇k4) r ljj4r
lk
k4Ylj lj (r̂ j4)Ylk lk−1(r̂ k4)

=
[

2lk + 1

2lj + 3

]1/2

r
lj+1
j4 r

lk−1
k4 Ylj+1,lj (r̂ j4)Ylk−1,lk−1(r̂ k4)

(23)

+
[
(lk − 1)(lj + 1)(2lk + 1)

2lj + 3

]1/2

r
lj+1
j4 r

lk−1
k4 Ylj+1,lj+1(r̂ j4)Ylk−1,lk−2(r̂ k4),

(r j4 · ∇k4)r ljj4r
lk
k4Ylj ,lj−1(r̂ j4)Ylk lk (r̂ k4)

(24)=
[
lj lk(2lk + 1)

2lj + 3

]1/2

r
lj+1
j4 r

lk−1
k4 Ylj+1,lj (r̂ j4)Ylk−1,lk−1(r̂ k4).

It is also obvious that

(25)r ij · ∇i4 = r i4 · ∇i4 − r j4 · ∇i4,
so the above equations suffice for the reduction of all the(r · ∇Φ) appearing in equa-
tion (19). It is perhaps worth remarking that the fact that the operatorsr · ∇ connect
contiguous index valueslj is a reflection of the fact thatr lYlm is a hyperspherical har-
monic (in four-dimensional space)[20], providing yet another connection to the work of
Öhrn and Linderberg[1].

It is now straightforward, albeit tedious, to combine the relationships in equations(21)–
(25) with the definitions of theΦn given in equations(5)–(7) to complete the evaluation
of the (r · ∇Φ). It is convenient to introduce some notation permitting a more succinct
representation of the results. Accordingly, we define an operatorLij with the effect that it
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will replace li and lj in Φ l1l2l3n by respectivelyli + 1 andlj − 1 (i.e., it will raise li and

lower lj so that,e.g., L1
2Φ

l1l2l3
n = Φ

l1+1,l2−1,l3
n ). We find

(26)r i4 · ∇i4Φn = liΦn,

(27)r i4 · ∇j4Φ0 =
[
lj (li − 1)(2lj + 1)

2li + 3

]1/2

LijΦ0 (i, j = 1,2,3; j �= i),

(28)r14 · ∇j4Φj = B(l1, lj ) L1
jΦj (j = 2,3),

(29)r14 · ∇j4Φk = C(l1, lj , lk) L1
jΦk (j = 2, k = 3 or j = 3, k = 2),

(30)r j4 · ∇14Φj = B(lj , l1) L
j

1Φj (j = 2,3),

(31)r j4 · ∇k4Φj = C(lj , lk, l1) L
j
kΦj (j, k = 2,3; k �= j),

(32)r j4 · ∇14Φk = Fk L
j

1Φk + Fj L
j

1Φj (j = 2, k = 3 or j = 3, k = 2),

(33)r j4 · ∇k4Φk = Gk L
j

kΦk +Gj L
j

kΦj (j = 2, k = 3 or j = 3, k = 2),

(34)r ij · ∇i4Φn = liΦn − r j4 · ∇i4Φn (i, j = 1,2,3; j �= i).

In these equations,

(35)B(l, l′) =
[
l(l′ − 1)(2l′ + 1)

2l + 3

]1/2

,

(36)C(l, l′, l′′) =
[
l l′(2l′ + 1)(l + l′′ + 1)

(2l + 3)(l + l′′)

]1/2

,

(37)Fk = l1

[
(2l1 + 1)(lj + 1)(l1 + lk − 1)

(l1 − 1)(2lj + 3)(l1 + lk)

]1/2

,

(38)Fj = −
[

lk(2l1 + 1)(l1 + lj )

(l1 − 1)(2lj + 3)(l1 + lk)

]1/2

,

(39)Gk =
[
(lj + 1)(lk − 1)(2lk + 1)(l1 + lk − 1)

(2lj + 3)(l1 + l3)

]1/2

,

(40)Gj =
[
(2lk + 1)(l1 + lj + 1)

(2lj + 3)(l1 + l3)

]1/2

.

Summarizing, we see that the angular dependence ofTΨ can be written entirely in terms
of the angular-momentum eigenfunctions introduced at equations(5)–(7). This means that
the angular contributions to kinetic-energy matrix elements will reduce to forms similar
to those encountered for overlap integrals. This point will be examined in more detail in
Section4.

4. ANGULAR MATRIX ELEMENTS

We now consider the evaluation of matrix elements involving wavefunctions of the type
specified in equation(1). The details of the formulation will depend upon the extent to
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which the particles are identical as well as their possible spin states and permutational
symmetry. Since the wavefunctions under study are of particular value for nonadiabatic
systems and may involve exotic species such as mesons or antiparticles, there is no single
set of symmetry operations applicable to all four-body problems. For this reason we do
not attempt a detailed discussion of spin or permutation symmetry. Rather, we limit our
analysis to the primitive spatial-coordinate matrix elements that will arise irrespective of
the symmetry.

We start with the observation that a particle permutation onΦ0 results in an instance
of Φ0 with its l indices permuted, while a particle permutation onΦ2 (or Φ3) can only
produce linear combinations ofΦ2 andΦ3, possibly with permutedl indices. We also note
that

(1) The kinetic-energy operatorT converts a functionΦ0 into a linear combination of itself
and other instances ofΦ0;

(2) The set of functionsΦ2,Φ3 is closed under the operation ofT; and
(3) Φ3 can be reached from an instance ofΦ2 by a coordinate and index permutation.

Finally, we observe that the operators for the Coulombic energy, proportional to 1/rij ,
do not affect the angular part of the wavefunction. Based on the above, we see that all
the spatial matrix elements required for nonrelativistic energy computations in four-body
Coulomb systems correspond to one of the two generic forms

(41)I0 =
∫

dτR dτΩ
[
Φ l1l2l3n (r14, r24, r34)

]∗
Φλ1λ2λ3
n (r14, r24, r34)fR,

(42)Ip =
∫

dτR dτΩ
[
Φ l1l2l3n (r14, r24, r34)

]∗
Φλ1λ2λ3
n (r14, r34, r24)fR,

wheren can without restriction be limited to the values 0 and 2. HerefR indicates a func-
tion of only the interparticle distances; it may include contributions from an operator in the
Hamiltonian as well as the radial parts of a pair of wavefunctions. The symbol dτΩ refers
to an integration over the orientations of the four-body system with fixed values of therij
and a sum over the two values of the inversion index; the symbol dτR refers to integration
over the interparticle distances. The orientation integral has a straightforward description
in terms of Euler angles, which we denoteα, β, γ , with volume element dα sinβ dβ dγ ,
whereα andγ have the range(0,2π) andβ has the range(0, π). The volume element dτR
is complicated and will not be discussed now.

In previous work[21] we have shown that the evaluation of equations(41) and (42)
best proceeds by first performing the angular integration, the result of which will be poly-
nomials in therij . The radial integrations are then of a type that can be handled by the
method described first by Fromm and Hill[12] (with improvements we have reported in
more recent work[13,14]).

The angular integration differs from that usually encountered in atomic problems be-
cause it is carried out at fixed values of all the interparticle distances, as is evident from the
fact that there are now only three independent angular variables (the Euler angles) rather
than the six coordinates associated with the respective orientations ofr̂14, r̂24, and r̂34.
The evaluation proceeds by combining the spherical harmonics, using equation(A.2) in
Appendix A, to writeY ∗

ljmj
(r̂ j4)Yλjµj (r̂ j4) as a sum (overΛj , and formally also overtj )
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of YΛj tj (r̂ j4), for j = 1,2,3. For the matrix elementI0, we get the cumbersome expres-
sion

I0 = (−1)l
′+λ′ 2L+ 1

(4π)3/2
∑

(Λ)

(l1, l2, l
′, l3, λ1, λ2, λ

′, λ3,Λ1,Λ2,Λ3)
1/2

(43)×
(
l1 λ1 Λ1
0 0 0

)(
l2 λ2 Λ2
0 0 0

)(
l3 λ3 Λ3
0 0 0

)
J0,

where(a, b, . . . , z) ≡ (2a+1)(2b+1) · · · (2z+1) and the sign factor has been simplified
recognizing that both wavefunctions have the same parity. Here

J0 =
∑

(m)(µ)(t)

(−1)µ1+µ2+m3

(
l1 λ1 Λ1

−m1 µ1 −t1

)(
l2 λ2 Λ2

−m2 µ2 −t2

)

×
(
l3 λ3 Λ3

−m3 µ3 −t3

)(
l1 l2 l′

m1 m2 −m′

)(
l′ l3 L

m′ m3 −L

)

(44)×
(
λ1 λ2 λ′

µ1 µ2 −µ′

)(
λ′ λ3 L

µ′ µ3 −L

)∫
dτR r

l1+λ1
14 r

l2+λ2
24 r

l3+λ3
34 fRK,

andK is the angular integral

(45)K =
∫

dτΩ YΛ1t1(r̂14)YΛ2t2(r̂24)YΛ3t3(r̂34).

Because the integration includes a sum over the inversion index, the integral in equa-
tion (45) will vanish unlessΛ1 + Λ2 + Λ3 is even, while in that case the inversion index
summation will have the effect of multiplying the orientation integral by two.

A convenient way to perform the integration in equation(45) is to take its integrand for
some fixed orientation, then reaching other orientations by applying the same rotational
transformation to each of the spherical harmonics. Thus, if in some initial orientation the
values of the angular variables arer̂ j4, their values after the entire four-body system has
been subjected to a rotationR would becomeRr̂ j4, with the spherical harmonics trans-
forming according to

(46)Ylm(R r̂ ) =
∑

σ

Dlσm(R)Ylσ (r̂ ).

The coefficientsD have well-known properties (see, for example, Edmonds[19]). Using
equation(46) for each of the spherical harmonics in equation(45), we can replace the
integration over the orientations of ther̂ ij by one over the Euler angles of the rotational
transformationR, where the quantity now to be integrated is the product of theD coeffi-
cients, and theY themselves are to be evaluated at an arbitrary initial orientation. Carrying
out this prescription, we have

K =
∑

(σ )

YΛ1 σ1(r̂14)YΛ2 σ2(r̂24)YΛ3 σ3(r̂34)

∫
dτΩ D

Λ1
σ1t1
(R)DΛ2

σ2t2
(R)DΛ3

σ3t3
(R)

(47)=





16π2
(
Λ1 Λ2 Λ3
t1 t2 t3

)∑
(σ )

(
Λ1 Λ2 Λ3
σ1 σ2 σ3

)

× YΛ1 σ1(r̂14)YΛ2 σ2(r̂24)YΛ3 σ3(r̂34) (Λ1 +Λ2 +Λ3 even),

0 otherwise.
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The second line of equation(47) is reached using the known formula for the integral of a
product of threeD coefficients, given for reference as equation(A.3) in Appendix A. The
value of that integral has been multiplied by two in equation(47) to take account of the
inversion index sum, and the resulting condition on theΛ has been explicitly noted.

It is important to understand that equation(47) ultimately depends only on the relations
betweenr14, r24, andr34, and not on their values at any particular orientation. This obser-
vation in turn means that the(σ ) summation in that equation must in fact produce a result
that is independent of the arbitrary orientation chosen for its evaluation. Expressions of this
type, referred to asrotational invariants, have been discussed in the literature[22], and can
be classified by their values ofΛ1, Λ2, andΛ3. To emphasize the role of the rotational
invariants and to introduce a notation consistent with their appearance in other work by
this author, we rewrite equation(47)as

(48)
K =





16π2 (Λ1,Λ2,Λ3)
1/2

(4π)3/2

(
Λ1 Λ2 Λ3
t1 t2 t3

)
K̂Λ1Λ2Λ3 (Λ1 +Λ2 +Λ3 even),

0 otherwise,

with K̂Λ1,Λ2,Λ3 defined as

K̂Λ1Λ2Λ3 = (4π)3/2

(Λ1,Λ2,Λ3)1/2

(49)×
∑

(σ )

(
Λ1 Λ2 Λ3
σ1 σ2 σ3

)
YΛ1 σ1(r̂14)YΛ2 σ2(r̂24)YΛ3 σ3(r̂34).

We are now ready to insert equation(48) into equation(44). As explained else-
where [21], the (m), (µ), and (t) summations can be performed, leading after some
manipulation to the following final result forI0:

I0 = (−1)L+l1+l2+l′

4π

∑

(Λ)

(Λ1,Λ2,Λ3)(l1, l2, l
′, l3, λ1, λ2, λ

′, λ3)
1/2
(
l1 λ1 Λ1
0 0 0

)

×
(
l2 λ2 Λ2
0 0 0

)(
l3 λ3 Λ3
0 0 0

){
l3 λ3 Λ3
λ′ l′ L

}

λ1 λ2 λ′

l1 l2 l′

Λ1 Λ2 Λ3





(50)×
∫

dτR r
l1+λ1
14 r

l2+λ2
24 r

l3+λ3
34 K̂Λ1Λ2Λ3fR.

Here the quantities{. . .} containing six elements are 6-j symbols; those with nine elements
are 9-j symbols. For definition and evaluation methods for these symbols see, for example,
Edmonds[19].

Although equation(50)contains a triple summation, the number of terms that contribute
to the sum is severely limited by the conditions under which then-j symbols are nonzero.
The quantities in the upper row of each 3-j symbol, and those in each row or column of
the 9-j symbol, must satisfy atriangle condition, meaning that each of the three symbols
of the row or column must be no larger than the sum of the other two symbols. Moreover,
if the lower row of a 3-j symbol contains only zeros, the sum of the symbols in the upper
row must be even. In addition, we have the requirement thatΛ1 +Λ2 +Λ3 be even.

Considerations similar to those used forI0 can be applied toIp. However, because the
variablesr j4 occur in different orders in the two wavefunctions, the angular momentum
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coupling is less symmetric than forI0. For this reason the locations of the various indices
in the equations analogous to equations(43) and (44)is not the same as in those equations,
with result that the index summations yield a different result. We find

Ip = (−1)L+λ1+λ2+λ′

4π

∑

(Λ)

(Λ1,Λ2,Λ3)(l1, l2, l
′, l3, λ1, λ2, λ

′, λ3)
1/2
(
l1 λ1 Λ1
0 0 0

)

×
(
l2 λ3 Λ2
0 0 0

)(
l3 λ2 Λ3
0 0 0

)∑

τ

(2τ + 1)

{
l3 l′ L

τ λ2 Λ3

}{
λ1 λ2 λ′

L λ3 τ

}

(51)×




λ3 λ1 τ

l2 l1 l′

Λ2 Λ1 Λ3





∫
dτR r

l1+λ1
14 r

l2+λ3
24 r

l3+λ2
34 K̂ΛΛ′Λ′′fR.

Although equation(51) contains a fourfold summation, the number of terms contributing
to the sum will again be modest.

5. ROTATIONAL INVARIANTS

It can be shown that̂KΛ1Λ2Λ3 can be written entirely in terms of the scalar productsr̂ i4·r̂ j4,
and therefore, by virtue of equation(20), is a function only of the quantitiesrij . That fact
is hardly surprising if it is recognized that these distances determine (except for inversion)
the relative geometry, but it is fortunate and very useful that theK̂ are polynomials in the
scalar products.

TheK̂Λ1Λ2Λ3 can be seen from equation(49) to be symmetric under index permutation
because the 3-j symbols with evenΛ1 + Λ2 + Λ3 have symmetry under column inter-
change. The presence of theΛj in a 3-j symbol also indicates that they must satisfy a
triangle condition. These conditions, along with the restrictions already noted for equa-
tions(50) and (51), all combine to cause a very modest number ofK̂Λ1Λ2Λ3 to suffice for
the description of states of mostL values of interest.

Since theK̂ are independent of the orientation chosen for ther̂ ij , it is prudent to under-
take the evaluation of̂KΛ1Λ2Λ3 in an orientation in which one of thêr i4 is aligned with the
polar axis. Proceeding from such a starting point, we have reported elsewhere[21] all the
independent̂KΛ1Λ2Λ3 withΛ1+Λ2+Λ3 � 8, a range permitting the study of arbitraryS,
P ,D, andF states. We include here inTable 1a subset of those data. In the table the scalar
products are identified as cosines of the angles between the unit vectors:

(52)cosθijk = r̂ ij · r̂ ik.

6. RADIAL INTEGRATION

It is not the purpose of this communication to treat the radial integrations that are parts of
equations(50) and (51). We do note that the radial integrals in those equations are of the
form

(53)IR =
∫

dτR r
n1
14r

n2
24r

n3
34K̂Λ1Λ2Λ3 fR,
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Table 1. Rotational invariantŝKΛΛ′Λ′′ , expressed in terms of the quantities cosθijk de-
fined in equation(52)

Λ Λ′ Λ′′ K̂ΛΛ′Λ′′

0 0 0 1

1 1 0 − cosθ123/
√

3

2 2 0 (3 cos2 θ123 − 1)/2
√

5

2 2 2 (3 cos2 θ123+3 cos2 θ124+3 cos2 θ134−9 cosθ123cosθ124cosθ134−2)/5
√

70

3 3 0 −(5 cos3 θ123 − 3 cosθ123)/2
√

7

3 3 2 −[25 cos3 θ123 + cosθ123(30 cos2 θ124 + 30 cos2 θ124 − 21)

+ cosθ124cosθ134(3 − 75 cos2 θ123)]/4
√

105

3 2 1 (5 cos2 θ123cosθ124 − 2 cosθ123cosθ134 − cosθ124)
√

105/70

and because of the presence of the powers ofrj4 and the form of̂KΛ1Λ2Λ3, their integrands
will reduce to polynomials in therij multiplied by the wavefunction productfR. If fR
consists of exponentials in therij , the radial integrals will be of types whose analytical
evaluation has been reported[12–14].

7. CONCLUSION

The essence of this paper is the development of a formula for the kinetic energy of a four-
body system of general angular symmetry, in a form which is simpler and more compact
than those previously reported. The use of this formula makes clear that matrix elements of
the nonrelativistic Hamiltonian for four-body Coulomb systems can be written as a linear
combination of basic radial integrals, each with a coefficient characteristic of the angular
symmetry. The integrands of the radial integrals consist of a product of two radial wave-
functions, multiplied by a polynomial in therij . This observation, in turn, means that the
Hamiltonian and overlap matrices can be constructed from the same set of basic integrals.
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APPENDIX A: ANGULAR MOMENTUM FORMULAS

Two spherical harmonicsYlm(r̂ ) andYl′m′(r̂ ′) couple as follows to form a resultant angular
momentum eigenfunction of quantum numbersL,M:

(A.1)

YLM(r̂ , r̂ ′) = (−1)l
′−l−M√

2L+ 1
∑

m

(
l l′ L

m M −m −M

)
Ylm(r̂ )Yl′,M−m(r̂ ′).
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The 3-j symbols evaluate to real numbers, so equation(A.1) is still satisfied if eachY is
replaced by the correspondingY ∗.

The product of two spherical harmonics of the same argument can be written as a linear
combination of harmonics according to the equation

Y ∗
lm(r̂ )Yl′m′(r̂ ) =

∑

Λt

(−1)m
′
[
(2l + 1)(2l′ + 1)(2Λ+ 1)

4π

]1/2

(A.2)×
(
l l′ Λ

0 0 0

)(
l l′ Λ

−m m′ −t

)
YΛt (r̂ ).

Rotation matricesDlσm(R) were defined as quantities satisfying equation(46). If R
corresponds to a rotation described by Euler angles(α, β, γ ), we may writeDlσm(R) as
Dlσm(α, β, γ ). The coefficientsDlσm satisfy the following integral relationship, given as
equation (4.6.2) of Ref.[19]:

2π∫

0

dα

π∫

0

sinβ dβ

2π∫

0

dγ Dlσm(α, β, γ )D
l′
σ ′m′(α, β, γ )D

l′′
σ ′′m′′(α, β, γ )

(A.3)= 8π2
(
l l′ l′′

σ σ ′ σ ′′

)(
l l′ l′′

m m′ m′′

)
.

Equations(21)–(24)give evaluations for differential forms of the type(r ·∇Φ). One can
invoke the machinery of irreducible tensor operators for this purpose, as was done for the
three-body problem by Éfros[23]. However, it is simple and straightforward just to write
the solid harmonics in Cartesian coordinates and carry out the evaluation in that system.

In particular, we have

(A.4)r lYll(r̂ ) = (−1)l
(
(2l + 1)!!
4π(2l)!!

)1/2

(x + iy)l,

(A.5)r lYl,l−1(r̂ ) = (−1)l−1
(
(2l + 1)!!

4π(2l − 2)!!

)1/2

(x + iy)l−1z.

Then, for example, the application ofr j4·∇k4 becomes that ofxj4(∂/∂xk4)+yj4(∂/∂yk4)+
zj4(∂/∂zk4). More details are in Appendix B of Ref.[15].
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Abstract
Ab initio calculations using large multiconfigurational self-consistent field wave functions and density func-
tional theory are presented for the rotationalg tensors of HOF, H2O, H2S and O3. Rapid convergence toward
the basis-set limit is ensured using rotational London atomic orbitals. The effect of zero-point vibrational cor-
rections and the choice of molecular geometries are analyzed and the results are compared to highly accurate
experimental results obtained by microwave Zeeman spectroscopy and by various molecular beam techniques.
Electron-correlation corrections and zero-point vibrational corrections are found to be equally important and both
must be taken into account when comparing with highly accurate experimental data.
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1. INTRODUCTION

Calculations of the rotationalg tensor are a challenge toab initio theory. The errors in-
troduced due to truncations in the one- andN -electron spaces (basis set and electron
correlation treatment, respectively) are often much larger than the experimental stan-
dard deviations obtained in highly accurate molecular beam (MB)[1] and microwave
(MW) Zeeman experiments[2]. Theoretical studies of the rotationalg tensor have been
presented at various levels of theory, including Hartree–Fock[3–5], second-order Møller–
Plesset perturbation theory (MP2)[6–8], the linearized coupled-cluster doubles (L-CCD)
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method[8], second-order polarization propagator approximation (SOPPA)[9–11], multi-
configurational self-consistent-field (MCSCF) theory[12–14]and even full configuration-
interaction (FCI)[15,16] for diatomic and small polyatomic molecules. The results pre-
sented in these studies are in qualitative agreement with experiment but often differ by
more than ten experimental standard deviations from experimental measurements, espe-
cially at lower levels of theory.

In a few cases it is possible, by systematically improving the quality of the basis sets and
theN -electron treatment, to extrapolate the results achieved at different levels of theory so
as to allow for a critical comparison with experimental observations. In a detailed study of
the water molecule, Ruudet al.[14] showed that large restricted active space self-consistent
field (RASSCF) wave functions, including up to 40 active orbitals, were necessary for a
critical comparison with experiment. However, a discrepancy with respect to experiment
remained, suggesting that molecular vibrations could also give substantial contributions
to the rotationalg tensor. Indeed, rovibrational effects were found to be as important as
electron correlation effects and thus non-negligible when a quantitative agreement with
experiment is needed. The importance of including molecular vibrations in calculations
of rotationalg tensors has also be demonstrated by Cybulski and Bishop for diatomic
molecules calculated at the MP2 and L-CCD levels of theory[8] and Saueret al. [9] for
small polyatomic molecules in SOPPA calculations.

In recent years, density-functional theory (DFT) has emerged as one of the most
commonly used quantum-mechanical methods for studying a wide range of molecular
properties. Both local density approximation (LDA) and generalized gradient approxima-
tion (GGA) functionals have been developed. In particular, GGA functionals such as the
Becke–Lee–Yang–Parr functional (BLYP) and the hybrid Becke-3-parameter-Lee–Yang–
Parr functional (B3LYP) often describe electron correlation effects of molecular properties
with an accuracy comparable to that of MP2 and CCSD theories. Thus, it is of consider-
able interest to compare the results ofg tensor calculations using DFT methods with those
obtained using large MCSCF wave functions and with accurate experimental data. There
have been few reported DFT studies of rotationalg tensors[17], and none that include
rotational London (gauge-origin independent) atomic orbitals[4].

The availability of highly accurateg tensor data from experiment, typically with small
error bars, serves as a severe test on the performance of modern electronic structure theory.
As a result, although contributions from electron correlation and molecular vibrations to
the rotationalg tensor are typically small in magnitude, they usually cannot be neglected
in comparing with experimental data[9,14,18].

In this work, we carry out calculations of the rotationalg tensor of four small dia-
magnetic molecules (HOF, H2O, H2S and O3). Differing in the importance and relative
magnitudes of static and dynamic electron correlation, these molecules constitute a suit-
able set for testing the accuracy of various computational approaches in the calculation ofg

tensors. Large MCSCF wave functions have been constructed by systematically increasing
the size of the active space, using rotational London atomic orbitals to ensure origin-
independent results and fast basis-set convergence. The zero-point vibrational corrections
to the rotationalg tensors are calculated by expanding the property surface about a varia-
tionally determined geometry[18,19]. The effect of electron correlation on the vibrational
contribution to the rotationalg tensor is discussed using modest-sized multiconfigurational
wave functions. We pay particular attention to the possible errors in the calculatedg tensors
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arising from errors in the molecular geometries. Our MCSCF results are also compared to
those obtained from DFT theory.

The paper is organized as follows. In Section2, we outline the theory ofg-tensor cal-
culations, whereas computational details are given in Section3. In Section4, the results
from the calculations are presented and compared with other theoretical investigations and
experimental data. Some concluding remarks are given in Section5.

2. THEORY

Consider a rotating diamagnetic molecule in an external static magnetic field. In the Born–
Oppenheimer approximation, the electrons adjust instantaneously to the rotating nuclear
framework. Consequently, in this approximation, the molecule possesses no magnetic mo-
ment due to the rotational movement. The observed small magnetic moment of a rotating
molecule therefore arises from a breakdown in the separability of electronic and rotational
degrees of freedom, causing a first-order Zeeman splitting in the rotational spectrum. This
energy shift is related to the rotationalg tensor (atomic units):

(1)
E = −µNBTgJ.

HereB is the static external magnetic induction,J the total angular momentum,g is the
rotationalg tensor andµN is the nuclear magneton. The electronic contribution tog can
be identified as a second-order, time-independent property obtained by differentiating the
electronic energyε with respect to the magnetic induction and the total rotational angular
momentum:

(2)ge = −µN
d2ε(BT, J)

dB dJ

∣∣∣∣
B,J=0

.

LetH 0
e be the spin-free non-relativistic electronic Hamiltonian of a non-rotating diamag-

netic molecule in the absence of an external magnetic field. For a rotating molecule in an
external magnetic field, we can write down the electronic Hamiltonian in the center-of-
mass (CM) system in the following manner

(3)He = H 0
e − JTI−1

nucLCM + 1

2
(B · LO)+ 1

2
BT[(rT · RO)− rRT

O

]
I−1
nucJ.

The nuclear Hamiltonian of interest is given as

(4)Hnuc = 1

2

∑

K

ZKBT[RT
K · RK1 − RKRT

K

]
I−1
nucJ.

The position of the electrons and the nuclei are given byr andR, respectively;ZK is the
nuclear charge,I−1

nuc is the inverse diagonal moment-of-inertia tensor, andL is the electronic
angular momentum. The subscriptO refers to an arbitrary gauge origin; all other quantities
are given with respect to the molecular CM, about which the molecule rotates.

The use of gauge-including rotational London orbitals[4] ensures rigorous gauge-origin
independent results and accelerates the convergence toward the basis-set limit (compared
with conventional field-independent orbitals). The rotational London atomic orbitals are
defined as

(5)ωµ(B, J) = exp
[
−i
(
AB
µ + AJ

µ

)
· r
]
χµ,
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with

(6)AJ
µ = −I−1

nucJ × Rµ,

(7)AB
µ = 1

2
B × (Rµ − RO),

whereRµ is the position of the conventional atomic orbitalχµ.
From the Hamiltonian equation(3) and the rotational London orbitals equation(5),

one can derive the expressions for the rotationalg tensor using the machinery of time-
independent response-theory described elsewhere[20]. We note the close relationship
between the rotationalg tensor and the magnetizability tensor. Indeed, the rotationalg

tensor can be obtained from the magnetizability tensor as[4]

(8)g = −4Mp
(
ξLAO − ξdia(CM)

)
I−1
nuc + gnuc,

whereMp is the proton mass,ξLAO is the magnetizability calculated with London atomic
orbitals andξdia(CM) is the diamagnetic contribution to the magnetizability tensor, calcu-
lated using conventional atomic orbitals with a gauge origin at the molecular CM. Finally,
gnuc is given by

(9)gnuc = Mp

2µN

∑

K

ZK
[(

RT
K · RK

)
1 − RKRT

K

]
I−1
nuc

and represents the contribution tog from the rotating nuclear framework.

2.1. Zero-point vibrational corrections

The zero-point vibrational corrections (ZPVC) to the rotationalg tensor are here calculated
by expanding the property surface about aneffectivegeometryreff, chosen to minimize the
energy functional[19]

(10)Ẽ(0) = V (0)exp +
〈
Ψ̃ (0)

∣∣H (0)
vib

∣∣Ψ̃ (0)〉,

whereH (0)
vib is the harmonic-oscillator Hamiltonian and the trial functionΨ̃ (0) is a simple

product of harmonic-oscillator eigenfunctions of different vibrational modes;V
(0)
exp is the

zeroth-order term in the expansion of the potential with respect to an arbitrary expansion
point rexp. The vibrational average of the rotationalg tensor is given as[18]

(11)〈g〉 = 〈Ψ |g|Ψ 〉
〈Ψ |Ψ 〉 .

Expanding the vibrational wave function about the effective geometry using Rayleigh–
Schrödinger perturbation theory, the leading first-order term vanishes and the following
simple expression for the leading-order ZPVC to the rotationalg tensor is obtained:

(12)〈g〉 =
(〈

g(0)0

〉
eff −

〈
g(0)0

〉
e

)
+
〈
g(0)2

〉
eff.

Here〈g(0)0 〉eff is g calculated at the effective geometry,〈g(0)0 〉e is g calculated at the opti-

mized equilibrium geometry, and〈g(0)2 〉eff is the second-order contribution tog calculated
from the zeroth-order vibrational wave function. Hence, a large proportion of the ZPVC is
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recovered from the zeroth-order trial function alone, provided the vibrational wave func-
tion is expanded about an effective geometry[18].

The calculation of vibrational corrections involves two steps. First, we determine the ef-
fective geometry by the calculation of one Hessian and 6K−11 gradients along the normal
coordinates (K is the number of atoms). Next, at this effective geometry, the second-
derivative of the rotationalg tensor,〈g(0)2 〉eff is calculated, requiring one Hessian evaluation
and 6K − 11 property evaluations.

3. COMPUTATIONAL DETAILS

A detailed basis-set analysis was carried out at the Hartree–Fock level of theory, using
Dunning’s correlation-consistent basis sets[21,22]and the atomic natural orbitals (ANO)
developed by Widmarket al. [23]. Diffuse functions proved to be important for calculating
the rotationalg tensor, as observed previously[4,12]. For H2S, we also tested the core–
valence correlation-consistent sets[24,25], in which additional tight functions are included
in the basis set.

At the MCSCF level, the effect of electron correlation was examined using complete-
active-space (CAS) and restricted-active-space (RAS) self-consistent field (SCF) wave
functions[26–30]. We use the notationinactiveCASactivewhere inactive denotes the number
of orbitals in the inactive space (doubly occupied) and active the number of orbitals in the
active space (where any occupation number between 0 and 2 is allowed). RASSCF wave
functions are likewise denoted asinactive

RAS1RASRAS2
RAS3 [28,30], where RAS2 corresponds to the

active space of the CASSCF wave function, and where only single and double excitations
are allowed into RAS3 and out of RAS1. The number of orbitals in each space is given
according to the number of orbitals in each irrep of the molecular point group. For H2O,
H2S, and O3, the irreps are A1, B1, B2, and A2, and for HOF A′ and A′′. The chosen occu-
pations in the different orbital spaces were based on an analysis of the MP2 natural orbital
occupation numbers[31].

Our starting point in all cases was an appropriately large RAS2 space with an empty
RAS3 space. We then considered the effects of moving orbitals from the RAS2 to the
RAS3 space so as to minimize the size of the RAS2 space (and computational expense)
without any significant loss of accuracy in comparison with experiment. The effects of
dynamical electron correlation were examined by systematically increasing the size of the
RAS3 space. Excitations out of the RAS1 space were only considered whenever the MP2
natural occupation numbers indicated this to be necessary, which was only the case for the
H2S molecule.

DFT calculations were carried out using the LDA, BLYP and hybrid B3LYP functionals.
The ZPVC calculations were carried out at both the Hartree–Fock and MCSCF levels of
theory. In all calculations, the molecules are oriented in the principal axis system of the
moment of inertia tensor such thatIxx < Iyy < Izz. The molecular geometries used in this
work are collected inTable 1. The Hartree–Fock and MCSCF calculations were carried out
with Dalton 1.0; the DFT calculations were carried out with a local development version
of Dalton[32].
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Table 1. Geometries used in this work

Molecule Method Geometry parameter Value Reference

H2O CCSD(T) rOH 95.70 pm [33]
� (HOH) 104.20◦

H2S Experiment rSH 133.56 pm [34]
� (HSH) 92.12◦

HOF Experiment rOF 143.50 pm [35]
rOH 96.57 pm
� (HOF) 97.54◦

O3 Experiment rOO 127.17 pm [36]
� (OOO) 116.78◦

4. RESULTS

4.1. H2O

The rotational Zeeman properties of the water molecule have been extensively studied
in the literature—see, for instance, Refs.[7,8,12,14]. In particular, Ruudet al. [14] have
shown that the set of1000RAS4221

RAS3 wave functions provides a balanced description of the
electronic structure. They also examined the convergence of1000RAS4221

RAS3 wave functions
with respect to the RAS3 space by systematically increasing the RAS3 space. Although
their largest MCSCF expansion includes 32 RAS3 orbitals, further improvements in the
description were desirable. We have here extended their expansion, including up to 48 or-
bitals in the RAS3 space. A further RAS3 extension is not expected to produce significant
changes in the rotationalg tensor without simultaneously extending the RAS2 space and
moreover including the core electrons in the active space. Thus, our largest MCSCF ex-
pansion (1000RAS4221

17;11;11;9) appears to be sufficiently converged with respect to the RAS2
space and the inactive space.

The sensitivity of the rotationalg tensor to changes in the molecular geometry was in-
vestigated by calculating the tensor at 55 discrete points using a modest-size1000RAS4221

2111
wave function in the aug-cc-pVTZ basis. The resulting property surface can be obtained
from the authors upon request; here, we only comment on some findings from these calcu-
lations. Thegxx component is sensitive to changes in the bond distancerOH—for example,
when the bond distance increases by 1.0 pm,gxx decreases by 0.010 (i.e., ten experimental
(MW) standard-deviations). In contrast, the rotationalg tensor of water is quite insensitive
to changes in the bond angle.

The sensitivity to changes in the geometry (in particular bond lengths), suggests that
highly accurate equilibrium geometries should be used forg-tensor calculations. We
therefore used geometries obtained from CCSD(T)/cc-pCVQZ calculations[33] rather
than those obtained from MCSCF calculations (as used by Ruudet al. [14]), noting
that the CCSD(T) geometry is in better agreement with the highly accurate experimen-
tal equilibrium geometries[37–39]. The ZPVCs were calculated at the Hartree–Fock and
1000RAS4221

4220 levels of theory, in the aug-cc-pVTZ basis.
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Table 2. Rotationalg tensors for H2O, with and without corrections for zero-point vibra-
tions

Method gxx gyy gzz

HF 0.6827 0.7338 0.6641
DFT/LDA 0.6565 0.7169 0.6407
DFT/BLYP 0.6734 0.7356 0.6606
DFT/B3LYP 0.6430 0.7071 0.6289
1000RAS4220

17;11;11;9 0.6686 0.7292 0.6528
MP2a 0.6822 0.7453 0.6670
MP3a 0.6735 0.7330 0.6561
L-CCDa 0.6682 0.7288 0.6507

1000RAS4220
17;11;11;9+ ZPVC(HF)b 0.6477 0.7189 0.6475

1000RAS4220
17;11;11;9+ ZPVC(MC)c 0.6372 0.7089 0.6409

1000RAS4220
6332+ ZPVCd 0.640(3) 0.709(3) 0.637(1)

MWe 0.657(1) 0.718(7) 0.645(6)
MBf 0.6650(20) 0.7145(20) 0.6465(20)

a Without London atomic orbitals[6–8]. b Hartree–Fock calculated ZPVC.c 1000RAS4220
4221 calculated ZPVC.

d 1000RAS4220
6332 calculated ZPVC[14]. e Microwave (MW) experiment[40]. f Molecular Beam (MB) experi-

ment[41].

Our results are collected inTable 2, together with experimental data and results from
previous theoretical investigations. We begin by considering the results obtained in the
absence of rovibrational corrections, and subsequently consider the ZVPCs.

Although in qualitatively good agreement with the experimental data, the Hartree–Fock
values overshoot our best RASSCF results by roughly ten experimental standard devia-
tions. Relative to the1000RAS4221

17;11;11;9description, none of the DFT methods considered
improves on the Hartree–Fock values forall three components. However, in comparison
with experiment, there is surprising agreement for the LDA functional results, although
this agreement disappears once ZPVCs are considered. Of the GGA functionals consid-
ered, BLYP is in closest agreement with the1000RAS4221

17;11;11;9 results, differing by less
than four experimental standard deviations for all components of theg tensor. Moreover,
the BLYP result is in very good agreement with those from MP2 and MP3. In comparison,
the B3LYP results differ by more than ten experimental standard deviations from the RAS
results.

In spite of the relatively good agreement of DFT methods with the1000RAS4221
17;11;11;9re-

sults, the differences between both the BLYP and B3LYP results and the1000RAS4221
17;11;11;9

results are still too great for a critical evaluation of the experimental data from DFT meth-
ods.

We also note that the results obtained using our best RASSCF wave function
(1000RAS4221

17;11;11;9) are in excellent agreement with those obtained using the L-CCD ap-
proach[8] (which therefore appear to be superior to the MP2 and MP3 results reported in
the same article).
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The ZPVCs were calculated at both the Hartree–Fock and RAS levels of theory. It
is clear that the effect of electron correlation on the vibrationally corrected value is
significant—for instance,gxx decreases by about five experimental standard deviations
(MB experiment) when electron correlation is included (seeTable 2). The inclusion of the
ZPVCs shows that the good agreement with experimental data obtained with our largest
RASSCF wave function is fortuitous, illustrating the importance of including ZPVCs for a
critical comparison with experiment. All three components decrease in magnitude upon the
inclusion of ZPVCs. Comparing our vibrationally corrected results with those obtained at a
fixed geometry, we find that the ZPVCs are as important as electron-correlation corrections.

Finally, when comparing our results with those of MW spectroscopy and MB, we con-
firm the findings of Ruudet al. [14]. That is, the experimentally derived rotationalg tensor
of water, which is calculated using a commonly-used relation between the rotationalg

tensors of different isotopomers, is not valid for a vibrating molecule. This discrepancy is
most pronounced for thegxx component, which is consistent with the observation that this
component is the most sensitive to geometrical distortions.

4.2. H2S

The experimental data for the rotationalg tensor of H2S have not been investigated since
the late 1950s[42]. The relatively large standard deviations for this molecule and the lack
of absolute signs call for a theoretical investigation of the rotationalg tensor.

A basis-set analysis was carried out using Dunning’s correlation-consistent basis sets
(aug-cc-pVXZ where X∈ {D,T,Q}) [21,22] and ANO[23] basis sets, revealing a slow
aug-cc-pVXZ convergence. The aug-cc-pVXZ basis sets are designed for valence-electron
correlation. To recover correlation in the outer-core region, the corresponding core-valence
correlation-consistent basis-sets aug-cc-pCVXZ[24,25]must be used. The ANO basis sets
do not suffer from this inadequacy, converging smoothly and rapidly toward the basis-set
limit. For MCSCF calculations of the rotationalg tensor in H2S, we chose a contracted
ANO basis set with 7s6p4d3f and 5s4p3d contracted basis functions for sulphur and hy-
drogen, respectively. The aug-cc-pCVTZ basis set was used in the DFT calculations.

We examined two sets of MCSCF expansions for H2S. First, we kept the 1s, 2s, and
2p sulphur orbitals in the inactive space, distributing ten electrons among nine orbitals in
RAS2 and up to twenty orbitals in RAS3. However, since the MP2 natural orbital occu-
pation numbers suggested that excitations out of the 2s and 2p shells are important, we
constructed a second set of RASSCF wave functions by also including the core electrons
in the active space. Since the MP2 natural orbital occupation numbers of H2S indicated
that the 2s orbital on sulphur is more strongly occupied than the 2p orbitals, the 1s and
2s sulphur orbitals were therefore kept frozen, whereas the 2p orbitals were included in
RAS1. Unfortunately, the inclusion of six additional electrons in the active space severely
restricts the RAS3 expansion, making it impossible to include more than six orbitals in
RAS3. A comparison of the two expansions clearly indicates that excitations out of the 2p
sulphur orbitals are important. However, in trying to describe dynamic correlation, we are
forced to freeze the 2p shell. Thus, neither of these expansions can be considered entirely
satisfactory.

In Table 3, we compare the Hartree–Fock, DFT (LDA, BLYP and B3LYP) and RASSCF
results for the rotationalg tensor of H2S with the experimental MW spectroscopy data
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Table 3. Rotationalg tensors of H2S, with and without corrections for zero-point vibra-
tional corrections

Method gxx gyy gzz

HF 0.3854 0.1289 0.1941
DFT/LDA 0.4254 0.2342 0.2695
DFT/BLYP 0.3691 0.1418 0.2028
DFT/B3LYP 0.3807 0.1516 0.2101
2000
1110RAS4221

3210 0.4089 0.1672 0.2458
3110RAS4221

8552 0.3969 0.1841 0.2289
2000
1110RAS4221

3210+ ZPVCa 0.3914 0.1520 0.2495
3110RAS4221

8552+ ZPVCa 0.3794 0.1679 0.2326

MWb |0.355(8)| |0.195(8)| |0.209(8)|

a Hartree–Fock/ANO calculated ZPVC.b Microwave (MW) spectroscopy[42].

reported in Ref.[42]. Whereas the measurements give only the absolute values of the ro-
tationalg tensor, the calculations show all components to be positive. The Hartree–Fock
values forgxx andgzz are in good agreement with experiment, butgyy is significantly
underestimated relative to experiment. The RAS results indicate that this underestimation
arises from an incomplete treatment of electron correlation. The RAS expansions overshoot
gxx andgzz, taking the results further away from experiment (compared to Hartree–Fock
results). However, excitations out of the 2p shell have only a minor influence on the out-
of-plane componentgzz, suggesting that the experimental result is too low. Including the
Hartree–Fock ZPVCs improves the agreement with experiment forgxx but has the opposite
effect for thegyy andgzz components.

Of the DFT functionals, the LDA results are too large for all components. The BLYP and
B3LYP results show an overall improvement over Hartree–Fock and LDA results compared
to experiment and the RAS results, with the BLYP result being closest in agreement with
the RAS results.

4.3. HOF

The HOF molecule is known to exhibit strong electron correlation effects[33]. A Hartree–
Fock basis-set analysis suggested that the aug-cc-pVTZ basis is appropriate for MCSCF
wave functions, which were constructed by freezing the core electrons on oxygen and
fluorine. The 16 valence electrons were then distributed among a maximum of 25 active
orbitals—10 in RAS2 and up to 15 in RAS3. However, further improvement in the descrip-
tion of the electronic structure is desirable since test calculations indicated thatgxx andgyy
were not fully converged with respect to the RAS3 expansion, althoughgzz appears to be
sufficiently converged.

In all calculations we used the equilibrium geometry of Halonenet al. [35], which
is in good agreement with the geometry of Thielet al. [43] and a recently published
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Table 4. Rotationalg tensors of HOF, with and without corrections for zero-point vibra-
tional corrections

Method gxx gyy gzz

HF 0.7022 −0.0954 −0.0441
DFT/LDA 0.6854 −0.1275 −0.0728
DFT/BLYP 0.6553 −0.1298 −0.0767
DFT/B3LYP 0.6703 −0.1201 −0.0667
20RAS73

10;5 0.6848 −0.1038 −0.0556

20RAS73
10;5 + ZPVC(HF)a 0.6599 −0.1050 −0.0571

20RAS73
10;5 + ZPVC(MC)b 0.6540 −0.1063 −0.0567

MWc 0.642(1) −0.119(1) −0.061(1)

a Hartree–Fock calculated ZPVC.b 20RAS62
42 calculated ZPVC.c Microwave (MW) spectroscopy[45].

CCSD(T)/cc-pCVQZ optimized structure[33,44]. The ZPVC calculations were carried
out at the Hartree–Fock and20RAS62

42 levels of theory.
The Hartree–Fock and DFT results inTable 4are in reasonably good agreement with ex-

periment. The uncorrelated Hartree–Fock values are too positive, while the DFT results are
generally too negative compared to the20RAS73

10;5 correlation correction (without rovibra-
tional corrections). In contrast to results obtained for H2S, the B3LYP functional performs
better than the BLYP functional with respect to reproducing the RAS data. Although elec-
tron correlation improves the agreement with experiment somewhat, it is still not entirely
satisfactory.

Addition of ZPVCs to the20RAS73
10;5 results for HOF improves the agreement with ex-

periment for all three components. The ZPVC togxx , in particular, is substantial—nearly
twice as large as the correlation correction. By contrast, vibrations have only a minor influ-
ence ongyy andgzz. We would also like to stress the importance of electron correlation for
the ZPVC itself:gxx was found to decrease by approximately six experimental standard
deviations when calculated at the MCSCF rather than Hartree–Fock level of theory.

Overall, the vibrationally corrected MCSCF results for the rotationalg tensor of HOF
are in very good agreement with experiment. The out-of-plane componentgzz is only four
experimental standard deviations away from the experimental value, which is entirely sat-
isfactory bearing in mind the very small error bars for this molecule. The discrepancies
between experiment and our vibrationally corrected RASSCF values forgxx andgyy prob-
ably arise from a slow convergence with respect to the size of the active space. Clearly,
further improvements in the description of the electronic structure is required for full agree-
ment with experiment.

4.4. O3

Ozone is a prime example of a molecule with large static and dynamic correlation ef-
fects, for which a multiconfigurational treatment is needed for an accurate description of
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the electronic structure. Test calculations indicated that, for this molecule, the correlation-
consistent basis sets are better suited tog-tensor calculations than are the ANO sets. The
MCSCF wave functions were constructed with the 1s orbitals inactive and by distributing
the remaining 18 electrons among 12 RAS2 orbitals and 13 RAS3 orbitals. The resulting
wave function contains more than four million determinants. Again, the small RAS2 space
tends to exaggerate correlation effects, whereas the RAS3 space is not sufficiently large to
describe dynamic correlation accurately. The electronic structure for ozone is complicated
and larger active spaces would be desirable. Althoughgyy and in particulargxx are not suf-
ficiently converged, the out-of-plane componentgzz appears to be converged with respect
to the size of the active space.

The rotationalg tensor for ozone is very sensitive to changes in the geometry. Cal-
culations at the experimental equilibrium geometry of Tanakaet al. [36] and at the
CCSD(T)/cc-pCVQZ optimized geometry[33] were carried out using a2100CAS5421wave
function in the aug-cc-pVTZ basis. Although the differences between the results at the two
geometries are small in magnitude, forgxx it amounts to about one hundred experimen-
tal standard deviations. The more trustworthy experimental equilibrium geometries should
therefore be used for a satisfactory comparison with the experimental data. The effects
of vibrations were examined using the modest-size2100CAS5421/aug-cc-pVTZ wave func-
tion, which has been be shown to give a qualitatively good description of the electronic
structure of ozone[12].

We have collected our results inTable 5, together with other theoretical calculations and
available experimental data. The Hartree–Fock results are qualitatively incorrect, differing
from experiment by a factor two forgxx andgyy . The DFT methods improve the agree-
ment with experiment, although thegxx is still poorly described. By contrast, even a small
MCSCF wave function gives results in good agreement with experimental data[46,47].
Systematic expansion of the RAS3 space indicated that dynamical correlation effects on
theg tensor made it successively more negative. The MCSCF results listed inTable 5are

Table 5. Rotationalg tensors of O3, with and without corrections for zero-point vibra-
tional corrections

Method gxx gyy gzz

HF −5.7514 −0.3992 −0.0675
DFT/LDA −3.4004 −0.2455 −0.0806
DFT/BLYP −3.2679 −0.2444 −0.0823
DFT/B3LYP −3.6380 −0.2658 −0.0784
2100RAS5421

5332 −2.8732 −0.2277 −0.0730
2100RAS5421

5332+ ZPVCa −2.9440 −0.2295 −0.0744

MWb −2.960(8) −0.227(5) −0.086(5)
MWc −2.968(35) −0.228(7) −0.081(6)
MBd −2.9877(9) −0.2295(3) −0.0760(3)

a 2100CAS5421 calculated ZPVC. b Microwave (MW) spectroscopy; Burrus[42]. c Microwave (MW) spec-

troscopy; Pochanet al. [46]. d Molecular beam (MB) experiment; Meertset al. [47].
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too positive for all components of theg tensor. Addition of ZPVCs (which are negative for
all components of theg tensor) further improves the agreement with experiment.

The vibrationally corrected2100RAS5421
5332 results are in excellent agreement with the ex-

perimental MW and MB data. Bothgxx andgyy are within the experimental error bars
reported by Pochanet al. [46], while gzz is just outside. Compared to the MB results, our
estimate ofgxx is well outside the extremely small standard deviation reported. The out-of-
plane componentgzz is comparable to the MB value and close to the experimental value of
Meertset al. [47]. The very good agreement between our results and the results of Meerts
et al. for gzz suggests that the value reported by Burruset al.may be too negative.

5. CONCLUSIONS

We have calculated the rotationalg tensor of four small polyatomic molecules, using large
MCSCF wave functions. For comparison, Hartree–Fock and DFT calculations have also
been carried out. Vibrational corrections were included and the sensitivity to small changes
in the geometry was analyzed. Although small, the effects of electron correlation and vi-
brations must both be taken into account for critical comparison with experiment. Indeed,
in systems with little static correlation, the ZPVCs are as large as the correlation correc-
tions and in some cases larger—for thegxx component of the rotationalg tensor of HOF,
the ZPVC is nearly twice as large as the correlation correction. The effect of correlation on
the ZPVCs themselves is also non-negligible.

Of the DFT functionals considered, it was clear that GGA functionals performed better
than the LDA functional. However, no general trend was observed. The molecules consid-
ered in this work represent extreme examples of differing electronic environments, hence
to evaluate the reliability of DFT methods in the calculation of rotationalg tensors and
magnetizabilities, a more representative sample of organic compounds would need to be
considered.

For the water molecule, we confirm the findings of Ruudet al.[14] that the experimental
results obtained from MW spectroscopy and MB techniques are hampered by errors due to
the breakdown of a commonly used relationship between the dipole moment and the rota-
tionalg tensor for different isotopomers. We emphasize that large MCSCF wave functions
and the inclusion of ZPVCs were both necessary to identify this difficulty in analyzing
experimental data.

For H2S, a careful investigation of the correlation contributions revealed the importance
of an accurate description of the outer-core region. Hence, core–valence optimized basis
sets should be used, as well as core-correlated wave functions. Unfortunately, these de-
mands prevent a sufficiently large expansion of the RAS3 space to properly describe the
effects of dynamic correlation. Nevertheless, the B3LYP results are in good agreement with
the MCSCF results. Further experimental and theoretical investigation of theg tensor of
H2S may be warranted.

Our results for HOF are in good agreement with the data reported from MW spec-
troscopy. Although our vibrationally corrected results overshoot the experimental results
by about ten experimental standard deviations forgxx andgyy , the results reported for
gzz differ by only four experimental standard deviations, which is satisfactory bearing in
mind the very small standard deviations reported for this molecule. Still, larger MCSCF
expansions are needed to examine the convergence pattern of the in-plane components.
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Moreover, the effect of electron correlation on the ZPVCs themselves was found to be im-
portant. The MCSCF calculated ZPVC togxx decreases by about six experimental standard
deviations relative to the Hartree–Fock description.

The complicated electronic structure of ozone is a challenge toab initio theory. Nev-
ertheless, our vibrationally corrected RASSCF results agree remarkably well with the
experimental results for this molecule. In particular, all the components of the rotationalg

tensor are within the experimental error bars from MW experiments reported in Ref.[47],
suggesting that thegzz value in Ref.[46] is slightly too low. Again, the ZPVC were found
to be important in order to approach the very accurate MB data.
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Abstract
We here present a combined VA, VCD, Raman and ROA vibrational study of phenyloxirane. We have simulated
the vibrational absorption (VA), also called IR, vibrational circular dichroism (VCD), Raman scattering and Ra-
man optical activity (ROA) intensities utilizing the density functional theory (DFT) B3LYP hybrid exchange
correlation functional and other exchange-correlation functionals (PBE, PW91, PBE1) with the 6-31G(d,p),
6-31++G(d,p), cc-pVDZ, aug-cc-pVDZ, cc-pVTZ and augmented correlation consistent polarized valence triple
zeta (aug-cc-pVTZ) basis sets. Previously authors have focused on either the VA and VCD spectra or the Raman
and ROA spectra of molecules, since the experimental and theoretical instruments and methods for calculating
these quantities are quite distinct. Here we show that the combined analysis gives more information, especially
with respect to the electric dipole, magnetic dipole, electric dipole – electric dipole polarizability, electric dipole –
electric quadrupole polarizability and electric dipole – magnetic dipole polarizability changes during the various
induced transitions. The coupling of vibrational and electronic excitations may be used to aid in understanding
the photo induced chemical reactivity observed in many systems. This work is a continuation of our goal to in-
terpret the results of experimental studies on the basis of theoretical results, which can help to understand the
structure and function of proteins, other biomolecules and ligands in their native environments. As the physical
tools used to observe and study biological processes have evolved, so have the theoretical methods and models
to interpret, understand and completely utilize the results of these new measurements. The work on developing
methods for modeling amino acids, peptides, proteins and ligands in both the non aqueous (lipid) and aqueous
environments has involved, of course, many groups. A review of our contributions to this field has recently been
presented. In addition to interpreting existing and new experimental results, we will discuss structural, energetic,
conformational, and vibrational studies on a variety of systems that have been used to test and validate levels
of theory, and in addition to suggest modifications to existing levels of theory, which can make them even more
useful than they currently are.
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1. INTRODUCTION

Ashvar and coworkers have recently presented the vibrational absorption (VA) and vibra-
tional circular dichroism (VCD) spectra for a variety of rigid ring systems and compared
their density functional theory (DFT) calculations with their experimental measurements
[10,12,11,9]. The currently implemented methods to calculate the atomic polar and atomic
axial tensors seem to be able to reproduce the VA and VCD intensities quite well. Previ-
ously both Stephens and coworkers and Suhai and coworkers have shown that an accurate
geometry and Hessian are the most critical parameters. Without a good experimental or the-
oretical geometry and an accurate representation of the normal modes as derived from the
Hessian, one is not able to accurately predict either the absolute VA and VCD intensities or
even the relative intensities[72,76,83,132,27,52,51,73]. Hence the question of finding and
developing methods that can accurately predict and find the experimental structure are very
important also in the field of modeling and studying small to medium sized pharmaceu-
tical molecules, as they are in protein and ligand modeling. In the protein modeling field
people have used the known NMR and X-ray structures in the Worldwide Protein Data
Bank (wwPDB) to try to predict and(or) find the structures of closely related sequences
of proteins[26]. Here the two main methods are the so called homology method and the
neural network method[99]. Extensive reviews of both methods have occurred and hence
there is no need to elaborate or go into detail.

The use of other experimental data has also been used to try to shine some light on
the structure determination problem. For example, electronic circular dichroism (ECD),
VA, and Raman spectroscopy have been used to try to determine the amount of secondary
structural elements in a given new protein, where the X-ray or NMR structures are not yet
available[104,136,138,98]. In addition to these three methods, two relatively new methods
have recently been able to make contributions, VCD and ROA[85,84,22]. Even through
these two methods were both experimentally developed and the first spectra measured in
the 1970s[69,68,18,20], only recently has the interpretation of the VA and VCD intensities
in strongly perturbing environments been shown to be feasible[60,137,52,74,75]. Previ-
ously the theory of VCD has been put on a firm basis[35,130,131,28]similar to that for
VA [114,161]. In addition, to the rigorous theoretical basis for the VA and VCD inten-
sities, the implementation at the restricted Hartree–Fock (RHF), multi configuration self
consistent field (MCSCF) and DFT levels utilizing finite difference techniques, coupled
Hartree–Fock and the random phase approximation have been reported[2,134,4,5,79,62,
15,16,14,30,29]. The theory of Raman scattering has been also put on a rigorous theoreti-
cal basis[57,97]. The EDEDP and their derivatives with respect to nuclear displacements
that are necessary to simulate the Raman scattering spectra have been implemented at the
RHF and DFT levels[89,3,81].

In addition, a rigorous theory of Raman optical activity has been derived by Barron and
Buckingham[19] and been implemented by finite difference techniques utilizing Amos’s
implementation of the electric dipole – magnetic dipole polarizabilities (EDMDP) and
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electric dipole – electric quadrupole polarizabilities (EDEQP) in the Cambridge Analyt-
ical Derivatives Package (CADPAC)[1] by Polavarapu and Jalkanen[116,21,159,38,60,
74], subsequently implemented in the Dalton program by Helgaker, Bak, Ruud, Jørgensen
and Olsen[67,119]and in latest release of Gaussian[54]. Here we look at the combina-
tion of VA, VCD, Raman scattering and ROA spectroscopies to explore the properties of
phenyloxirane.

2. METHODS AND MATERIALS

In this work we have optimized the geometry of phenyloxirane at the B3LYP/6-31++G(d,p)
level of theory with Gaussian 03[54]. At this same level of theory we have additionally
calculated the Hessian, the atomic polar tensors (APT), the atomic axial tensors (AAT), and
the electric dipole – electric dipole polarizability derivatives (EDEDPD), which allows us
to simulate the VA, VCD and Raman spectra. In addition we have calculated the EDMDP
and EDEQP at the optimized geometry and at the displaced geometries that has allowed us
to calculate the EDMDP and EDEQP derivatives, EDMDPD and EDEQPD, respectively.
We have used the two point finite difference to calculate the derivatives with respect to the
nuclear Cartesian coordinates. By having these quantities and the EDEDPD, we can ad-
ditionally simulate the ROA spectra. The EDMDP and EDEQP were all calculated at the
RHF/6-31G(d,p) level with the Cambridge Analytical Derivatives Package (CADPAC),
version 5.2 provided to us by Nick Handy and Roger Amos[6,1]. In addition, we have
calculated the EDEDPD, EDMDPD and the EDEQPD at the B3LYP level of theory with
the 6-31G(d,p) and aug-cc-pVDZ basis sets, which allows us to also simulate the ROA
spectra at this level of theory. We have utilized the finite difference methods and the gauge
invariant atomic orbitals (GIAO) method to calculate the EDMDP at the displaced geome-
tries as implemented in Gaussian 03 RevC.02[54]. This is similar to the implementation
for the calculation of the ROA spectra available in the Dalton program[67,119].

In addition, we have calculated the VA, VCD, and Raman spectra at the PBE, PW91 and
PBE1 levels of theory with the correlation consistent polarized valence triple zeta (aug-cc-
pVTZ) basis set. Furthermore we have investigated the basis set dependence of the VA,
VCD and Raman spectra at the B3LYP level of theory; the basis sets being compared are
the 6-31G(d,p), 6-31++G(d,p), cc-pVDZ, aug-cc-pVDZ, cc-pVTZ and aug-cc-pVTZ[86,
43,53,33,66]. Note that the cc-pVTZ and aug-cc-pVTZ are relatively large basis sets and
are used to benchmark the lower basis set level calculations, as these large basis sets are
not feasible for doing complete potential energy surfaces scans including the VA, VCD,
Raman and ROA spectra at all points. Hence it is important to compare the quality for both
the 6-31G(d,p) [split valence plus polarization functions] and 6-31++G(d,p) [split valence
plus diffuse functions plus polarization functions] basis sets, the level of agreement with
both the larger basis sets and the experimental spectra being the measures. The cc-pVXZ,
X = D and T, are the correlation consistent polarized valence double (D)and triple (T) zeta
basis sets developed in the group of Dunning[43]. In addition, they have extended these
basis sets to treat anions, electron affinities and weakly bonded systems (H-bonding and
dispersion energies) by adding additional diffuse functions to generate the aug-cc-pVXZ,
X = D and T[86]. For the helium dimer, it has been shown that aug-cc-pVTZ basis sets or
larger are necessary to get qualitative results that can be used to extrapolate to the CBS limit
for the binding energy (well depth), equilibrium bond length and the harmonic frequency.
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The helium dimer is a very rigorous test for both theab initio or DFT levels of theory. It has
been shown that Møller Plesset perturbation theory to fourth order (MP4) or coupled cluster
that includes all single and double excitations and a posteriori perturbative correction for
connected triple excitations [CCSD(T)] levelab initio levels of theory are necessary. The
MP2, MP3 and CCSD levels of theory are inadequate in order to get quantitative results
for these properties[142]. Hence the need to find and document DFT exchange correlation
functionals that are of equivalent accuracy to the MP4 and CCSD(T) or better are required,
since MP4 and CCSD(T)ab initio levels of theory are computationally very demanding.
The results, however, at these levels of theory can be used to benchmark many properties.
In addition, they have been used to benchmark linear response properties as well,e.g.,
the calculation of polarizabilities and hyperpolarizabilities, and reaction barrier heights
where it was shown that aug-cc-pVXZ basis sets must be used to get quantitative accuracy
[115,151].

Therefore, in addition, we have also determined the optimized structure of phenyloxi-
rane with the B1B95 exchange correlation functional and the TPSS meta-GGA exchange
correlation functional as implemented in Gaussian 03 with the aug-cc-pVTZ basis set[129,
24]. This basis set or a higher level correlation consistent basis set should be used to check
the accuracy of the new DFT GGA, meta GGA, hybrid and meta hybrid functionals[160,
36,148,115].

Finally utilizing the SIESTA (Spanish Initiative for Electronic Simulations with Thou-
sands of Atoms) program we have at the PBE level of theory with the DZP basis set
optimized the structure of phenyloxirane. Details of SIESTA relaxation (geometry opti-
mizations) are as follows. In order to determine the equilibrium structure, we relax all the
atomic coordinates (that is, reduce the size of the forces (gradients) on each atom) with a
conjugate gradient algorithm, reaching a tolerance in the forces of 0.04 eV Å−1. We use the
fully self-consistent density functional method implemented in the SIESTA program[105,
127]. The electronic energy is obtained within general gradient approximation (GGA) as
parametrized by Perdew, Burke and Ernzerhof[109,110]. Core electrons were replaced
by nonlocal Troullier–Martins[139] norm-conserving pseudopotentials, whereas valence
electrons are described in terms of linear combination of numerical pseudoatomic orbitals
of the Sankey type[123,124]. In these calculations we used the double-ζ plus polariza-
tion basis set, it provides a sufficiently accurate description of the system that we intend to
study. Real space integrations were performed on a regular grid with an equivalent cutoff
of 150 Ry.

We assume here that the basis set dependence for the various exchange correlation GGA
functionals and hybrid methods, mega hybrid methods, double hybrid methods and dou-
ble meta hybrid methods will be approximately the same[160], but these remain to be
thoroughly investigated. Clearly the state of the art of DFT simulations for molecular
properties, which include the effects due to the solvent and protein environment where
hydrogen bonding and dispersion forces are important, is in a state of high activity and
fluctuation. We do not here investigate all of the recent developments with respect to both
the development of exchange-correlation functionals and the developments of methods
to treat response properties, but rather take the pragmatic approach of showing that cur-
rent methods do now exist in three programs, which allow one to calculate the VA, VCD,
Raman and ROA spectra to a high degree of accuracy, being CADPAC, Gaussian 03 or
Dalton.
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As new DFT GGA and hybrid exchange correlation functionals are developed, of course
the best ones need to be implemented and tested for all of the pieces needed to simulate
these spectra, that is, the geometries, relative energies, gradients, Hessians, the electric
dipole moments, the magnetic dipole moments, the EDEDP, the EDMDP and the EDEQP
and their derivatives with respect to nuclear displacement. In addition, how all of these
quantities change with changes in the environment needs to be taken into account, both
implicitly and explicitly and probably both. Finally the effects due to temperature and the
frequency of the radiation also need to be taken into account, possibly with time dependent
DFT and its various implementations, be it Car Parinello molecular dynamics (CPMD)
or Born Oppenheimer quantum molecular dynamics (BOQMD). In this work, however,
we do not take these parameters into account. Since the Raman and ROA spectra are not
resonance enhanced, that is, the radiation used for the Raman and ROA measurements
was not close to an electronic transition, this approximation is OK. But clearly, if one
wishes to simulate the resonance Raman and resonance ROA spectra, the frequency of
the incoming radiation must be treated theoretically via time dependent DFT. Here the
exchange correlation functionals must satisfy the additional constraint that they also treat
excited states correctly. This is an even more serious problem for many of the currently
used exchange correlation functionals and their modifications and their combinations with
exact exchange. A detailed discussion of this problem is also beyond the scope of this
work.

3. RESULTS

3.1. Structure

In Table 1we present the geometrical parameters for the B3LYP optimized structures of
phenyloxirane with the 6-31G(d,p), 6-31++G(d,p), cc-pVDZ, aug-cc-pVDZ, cc-pVTZ and
aug-cc-pVTZ basis sets[95,23]. In addition, we present the geometrical parameters pre-
sented by Ashvar and coworkers[10]. The atom numbering inTable 1is shown inFig. 1.
In addition, we present the optimized structure of phenyloxirane calculated at the PBE
level of theory with the Dunning double zeta polarized basis set. Finally, we also present
the optimized structures of phenyloxirane at the PBE, PBE1, PW91, B1B95 and TPSS
levels of theory with the aug-cc-pVTZ basis set[109,110,112,108,24,129]. Here we in-
vestigate the effect of changing the exchange correlation functional on the geometrical
properties.

As one can see by comparing our calculated geometrical parameters at the B3LYP level
of theory with the various basis sets with those presented recently by Ashvar and coworkers
[10], the structures are very similar. The effect of the diffuse functions seems to be to make
the bond lengths in the benzene ring a bit longer (6-31++G(d,p)). In addition, we have
investigated the effects of changing the DFT exchange correlation functional at the aug-cc-
pVTZ basis set level, the largest differences being between the results for PBE1 and B1B95
exchange correlation functional and with those for the B3LYP hybrid exchange correlation
functional. For example, the C1–O3 (C2–O3) bonds in the oxirane ring are shorter by 0.012
(0.13) and 0.013 (0.09) Å, while the C1–C2 bond is only shorter by 0.006 and 0.006 Å, for
the PBE and B1B95 methods with respect to the B3LYP method with the aug-cc-pVTZ
basis set, respectively. The C2–C10 bond from the oxirane ring to the benzene ring is
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Table 1. Structural parameters for (R)-phenyloxirane for various basis sets for B3LYP level of theory and additionally for the PBE, PBE1,
PW91, B1B95 and TPSS levels of theory with the aug-cc-pVTZ basis set

B3LYP [10] PBE B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP PBE PBE1 PW91 B1B95 TPSS
TZ2P[10] DZP G(d,p) ppG(d,p) ccpVDZ AccpVDZ ccpVTZ AccpVTZ AccpVTZ AccpVTZ AccpVTZ AccpVTZ AccpVTZ

r1,3 1.430 1.453 1.430 1.429 1.431 1.436 1.427 1.427 1.434 1.415 1.434 1.414 1.437
r2,3 1.433 1.460 1.435 1.433 1.433 1.441 1.431 1.433 1.444 1.420 1.444 1.422 1.448
r1,2 1.474 1.498 1.478 1.476 1.480 1.479 1.472 1.472 1.479 1.466 1.478 1.466 1.477
r2,10 1.488 1.506 1.492 1.490 1.494 1.493 1.488 1.486 1.488 1.482 1.486 1.480 1.489
r9,10 1.395 1.422 1.400 1.398 1.402 1.402 1.395 1.395 1.401 1.391 1.400 1.388 1.400
r8,9 1.390 1.416 1.395 1.393 1.397 1.398 1.389 1.390 1.396 1.387 1.395 1.385 1.395
r7,8 1.390 1.417 1.396 1.394 1.398 1.398 1.390 1.390 1.396 1.387 1.395 1.385 1.395
r7,12 1.391 1.418 1.397 1.394 1.399 1.400 1.391 1.391 1.398 1.388 1.397 1.387 1.397
r11,12 1.389 1.416 1.394 1.392 1.397 1.397 1.389 1.389 1.395 1.386 1.393 1.383 1.393
r10,11 1.395 1.421 1.400 1.398 1.402 1.403 1.395 1.395 1.402 1.391 1.401 1.389 1.401

θ1,3,2 62.0 61.9 62.1 62.1 62.2 61.9 62.0 61.9 61.8 62.3 61.8 61.8 61.6
θ3,1,2 59.1 59.3 59.1 58.8 59.0 59.2 59.1 59.2 59.4 59.0 59.4 59.6 59.6
θ3,2,1 58.9 58.8 58.8 59.1 58.8 58.9 58.9 58.8 58.8 58.7 58.8 58.6 58.9
θ3,2,10 117.8 117.8 117.6 117.6 117.5 117.7 117.9 117.9 117.8 117.7 117.6 117.2 117.4
θ1,2,10 122.5 121.9 122.2 122.2 122.0 122.6 122.5 122.7 122.4 122.1 122.4 121.6 122.5
θ2,10,9 119.5 119.5 119.8 119.7 120.0 119.5 119.6 119.5 119.6 119.7 119.6 120.2 119.7
θ2,10,11 121.3 121.2 120.9 121.1 120.8 121.4 121.3 121.4 121.3 121.1 121.3 120.5 121.2
θ8,9,10 120.6 120.5 120.5 120.5 120.5 120.6 120.6 120.6 120.6 120.5 120.6 120.4 120.5
θ7,8,9 120.1 120.1 120.1 120.1 120.1 120.1 120.1 120.1 120.1 120.1 120.1 120.1 120.1
θ8,7,12 119.6 119.7 119.7 119.7 119.7 119.6 119.6 119.6 119.7 119.7 119.7 119.7 119.7
θ7,12,11 120.3 120.3 120.3 120.3 120.3 120.4 120.3 120.3 120.3 120.3 120.3 120.2 120.3
θ10,11,12 120.3 120.2 120.3 120.3 120.3 120.3 120.3 120.3 120.3 120.3 120.3 120.3 120.3
θ9,10,11 119.1 119.3 119.2 119.2 119.2 119.1 119.1 119.1 119.1 119.2 119.1 119.3 119.1

τ3,1,2,10 105.2 −105.3 −104.9 −105.1 −104.9 −104.9 −105.3 −105.1 −105.1 −105.1 −105.1 −104.5 −104.7
τ3,2,10,9 163.9 164.3 165.2 168.0 169.0 160.9 161.7 161.7 159.1 162.5 159.0 157.2 158.0
τ3,2,10,11 16.4 −16.3 −15.4 −12.6 −11.2 −19.4 −18.7 −18.7 −21.3 −18.0 −21.4 −23.4 −22.4
τ1,2,10,9 126.9 −126.9 −126.1 −123.1 −122.4 −130.1 −129.1 −129.1 −132.0 −128.9 −132.1 −134.6 −133.1

(continued on next page)
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Table 1. (Continued)

B3LYP [10] PBE B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP PBE PBE1 PW91 B1B95 TPSS
TZ2P[10] DZP G(d,p) ppG(d,p) ccpVDZ AccpVDZ ccpVTZ AccpVTZ AccpVTZ AccpVTZ AccpVTZ AccpVTZ AccpVTZ

τ1,2,10,11 52.7 52.5 59.3 56.3 57.5 49.7 50.5 50.5 47.7 50.7 47.6 44.8 46.5
τ8,9,10,2 178.7 178.8 178.6 178.5 178.9 178.8 178.8 178.8 178.7 178.7 178.7 178.6 178.7
τ2,10,11,12 178.9 −179.1 −178.7 −178.8 −179.0 −179.1 −179.1 −179.0 −179.0 −178.9 −179.0 −178.8 −179.0
τ7,8,9,10 0.6 0.5 0.5 0.5 0.5 0.6 0.5 0.5 0.5 0.5 0.5 0.4 0.5
τ12,7,8,9 0.2 −0.1 0.2 0.1 0.2 0.1 0.1 0.1 0.2 0.2 0.2 0.1 0.2
τ8,7,12,11 0.4 −0.2 −0.4 −0.4 −0.4 −0.4 −0.4 −0.4 −0.4 −0.4 −0.4 −0.3 −0.4
τ10,11,12,7 0.0 0.1 −0.1 0.0 −0.1 0.0 0.0 0.0 0.0 0.0 0.0 −0.0 −0.0
τ9,10,11,12 0.7 0.3 0.7 0.6 0.8 0.7 0.7 0.6 0.7 0.7 0.7 0.6 0.7
τ8,9,10,11 0.9 −0.6 −0.9 −0.9 −1.1 −1.0 −0.9 −0.9 −0.9 −0.9 −0.9 −0.8 −0.9
τ6,2,10,9 25.6 25.0 26.4 29.4 29.9 22.9 23.5 23.5 20.6 23.6 20.6 18.4 20.2

The B3LYP/TZ2P results are taken from Ref.[10]. The PBE/DZP results are from the SIESTA program. All other results are from the Gaussian 03.
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Fig. 1. (R)-Phenyloxirane structure, atom numbering forTable 1.

shorter by 0.004 and 0.006 Å for the PBE and B1B95 levels of theory with respect to the
B3LYP level of theory. In the benzene ring, the C–C bond lengths are approximately all
0.003–0.004 Å shorter for PBE1, but a bit shorter for B1B96, being 0.003–0.006 Å, with
respect to the B3LYP level of theory.

In contrast, the C1–O3 (C2–O3) bond lengths in the oxirane ring are calculated to be
longer with the PBE, PW91, and TPSS levels (of theory), now being 0.007 (0.011), 0.007
(0.011) and 0.010 (0.015) Å for the PBE, the PW91, and the TPSS levels with respect to the
B3LYP level, respectively. The C1–C2 bond length in the oxirane ring is also longer, 0.007,
0.006 and 0.005 Å with respect to the PBE, the PW91, and the TPSS levels, respectively.
The C2–C10 bond from the oxirane ring to the benzene ring is 0.002, 0.000 and 0.003 Å
longer for the PBE, the PW91, and the TPSS levels with respect to the B3LYP level, re-
spectively. In the benzene ring, the CC bond lengths are longer by 0.006–0.007 Å for PBE,
0.005–0.006 Å for PW91 and 0.005–0.006 Å for TPSS. Note that the PBE, PW91 and
TPSS levels give very similar results, as do the PBE1 and B1B95 levels, with the B3LYP
level giving results in between these two extremes. With respect to the benzene ring CC
bond lengths, the PBE, PW91 and TPSS levels give very similar bond lengths, with the
PBE1 and B1B95 giving shorter values, and B3LYP giving intermediate lengths. The va-
lence angles are all very similar at all the levels. The largest differences are seen in the
SIESTA PBE results. Here the bond lengths in the oxirane ring are more than 0.1 Å longer
than those calculated with the PBE level with the larger basis set, aug-cc-pVTZ. Note that
in the SIESTA calculations, we use pseudopotentials, whereas in the Gaussian calculations
we do not.

With respect to the basis set effect at the B3LYP level, the largest effect is seen with
augmenting (addition of diffuse functions) the cc-pVDZ basis, with the two C–O ring bond
lengths increasing by 0.005 and 0.007 Å, respectively. By contrast, the ring CC bond de-
creases by only 0.001 Å. We have optimized the geometry of the (R)-phenyloxirane, while
Ashvar and coworkers have the (S)-enantiomer, as seen by,e.g., τ3,1,2,10, being−105.1 for
us (B3LYP/6-31++G(d,p)), and 105.2 by them. This will of course give us the opposite
sign for all of the VCD and ROA intensities. Similarly the other dihedral angles,τ3,2,10,11

andτ3,2,10,9 are of opposite sign, again reflecting the opposite enantiomer.τ3,2,10,11 has
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values ranging from−11.2 for the cc-pVDZ basis set to−19.4 with the aug-cc-pVDZ ba-
sis, reflecting the large effect of adding the diffuse functions to the cc-pVDZ basis set at the
B3LYP level. Note the value of this angle has not changed with the addition of the diffuse
functions to the cc-pVTZ basis set, the value being−18.7 in both cases. At the other DFT
levels of theory (exchange correlation functionals) the value of this torsion angle varies
from −18.0 at the PBE1 level to−23.4 with the B1B95 level, while the PBE, PW91 and
TPSS levels give−21.3, −21.4 and−22.4, respectively, again all with the aug-cc-pVTZ
basis set.

In the next four subsection, we discuss our simulated VA, VCD, Raman scattering, and
ROA spectra and compare them to recent calculations and measurements of the VA and
VCD spectra of Ashvar and coworkers[10] and Raman and ROA measurements by Hecht
and Barron[64,63]. In addition, we shall try to see how the changes in geometry that we
see with the different DFT exchange correlation functional are reflected in these spectra,
and ultimately which structural parameters are reflected in the various vibrational spectra.

3.2. Vibrational absorption

In Fig. 2we present our simulated B3LYP VA spectra for phenyloxirane with various ba-
sis sets. Our simulated spectra are very similar to the simulated VA spectra of Ashvar
and coworkers, which were also calculated at the B3LYP level of theory but with a dif-
ferent basis set, the so called TZ/2P basis set developed by Amos and Handy and a part

Fig. 2. Phenyloxirane VA spectra for various DFT methods.
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of the CADPAC basis set library[133,6]. In addition, we present the simulated VA spec-
tra calculated at the PBE, PBE1 and PW91 levels (of theory) with the largest basis set,
aug-cc-pVTZ. We also use the reported experimental frequencies and dipole strengths to
simulate the experimental spectra of Ashvar. Here we use a line width of 8 cm−1 for our
Expt. sim. also reported inFig. 2. All of the spectra calculated at the B3LYP level are very
similar, as we have performed calculations only with polarized spit valence quality of basis
set (6-31G(d,p), that is, the so called polarization d functions on carbon and oxygen and
polarization p functions on hydrogen) or better. Of course, increasing the quality of the
basis set has led to an improvement in the quality of the calculation and representation of
the experimental spectra, but the main features of the spectra are well represented already
with the 6-31G(d,p) basis set at the B3LYP level. This is consistent with previous works
performed in Stephens’ group where they showed that the main effect is adding the polar-
ization functions to the split valence basis sets, the effects of further increases are much
smaller. Previously Pulay and workers have recommended the use of only split valence ba-
sis sets for geometry optimizations and frequency calculations, but the split valence basis
sets are not of sufficient accuracy for the VA intensities, that is, for the calculation of the
APT [114].

Hence the geometry and Hessian calculated with the 6-31G(d,p) basis set and an appro-
priateab initio or DFT level of theory are accurate and can be used to also predict the VCD,
Raman and ROA intensities, given that the required tensors are calculated (which normally
require a larger basis set, that is, the APT, AAT, EDEDPD, EDMDPD and EDEQPD). The
VA intensities are more sensitive to the changes in the coupling in the off diagonal ele-
ments of the vibrational coordinate force constants than the vibrational frequencies[76].
This is due to mixing of the internal coordinates. The VA intensities have been shown to
be very sensitive to the accuracy of the force field, especially the off diagonal force con-
stants[132,76,72]. The VA intensities require the calculation of the APT in addition to the
Hessian[114]. This is a real test of the accuracy of the force field, much better than just
the root mean square (RMS) deviation of the calculated harmonic and experimental fre-
quencies. Note also that the experimental frequencies are anharmonic and the calculated
frequencies are harmonic.

The bands that were most affected by changing the basis set from 6-31++G(d,p) to aug-
cc-pVTZ were those calculated at 1361 and 1357 cm−1 where the intensity changes from
0.7 to 6.7 (experimental 1329 cm−1 with intensity being 3.6), the pair at 1006/1002 cm−1

and 1018/1006 cm−1 where the intensities are 47.4/10.9 and 1.9/54.2 (only one band being
found in the experiment at 983 cm−1 with intensity 56.5), 763 and 765 cm−1 but with
intensities 54.8 and 18.7 (experimental 752 cm−1 with intensity 96.3). Hence in some
cases the smaller basis set gave better agreement than the larger basis set. With respect
to the change in the exchange correlation functional at the highest basis set level, the PBE
and PW91 frequencies and intensities are very similar, while the B3LYP and PBE1 are very
similar. The relative order of the CH stretch modes are different comparing the two sets,
reflecting small changes in the force constants, both diagonal and off-diagonal elements.
In the mid IR the PBE and PW91 mode calculated at 1600 and 1602 cm−1, respectively,
are closer to the experimental value at 1608 cm−1, than the B3LYP and PBE1 values of
1646 and 1672 cm−1, respectively. But since the experimental values are anharmonic and
all of our calculated values are harmonic, this better agreement for this one mode may
not reflect an overall better accuracy. The vibrational frequencies can be correlated with
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the geometries, and the similarities in the spectra with respect to the different functionals
appear to also reflect the aforementioned differences in the geometries.

In Table 2we present the calculated vibrational frequencies and dipole strengths (used to
simulate the VA intensities) at the B3LYP level using the 6-31++G(d,p) and aug-cc-pVTZ
basis sets. In addition we present the simulated VA spectra calculated also at the B3LYP
level, but with the 6-31G(d,p), cc-pVDZ, aug-cc-pVDZ and cc-pVTZ basis sets inFig. 2.
These simulations show that the simulations of the VA spectra with these basis sets (that is,
cc-pVDZ, aug-cc-pVDZ and cc-pVTZ) are not greatly different than the two presented in
Table 2(that is, 6-31++G(d,p) and aug-cc-pVTZ). The fine features of the spectra change,
the major features are very similar. In addition, we also present the calculated vibrational
frequencies and dipole strengths at the PBE, PBE1 and PW91 levels at the highest basis set
level we used in this study, that is, the aug-cc-pVTZ, inTable 2. The spectral simulations
for these other DFT levels of theory are also given inFig. 2. Here we can see that the
changes in the spectra with respect to changing the exchange correlation functional (levels
of theory) are larger than the changes with respect to basis set for the B3LYP level of
theory.

3.3. Vibrational circular dichroism

In Fig. 3 we present our simulated VCD spectra for (R)-phenyloxirane with various basis
sets at the B3LYP DFT level along with the corresponding experimentally simulated spec-
tra for (S)-phenyloxirane (Expt. sim.). Here we use the frequencies and rotational strengths
extracted from the experimental spectra by Ashvar and coworkers for our experimental
simulated spectra and spectra line width of 8 cm−1. Note that the experimental spectra
is not complete, as the experimental setup does not allow a complete VCD spectra to be
measured. There is good agreement between our simulated VA and VCD spectra and that
of Ashvar and coworkers[10] as shown inFigs. 3 and 8(discussed later). The agreement
between the calculated and measured VCD intensities is a further confirmation of a good
geometry and Hessian as can be seen comparing our simulated spectra inFigs. 3 and 8with
the experimental spectra presented in Figs. 4, 5, 7 and 8 of Ref.[10] and our experimen-
tal simulated spectra presented also inFigs. 3 and 8. In addition, we present our predicted
VCD spectra calculated with the aug-cc-vPTZ basis set at the PBE, PBE1 and PW91 levels
of theory. The main features of the VCD spectra are all well produced with the high quality
aug-cc-pVTZ basis set and these four DFT levels of theory. The VCD intensities, like the
VA intensities are very sensitive to the force field and it has been shown that the most sen-
sitive part of the VA and VCD intensity calculations is having an accurate geometry and
Hessian[132,72]. The nature of the normal modes are tested by their ability to accurately
simulate the VA and VCD intensities, given accurate APT and AAT[130,134,4,77,131,28,
78,5,79,62,15,16,14,30].

In Table 3we present the calculated vibrational frequencies and rotational strengths
(used to simulate the VCD intensities) with the B3LYP hybrid DFT method using the
6-31++G(d,p) and aug-cc-pVTZ basis sets. In addition we present the simulated VCD
spectra calculated also with the B3LYP hybrid DFT method but with the 6-31G(d,p), cc-
pVDZ, aug-cc-pVDZ and cc-pVTZ basis sets inFig. 3. These simulations also show that
the simulations of the VCD spectra with these basis sets (i.e., cc-pVDZ, aug-cc-pVDZ and
cc-pVTZ) are not very different than the two simulations for which the rotational strengths
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Table 2. Comparison of vibrational frequencies and VA intensities for phenyloxirane

ν̄ (cm−1) (ν̄ (cm−1)) Di (Di ) ν̄ (cm−1) Di ν̄ (cm−1) Di ν̄ (cm−1) Di ν̄ (cm−1) Di
B3LYP exp[10] B3LYP exp[10] B3LYP PBE PBE1 PW91
ppGdp ppGdp AccpVTZ AccpVTZ AccpVTZ AccpVTZ

r1 3209. 12.0 3193. 12.8 3122. 17.3 3212. 13.2 3129. 17.3
r2 3203. 23.9 3186. 20.0 3113. 24.4 3204. 17.1 3120. 24.3
r3 3192. 26.6 3176. 19.5 3105. 11.4 3195. 12.6 3112. 10.8
r4 3188. 32.8 3169. 30.7 3096. 0.2 3191. 26.6 3103. 0.2
r5 3181. 0.6 3166. 0.2 3091. 35.0 3185. 0.2 3098. 34.1
r6 3171. 9.8 3157. 8.3 3086. 7.5 3176. 7.2 3093. 7.8
r7 3119. 26.8 3106. 22.9 3029. 26.2 3126. 21.3 3036. 25.7
r8 3095. 37.1 3081. 38.1 3003. 41.4 3098. 33.7 3011. 40.8
r9 1655. (1608.) 10.4 (7.5) 1646. 11.2 1600. 11.9 1672. 11.8 1602. 11.8

(1601.) (1.3)
r10 1633. (1586.) 0.3 (0.1) 1625. 0.4 1581. 0.2 1651. 0.3 1582. 0.2
r11 1534. (1496.) 17.3 (3.1) 1533. 21.2 1482. 20.8 1541. 18.7 1486. 21.1
r12 1527. (1477.) 19.1 (26.9) 1521. 16.9 1464. 21.3 1523. 31.5 1468. 20.1
r13 1489. (1452.) 17.9 (22.2) 1489. 16.3 1439. 12.0 1491. 13.3 1443. 12.5
r14 1423. (1389.) 40.1 (35.9) 1419. 33.1 1373. 28.5 1430. 37.1 1375. 28.6

(1383.) (9.7)
r15 1361. (1329.) 0.7 (3.6) 1357. 6.7 1342. 5.4 1370. 0.8 1342. 4.0

(1311.) (9.7)
r16 1340. (1295.) 14.6 (4.9) 1330. 10.7 1299. 14.2 1344. 12.0 1303. 15.4

(1288.) (0.8)
r17 1285. (1252.) 16.6 (18.3) 1282. 19.9 1242. 18.1 1292. 23.2 1245. 18.0
r18 1222. (1201.) 11.4 (19.6) 1221. 11.7 1191. 10.2 1236. 9.3 1194. 10.7
r19 1201. (1177.) 0.9 (2.0) 1200. 0.9 1160. 1.2 1196. 1.3 1163. 1.2
r20 1184. (1157.) 0.3 (1.8) 1182. 0.3 1144. 0.3 1177. 0.2 1148. 0.3
r21 1168. (1144.) 5.0 (8.1) 1171. 3.3 1123. 2.9 1171. 3.8 1126. 2.8
r22 1147. (1126.) 5.7 (11.1) 1152. 7.7 1100. 12.2 1154. 8.8 1104. 12.0

(1106.) (0.6)
r23 1103. (1077.) 12.9 (6.3) 1104. 8.2 1071. 15.2 1108. 9.6 1073. 15.1

(continued on next page)
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Table 2. (Continued)

ν̄ (cm−1) (ν̄ (cm−1)) Di (Di ) ν̄ (cm−1) Di ν̄ (cm−1) Di ν̄ (cm−1) Di ν̄ (cm−1) Di
B3LYP exp[10] B3LYP exp[10] B3LYP PBE PBE1 PW91
ppGdp ppGdp AccpVTZ AccpVTZ AccpVTZ AccpVTZ

r24 1089. (1069.) 8.5 (12.1) 1093. 10.3 1051. 3.4 1098. 12.0 1054. 3.4
r25 1050. (1026.) 13.4 (12.5) 1051. 12.6 1024. 15.9 1059. 15.3 1026. 15.8
r26 1014. (1002.) 1.2 (2.6) 1021. 1.5 990. 0.2 1023. 0.2 993. 0.2
r27 1006. (983.) 47.4 (56.5) 1018. 1.9 974. 3.4 1020. 5.5 977. 2.7
r28 1002. 10.9 1006. 54.2 968. 61.1 1014. 67.4 970. 59.0
r29 986. (966.) 0.1 (0.2) 999. 0.1 955. 0.3 1002. 0.0 958. 0.3
r30 929. (909.) 5.9 (9.9) 939. 6.2 900. 3.1 941. 11.1 902. 3.2
r31 900. (877.) 169.7 (275.5) 901. 152.3 887. 140.4 935. 119.2 885. 141.9
r32 862. 5.4 867. 0.8 833. 5.9 898. 108.0 834. 1.6
r33 852. (819.) 100.8 (96.1) 848. 100.2 824. 101.5 869. 1.3 820. 105.5
r34 767. (755.) 237.6 (270.5) 778. 209.5 751. 199.0 781. 202.3 752. 202.8
r35 763. (752.) 54.8 (96.3) 765. 18.7 744. 1.4 772. 2.4 746. 0.9
r36 708. (696.) 176.3 (295.3) 718. 205.8 693. 218.8 720. 219.0 695. 217.1

(673.) (2.3)
(664.) (0.4)
(655.) (0.7)

r37 631. (619.) 0.1 (0.1) 634. 0.1 610. 0.2 629. 0.2 613. 0.2
r38 584. (575.) 55.7 (57.3) 586. 52.9 566. 49.3 586. 47.9 567. 50.0
r39 542. (531.) 83.4 (109.3) 547. 79.9 527. 82.7 548. 86.3 529. 81.4
r49 416. 1.6 418. 1.4 400. 1.9 416. 1.3 401. 1.9
r41 396. 14.9 395. 14.7 381. 12.0 398. 12.8 382. 12.4
r42 337. 12.7 339. 13.3 328. 14.3 338. 12.3 329. 14.7
r43 194. 90.3 193. 78.3 183. 72.1 191. 81.7 183. 72.4
r44 147. 69.5 148. 66.5 144. 69.0 147. 59.4 145. 70.7
r45 59. 200.8 57. 191.5 60. 146.2 60. 162.9 60. 148.0
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Table 3. Comparison of vibrational frequencies and VCD intensities for (R)-phenyloxirane, experimental data was for (S)-phenyloxirane

ν̄ (cm−1) (ν̄ (cm−1)) Ri (Ri ) ν̄ (cm−1) Ri ν̄ (cm−1) Ri ν̄ (cm−1) Ri ν̄ (cm−1) Ri
B3LYP exp[10] B3LYP exp[10] B3LYP PBE PBE1 PW91
ppGdp ppGdp AccpVTZ AccpVTZ AccpVTZ AccpVTZ

r1 3209. −1.7 3193. −2.2 3122. −1.9 3212. −1.7 3129. −1.9
r2 3203. 0.4 3186. 0.6 3113. 0.6 3204. 0.8 3120. 0.5
r3 3192. −0.1 3176. 1.1 3105. 1.6 3195. 0.8 3112. 1.6
r4 3188. 4.5 3169. 3.6 3096. 0.5 3191. 3.1 3103. 0.5
r5 3181. 0.2 3166. −0.1 3091. 3.0 3185. 0.3 3098. 3.0
r6 3171. 0.4 3157. 0.7 3086. 1.0 3176. 0.6 3093. 1.0
r7 3119. 4.4 3106. 3.3 3029. 3.1 3126. 3.3 3036. 2.9
r8 3095. 0.9 3081. 1.5 3003. 1.3 3098. −0.2 3011. 1.7
r9 1655. (1608.) 0.7 1646. 0.6 1600. 0.7 1672. 0.6 1602. 0.7

(1601.)
r10 1633. (1586.) −0.1 1625. −0.3 1581. −0.1 1651. −0.2 1582. −0.1
r11 1534. (1496.) 1.4 (−1.6) 1533. 0.6 1482. 0.4 1541. 1.8 1486. 0.4
r12 1527. (1477.) 13.3 (−7.5) 1521. 12.4 1464. 15.4 1523. 15.7 1468. 14.7
r13 1489. (1452.) 2.2 (−9.7) 1489. 3.2 1439. 0.9 1491. 1.9 1443. 1.2
r14 1423. (1389.) 6.2 (−8.6) 1419. 5.0 1373. 7.1 1430. 1.1 1375. 6.9

(1383.) (3.8)
r15 1361. (1329.) −0.1 (−4.2) 1357. 4.4 1342. −8.8 1370. −5.1 1342. −7.7

(1311.) (−2.2)
r16 1340. (1295.) −4.0 (8.3) 1330. −9.4 1299. 2.1 1344. 2.2 1303. 1.6

(1288.) (0.8)
r17 1285. (1252.) −17.8 (26.0) 1282. −19.3 1242. −25.4 1292. −25.6 1245. −25.2
r18 1222. (1201.) 7.9 (−16.2) 1221. 9.2 1191. 9.4 1236. 9.9 1194. 9.4
r19 1201. (1177.) −0.8 (0.4) 1200. −0.6 1160. −0.8 1196. −0.7 1163. −0.8
r20 1184. (1157.) −0.1 (−0.1) 1182. −0.1 1144. −0.1 1177. −0.1 1148. −0.1
r21 1168. (1144.) 0.6 (2.6) 1171. −0.1 1123. 0.9 1171. −1.9 1126. 0.9
r22 1147. (1126.) 5.2 (−19.4) 1152. 8.5 1100. 13.6 1154. 10.8 1104. 13.4

(1106.)
r23 1103. (1077.) 1.5 (−2.8) 1104. 1.4 1071. 0.6 1108. 1.5 1073. 0.7

(continued on next page)
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Table 3. (Continued)

ν̄ (cm−1) (ν̄ (cm−1)) Ri (Ri ) ν̄ (cm−1) Ri ν̄ (cm−1) Ri ν̄ (cm−1) Ri ν̄ (cm−1) Ri
B3LYP exp[10] B3LYP exp[10] B3LYP PBE PBE1 PW91
ppGdp ppGdp AccpVTZ AccpVTZ AccpVTZ AccpVTZ

r24 1089. (1069.) −0.3 (−0.4) 1093. −0.5 1051. −1.0 1098. 0.3 1054. −1.0
r25 1050. (1026.) 0.6 (−1.2) 1051. 0.3 1024. 0.2 1059. 0.2 1026. 0.2
r26 1014. (1002.) −0.5 (0.7) 1021. −0.7 990. −0.1 1023. 0.1 993. −0.1
r27 1006. (983.) 47.4 (14.4) 1018. 0.04 974. −0.3 1020. −0.4 977. −0.2
r28 1002. −2.7 1006. −11.0 968. −15.5 1014. −14.0 970. −14.9
r29 986. (966.) 0.0 999. 0.1 955. 0.04 1002. 0.1 958. 0.0
r30 929. (909.) 1.1 939. 0.8 900. 2.0 941. −0.4 902. 1.7
r31 900. (877.) −8.0 901. −6.9 887. −7.0 935. −4.3 885. −7.1
r32 862. −8.2 867. −3.8 833. −8.3 898. 2.8 834. −4.8
r33 852. (819.) 16.0 848. 15.2 824. 17.9 869. 3.0 820. 15.6
r34 767. (755.) −12.0 778. −22.7 751. −27.3 781. −21.6 752. −28.4
r35 763. (752.) −21.5 765. −12.1 744. 1.3 772. −3.7 746. 0.5
r36 708. (696.) 3.6 718. 1.5 693. −0.5 720. 0.2 695. −0.6

(673.)
(664.)
(655.)

r37 631. (619.) 0.2 634. 0.1 610. 0.1 629. 0.2 613. 0.1
r38 584. (575.) −14.9 586. −13.8 566. −9.6 586. −11.2 567. −10.0
r39 542. (531.) 0.6 547. −1.1 527. −4.9 548. −3.5 529. −4.7
r49 416. −0.1 418. −0.03 400. −0.04 416. −0.02 401. −0.03
r41 396. −4.1 395. −4.3 381. −4.1 398. −4.7 382. −4.0
r42 337. −7.1 339. −6.6 328. −6.6 338. −6.3 329. −6.7
r43 194. 7.5 193. 6.1 183. 5.7 191. 8.8 183. 5.5
r44 147. −3.6 148. −3.6 144. −3.0 147. −3.9 145. −2.8
r45 59. 26.3 57. 27.3 60. 26.9 60. 25.5 60. 27.1
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Fig. 3. (R)-Phenyloxirane VCD spectra for various DFT methods.

are presented inTable 3, though there are some regions of the spectra where there are
differences. For example, with the 6-31++G(d,p), aug-cc-pVDZ and aug-cc-pVTZ basis
sets the lower frequency band in the CH stretch region are both positive, whereas with
the basis sets without the diffuse functions, they are of opposite sign. In addition, we also
present the calculated vibrational frequencies and rotational strengths at the PBE, PBE1
and PW91 levels of theory with the aug-cc-pVTZ basis set. The spectral simulations for
these other DFT methods are also given inFig. 3. Again we can see the changes with
respect to changing the functional are larger than the changes with respect to the basis set
at the B3LYP level of theory, but the differences are not that distinct. With the PBE and
PW91 functional we also see the positive signed feature in the lower region of the CH
stretch region with the aug-cc-pVTZ basis set, similar to what we saw with the basis sets
that included the diffuse functions at the B3LYP level.

Hence it appears in order to get the fine features in the VCD spectra, one requires the
addition of diffuse functions in addition to the polarization functions, which previously
have been shown to be important[72]. Here the basis set dependence clearly affects the
VCD intensities more than it has the VA intensities. It appears that larger basis sets are
required for calculating VCD intensities at the same level of accuracy as the VA intensities.
Therefore, it may be that one might want to increase the quality of the basis set for the
calculation if one focuses on VCD intensities in addition to the VA intensities. In many
cases, researchers have only focused on the VA intensities of the amide I modes in their
determination of the secondary structure content. Keiderling’s and Suhai’s groups have
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shown that the VCD intensities are also very sensitive to secondary structure and can be
used in addition to the VA intensities, especially in cases where the VA intensities do
not give enough information[80,60,84]. This is not inconsistent with other biomolecular
modeling studies where the question one asks or the quantity one wishes to calculate and
the accuracy with which one is satisfied determines the method to use (or here basis set
for a given method), and not vice versa. In many cases, a method or basis set for a given
method will give good results for some quantities, but for other quantities, much larger
basis sets for a given method, may be required. A case in point are the dispersion or van
der Waals forces of the He2 dimer, where the binding energy is approximately 11.0 K or
7.65 cm−1 experimentally and calculated to be 33.5µ-Hartrees at the CCSD(T)t-aug-cc-
pV6Z counterpoise corrected level of theory[142].

The good agreement between the calculated VA and VCD spectra with the experimental
spectra of Ashvar and coworkers[10] leads us to believe that the Raman and ROA spectra
will be accurately predicted, given that we have accurate EDEDPD, EDMDPD and ED-
EQPD. We give these additional new tests and confirmatory evidence for the accuracy of
the geometry and Hessian determined at the DFT level of theory, beyond those reported by
Ashvar and coworkers, the predicted Raman scattering and ROA intensities, covered in the
next two subsections. Here will also document the accuracy of the B3LYP level of theory
with the 6-31G(d,p) and aug-cc-pVDZ basis sets. In addition, we document the accuracy
of the RHF level of theory with the 6-31G(d,p) basis set.

3.4. Raman scattering

In Fig. 4we present our simulated Raman scattering spectra for phenyloxirane. The Raman
scattering spectra for phenyloxirane have been reported by Hecht and Barron[64,63]. The
Raman intensities monitor changes in the EDEDP as the atoms vibrate. In many cases
modes, which are not seen or a very low intensity in the IR or VA spectra, are seen in Raman
spectra. For example, the CH stretch mode at 3181 cm−1, that has very little intensity in the
VA spectra, has a large intensity in the Raman. Hence the Raman spectral measurements
are required to validate the accuracy of this mode, both with respect to the frequency and
to its nature in reproducing the Raman intensity, when coupled with the EDEDPD. In
addition, the band calculated at 862 cm−1 with weak intensity in the VA spectra of Ashvar
and coworkers is not observed. The Raman intensity of this band is also calculated to be
weak in intensity in our Raman simulations. Hence this band would be hard to see also
in the Raman spectra. Surprisingly this band has a calculated strong ROA intensity, so if
one could get enough molecules in the path of the laser, then the ROA spectra should be
evident, though you might not look for it based the Raman measurements alone.

The agreement between the calculated and measured Raman intensities further gives us
a measure of the accuracy of DFT to be able to calculate the EDEDPD. This is important
if one wishes to be able to simulate accurately the Raman intensities of the aromatic amino
acids, phenylalanine, tryptophan and tyrosine. We have utilized the aug-cc-pVDZ and aug-
cc-pVTZ basis sets for our Raman simulations, in addition to the cc-pVDZ and cc-pVTZ
basis sets and the 6-31++G(d,p) and the 6-31G(d,p) basis sets. Here we can see that the
polarization functions seem to have the largest effects on the Raman spectra, and the ad-
ditional diffuse functions are not that important as they have been shown to be for van der
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Fig. 4. Phenyloxirane Raman scattering spectra for various DFT methods.

Waals complexes. But to investigate this more thoroughly, we will look to the ROA inten-
sities, discussed in the next subsection. In addition, we have simulated the Raman spectra
with the aug-cc-pVTZ basis set at the PBE, PBE1 and PW91 levels. The relative intensities
appear to be very similar, but there are some shifts in the frequencies. This is not surpris-
ing, given the differences observed in the bond lengths in the oxirane and benzene rings
as a function of the DFT functional (method) used. Since the two parent rings, oxirane
and benzene, are very symmetrical, the intensities can be to a large extent determined by
symmetry and the interactions appear to be such that they are not largely disturbed. In a
future work we shall more carefully compare the benzene and oxirane vibrational modes
with those found here in phenyloxirane. Since the chirality is reflected in the ROA spectra,
it should reveal more information than the simple Raman spectra.

Goddard’s group has recently derived new functionals, the XLYP and X3LYP function-
als that better treat dispersion than the BLYP and B3LYP functionals[156,155]. These
functionals are expected therefore to treat the EDEDP better than the BLYP and B3LYP
functionals, but this remains to be shown. The XLYP functional uses the Slater[126],
Becke 88[23] and Perdew 91[108,111,112]exchange functionals and the Lee, Yang and
Parr (LYP) correlation functional[95]. The X3LYP hybrid functional, in addition uses
the Hartree–Fock exchange and a bit of the Vosko, Wilk and Nusair (VWN) correlation
functional[146]. The testing of these functional for properties, in addition to their testing
for geometries and interactions energies remains to be done. In addition, new nonempiri-
cal functionals have also recently been developed and implemented in commercial codes
[129], which go beyond the GGA approximation and correct some of the deficiencies of
the older functionals, for example, the exchange potential’s divergence at the nuclei.
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In Table 4we present the calculated vibrational frequencies and Raman scattering inten-
sities (used to simulate the Raman scattering spectra) with the B3LYP hybrid DFT method
using the 6-31++G(d,p) and aug-cc-pVTZ basis sets. In addition we present inFig. 4 the
simulated Raman scattering spectra calculated also with the B3LYP hybrid DFT method
but with the 6-31G(d,p), cc-pVDZ, aug-cc-pVDZ and cc-pVTZ basis sets. These simula-
tions show that the simulations of the Raman scattering spectra with these basis sets are
not drastically different from the two presented here, though the differences are larger vi-
sually than those seen at first glance in the VA and VCD spectra. In addition, again we also
present the calculated vibrational frequencies and Raman scattering intensities with the
PBE, PBE1 and PW91 DFT methods at the highest basis set level we used in this study,
that is, the aug-cc-pVTZ. The spectral simulations for these other DFT methods are also
given in Fig. 4 andTable 4. Here one sees changes in the peak heights and frequencies
that reflect some of the changes in the geometrical parameters (bond lengths and valence
angles), which resulted due to changing the DFT exchange correlation functional.

3.5. Raman optical activity

At the B3LYP/6-31++G(d,p) optimized structure we have calculated the Hessian and ED-
EDPD that allowed us to simulate the Raman scattering spectra. Additionally, we have
calculated the RHF/6-31G(d,p) EDMDPD and EDEQPD, which when combined with the
B3LYP/6-31++G(d,p) Hessian and EDEDPD allow us to simulate the ROA spectra. In
Fig. 5 we present our DCP and ICP ROA spectra for (R)-phenyloxirane. Comparing our
simulated ICP and DCP ROA spectra presented inFig. 5with those measured by Hecht and
Barron in their works and presented in Figs. 3, 4 and 5 of Ref.[63] and Fig. 4 of Ref.[64],
one can see that the main features of the ICP and DCP Raman spectra are reproduced by
using the B3LYP/6-31++G** EDEDPD, combined with the RHF/6-31G(d,p) EDMDPD
and the EDEQPD.

As one can see inFig. 4 and in Fig. 5 of Ref.[63] and Fig. 4 of Ref.[64], the low
frequency ROA spectra from 0 to 400 cm−1 gives additional information about the chiral-
ity and stereoisomer of phenyloxirane in a region that is not currently available in VCD
measurements. Here we reproduce the−/+/−/+/− sign pattern in the experimental ROA
spectra[63]. Hence the ROA and VCD are really complementary in that the low frequency
modes are readily measurable in the ROA with currently available ROA instrumentation,
while they not with currently available VCD instrumentation.

The low frequency modes are largely collective modes and involve the backbone and
side chain modes in proteins. Hence information gained from the Raman and ROA modes
will give information about these collective modes. For protein functionality, these modes
are very important as in many cases the path the ligand takes to its binding pocket is not
obvious from the X-ray structures. Hence information about these collective modes may
help to understand the mechanism for protein binding where the binding pockets are buried
in crevices, only accessible via collective breathing modes, just those, which are amenable
to probing via Raman and ROA spectroscopy.

In addition to the low frequency Raman and ROA spectra of phenyloxirane reported in
Ref. [63], the polarized and depolarized Raman and ROA spectra are also reported in the
400 to 1600 cm−1 region[64,63]. Here we have information in the same region as we have
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Table 4. Comparison of vibrational frequencies and Raman intensities for phenyloxirane

ν̄ (cm−1) (ν̄ (cm−1)) Rami ν̄ (cm−1) Rami ν̄ (cm−1) Rami ν̄ (cm−1) Rami ν̄ (cm−1) Rami
B3LYP exp[10] B3LYP B3LYP PBE PBE1 PW91
ppGdp ppGdp AccpVTZ AccpVTZ AccpVTZ AccpVTZ

r1 3209. 264.5 3193. 292.9 3122. 338.1 3212. 306.6 3129. 335.6
r2 3203. 70.4 3186. 31.0 3113. 18.4 3204. 13.5 3120. 18.9
r3 3192. 87.4 3176. 84.2 3105. 107.4 3195. 89.7 3112. 107.0
r4 3188. 103.1 3169. 95.4 3096. 83.4 3191. 94.8 3103. 81.4
r5 3181. 103.2 3166. 92.5 3091. 115.3 3185. 83.3 3098. 114.2
r6 3171. 50.2 3157. 46.1 3086. 48.0 3176. 45.2 3093. 48.9
r7 3119. 103.9 3106. 95.8 3029. 108.6 3126. 99.4 3036. 106.3
r8 3095. 151.2 3081. 158.4 3003. 182.6 3098. 151.8 3011. 181.1
r9 1655. (1608.) 66.0 1646. 63.3 1600 70.0 1672. 60.9 1602. 70.2

(1601.)
r10 1633. (1586.) 6.8 1625. 6.5 1581. 5.0 1651. 5.7 1582. 5.1
r11 1534. (1496.) 7.5 1533. 4.2 1482. 7.3 1541. 11.4 1486. 6.5
r12 1527. (1477.) 13.7 1521. 14.5 1464. 20.7 1523. 18.4 1468. 19.6
r13 1489. (1452.) 3.5 1489. 2.7 1439. 2.4 1491. 1.6 1443. 2.3
r14 1423. (1389.) 52.5 1419. 49.8 1373. 59.7 1430. 54.1 1375. 60.3

(1383.)
r15 1361. (1329.) 1.1 1357. 4.4 1342. 15.9 1370. 4.3 1342. 12.7

(1311.)
r16 1340. (1295.) 24.2 1330. 24.8 1299. 20.3 1344. 15.9 1303. 22.1

(1288.)
r17 1285. (1252.) 42.9 1282. 46.3 1242. 43.8 1292. 26.6 1244. 47.4
r18 1222. (1201.) 8.0 1221. 6.8 1191. 10.0 1236. 11.6 1194. 9.0
r19 1201. (1177.) 5.1 1200. 5.2 1160. 6.4 1196. 5.2 1163. 6.4
r20 1184. (1157.) 4.3 1182. 4.1 1144. 4.6 1177. 4.1 1148. 4.6
r21 1168. (1144.) 6.5 1171. 3.7 1123. 4.4 1171. 4.0 1126. 4.2
r22 1147. (1126.) 4.3 1152. 2.4 1100. 2.4 1154. 4.1 1104. 2.3

(1106.)
r23 1103. (1077.) 1.0 1104. 0.9 1071. 0.8 1108. 0.9 1073. 0.8

(continued on next page)
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Table 4. (Continued)

ν̄ (cm−1) (ν̄ (cm−1)) Rami ν̄ (cm−1) Rami ν̄ (cm−1) Rami ν̄ (cm−1) Rami ν̄ (cm−1) Rami
B3LYP exp[10] B3LYP B3LYP PBE PBE1 PW91
ppGdp ppGdp AccpVTZ AccpVTZ AccpVTZ AccpVTZ

r24 1089. (1069.) 3.3 1093. 2.4 1051. 3.8 1098. 3.1 1054. 3.5
r25 1050. (1026.) 13.5 1051. 11.3 1024. 17.0 1059. 17.7 1026. 16.2
r26 1014. (1002.) 35.3 1021. 34.7 990. 37.5 1023. 34.8 993. 37.8
r27 1006. (983.) 12.0 1018. 0.2 974. 0.5 1020. 1.5 977. 0.4
r28 1002. 5.0 1006. 21.4 968. 16.4 1014. 11.7 970. 17.0
r29 986. (966.) 0.1 999. 0.2 955. 0.07 1002. 0.1 958. 0.10
r30 929. (909.) 1.4 939. 2.1 900. 1.7 941. 2.0 902. 1.7
r31 900. (877.) 14.0 901. 13.2 887. 13.4 935. 10.7 884. 13.8
r32 862. 0.8 867. 0.9 833. 0.9 898. 5.6 834. 0.6
r33 852. (819.) 5.9 848. 6.5 824. 6.4 869. 0.6 820. 6.9
r34 767. (755.) 0.4 778. 0.8 751. 2.7 781. 1.6 752. 2.6
r35 763. (752.) 9.0 765. 9.0 744. 5.8 772. 7.4 746. 6.1
r36 708. (696.) 0.0 718. 0.07 693. 0.1 720. 0.1 695. 0.1

(673.)
(664.)
(655.)

r37 631. (619.) 5.0 634. 3.9 610. 3.7 629. 3.7 613. 3.7
r38 584. (575.) 1.2 586. 0.9 566. 0.8 586. 0.8 567. 0.8
r39 542. (531.) 0.5 547. 0.4 527. 0.4 548. 0.3 529. 0.4
r49 416. 0.1 418. 0.1 400. 0.08 416. 0.1 401. 0.1
r41 396. 2.9 395. 3.5 381. 3.9 398. 3.1 382. 3.9
r42 337. 3.0 339. 2.6 328. 2.3 338. 2.2 329. 2.3
r43 194. 0.4 193. 0.6 183. 0.7 191. 0.5 183. 0.7
r44 147. 3.7 148. 3.3 144. 3.3 147. 3.2 145. 3.3
r45 59. 3.2 57. 2.8 60. 3.0 60. 2.8 60. 3.0
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Fig. 5. (R)-Phenyloxirane DCP and ICP Raman optical activity (ROA) spectra calcu-
lated with mixed theory (B3LYP/6-31++G(d,p) Hessian and EDEDPD (Gaussian) and
RHF/6-31G(d,p) EDMDPD and EDEQPD with CADPAC.

for the VCD. InFigs. 5 and 6and in Figs. 3 and 4 in Ref.[63] we can compare our pre-
dicted with the experimental spectra. InTable 5we present results utilizing the 6-31G(d,p)
basis set, which was used frequently for the early vibrational frequency, Raman scattering,
ROA1 (CID1), ROA2 (CID2), ROA3 (CID3), ROA/DCP and ROA/ICP intensity calcula-
tions[116,38,60]. Hence we want to document the accuracy of this level of theory also for
phenyloxirane. In a future work we will also compare our calculated frequencies, Raman
and ROA intensities with the corresponding experimentally measured intensities, which
we obtained from trying to integrate the bands in the experimental spectra[37]. It would
be nice if the Raman and ROA spectroscopists could report the experimental frequencies,
line widths and deconvoluted integrated absolute and relative intensities, similar to the cor-
responding experimental data reported by the Stephens group for VA and VCD spectra.
This makes qualitative comparisons between experiment and theory much easier.

The ROA spectra calculated with the hybrid method (Hessian and EDEDPD at the
B3LYP/6-31++G(d,p) level and the EDEQPD and EDMDPD at the RHF/6-31G(d,p) level)
are presented inFig. 5. For large biomolecular structures, the aug-cc-pVDZ basis set might
be a comprise between high accuracy and computational cost. A test of this hypothesis
can be seen inFig. 6. In Fig. 6we present the complete set of spectra (VA, VCD, Raman,
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Table 5. Vibrational frequencies, Raman, ROA1 (CID1), ROA2 (CID2), ROA3 (CID3), ROA/DCP and ROA/ICP intensities for (R)-
phenyloxirane

ν̄ (cm−1) ν̄ (cm−1) Rami Rami CID1i CIDi CID2i CID2i CID3i CID3i ν̄ (cm−1) Rami DCP ICP
B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP RHF RHF
Gdp AcDZ Gdp AcDZ Gdp AcDZ Gdp AcDZ Gdp AcDZ ppGdp ppGdp Gdp Gdp

r1 3211. 3201. 214.56 286.26 −0.44 −0.14 −0.30 0.09 −2.22 −0.75 3209. 264.5 −11.4 −2.5
r2 3204. 3195. 94.19 49.26 0.10 0.04 −0.83 −1.06 0.37 0.11 3203. 70.4 11.8 4.3
r3 3192. 3184. 82.22 114.35 0.20 −0.69 −0.04 −0.52 0.24 −0.80 3192. 87.4 −1.5 −1.2
r4 3183. 3184. 85.29 68.90 −6.10 −5.14 −2.40 −2.34 −7.99 −8.02 3188. 103.1 4.0 3.0
r5 3182. 3174. 100.65 97.43 2.25 0.63 0.76 0.28 2.85 0.82 3181. 103.2 −16.9 −13.0
r6 3172. 3165. 45.07 47.21 1.85 1.10 0.91 0.68 2.70 1.68 3171. 50.4 −10.4 −7.2
r7 3112. 3117. 97.93 96.60 −1.44 −0.24 −1.62 −0.27 −3.77 −0.66 3119. 103.9 22.5 8.5
r8 3091. 3087. 120.20 163.23 −0.77 −0.46 −2.82 −2.22 −2.95 −2.18 3095. 151.2 −23.7 −5.9
r9 1664. 1649. 56.60 66.18 0.95 0.66 0.40 0.34 1.35 0.93 1655. 66.0 −3.1 −2.2
r10 1642. 1626. 5.33 6.24 −0.59 −0.16 −0.46 −0.20 −0.70 −0.19 1633. 6.8 −4.7 −4.0
r11 1542. 1518. 8.16 11.06 3.57 2.88 3.84 3.28 7.45 6.42 1534. 7.5 −9.9 −4.8
r12 1538. 1508. 11.97 14.83 −1.67 0.72 −1.61 0.54 −2.37 1.39 1527. 13.7 33.7 20.7
r13 1497. 1472. 3.48 3.45 26.90 25.56 29.57 27.45 46.49 43.55 1489. 3.5 1.3 0.7
r14 1429. 1411. 50.75 55.64 −0.36 0.11 −1.26 −0.75 −0.85 0.30 1423. 52.5 −28.9 −11.1
r15 1363. 1354. 1.35 4.47 −5.27 −3.73 −1.16 −2.12 −7.58 −8.56 1361. 1.1 −48.9 −35.5
r16 1342. 1328. 17.67 19.35 −4.65 −3.31 −7.20 −6.40 −14.57 −12.45 1340. 24.2 43.9 12.5
r17 1289. 1275. 31.07 41.69 −0.74 0.04 −0.76 0.53 −2.36 0.17 1285. 42.9 20.8 5.4
r18 1227. 1216. 10.39 8.20 −1.33 −4.54 −0.51 −4.75 −1.97 −11.03 1222. 8.0 −16.9 −8.3
r19 1203. 1190. 7.02 5.26 0.96 −0.99 0.51 −0.52 1.53 −2.07 1201. 5.1 −11.5 −5.1
r20 1187. 1171. 6.42 4.33 0.12 0.06 0.10 0.07 0.14 0.07 1184. 4.3 −25.6 −21.8
r21 1172. 1151. 11.22 3.98 1.46 6.88 0.38 2.94 1.73 8.06 1168. 6.5 50.6 43.4
r22 1149. 1136. 1.74 1.98 −9.88 14.40 −11.80 6.99 −14.93 19.91 1147. 1.9 26.4 13.5
r23 1107. 1097. 1.49 0.79 −12.15 −0.98 −3.07 0.73 −14.39 −1.57 1103. 1.0 13.0 9.7
r24 1093. 1077. 4.22 2.61 12.88 7.67 6.50 3.79 18.62 10.52 1089. 3.3 1.9 1.4
r25 1055. 1046. 9.22 17.77 −0.13 −0.09 −0.22 −0.60 −0.65 −1.28 1050. 13.5 81.8 5.4
r26 1016. 1008. 25.44 38.11 −0.02 0.15 0.31 0.78 −0.10 1.63 1014. 35.3 −10.2 −0.9

(continued on next page)
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Table 5. (Continued)

ν̄ (cm−1) ν̄ (cm−1) Rami Rami CID1i CIDi CID2i CID2i CID3i CID3i ν̄ (cm−1) Rami DCP ICP
B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP B3LYP RHF RHF
Gdp AcDZ Gdp AcDZ Gdp AcDZ Gdp AcDZ Gdp AcDZ ppGdp ppGdp Gdp Gdp

r27 1008. 1001. 10.64 0.42 −1.73 9.02 −2.40 9.45 −2.73 12.77 1006. 12.0 −13.2 −4.9
r28 1000. 995. 2.23 11.19 −4.99 −3.94 −7.50 −7.03 −11.36 −10.72 1002. 5.0 −38.2 −8.8
r29 977. 980. 0.13 0.09 45.78 −81.53 43.19 −62.01 166.65 −109.63 986. 0.1 97.9 82.7
r30 929. 921. 2.82 1.74 −5.36 1.87 −0.41 3.69 −7.57 6.13 929. 1.4 11.9 3.3
r31 910. 893. 12.93 12.75 −5.35 −3.58 1.04 0.34 −6.24 −4.33 900. 14.0 −0.2 −0.1
r32 867. 850. 3.73 0.99 −33.79 25.77 −10.60 11.43 −39.61 30.47 862. 0.8 164.1 137.7
r33 862. 837. 7.67 6.65 23.64 7.55 8.31 5.21 27.75 8.81 852. 5.9 15.3 13.1
r34 772. 768. 2.56 1.13 −1.06 4.55 −1.52 10.37 −1.31 16.51 767. 0.4 −7.6 −4.9
r35 766. 760. 7.37 8.72 10.52 6.25 14.55 12.46 44.55 39.64 763. 9.0 −79.4 −12.0
r36 714. 711. 0.58 0.12 −3.27 13.87 −1.38 21.24 −3.96 39.31 708. 0.0 −88.5 −73.2
r37 633. 628. 5.05 4.13 −0.71 −1.06 −0.55 −0.61 −0.84 −1.25 631. 5.0 −16.5 −14.0
r38 586. 581. 1.57 0.91 8.35 1.71 3.97 0.56 9.87 1.99 584. 1.2 39.2 33.5
r39 544. 545. 0.69 0.44 22.51 2.28 15.90 8.33 36.80 5.31 542. 0.5 −44.4 −25.0
r40 418. 415. 0.14 0.07 −129.80 −124.60 −62.21 −98.28 −181.99 −231.09 416. 0.1 43.5 37.1
r41 399. 393. 2.45 3.76 −3.95 −0.92 −2.52 −1.08 −8.98 −2.73 396. 2.9 −10.1 −3.7
r42 338. 337. 3.00 2.56 12.47 7.57 10.38 10.10 23.87 20.84 337. 3.1 −36.6 −15.2
r43 197. 194. 0.29 0.62 −28.36 −9.37 −21.82 −7.17 −63.98 −23.07 194. 0.4 138.6 62.6
r44 148. 149. 5.45 3.40 5.60 5.57 3.35 3.52 6.65 6.65 147. 3.7 3.6 3.0
r45 67. 57. 5.57 2.87 −26.86 −25.99 −11.51 −12.61 −31.49 −30.72 59. 3.2 −58.6 −49.9

Gdp is the 6-31G(d,p) basis set, ppGdp is the 6-31++G(d,p) basis set and AcDZ is the aug-cc-pVDZ basis set.
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Fig. 6. (R)-Phenyloxirane VA, VCD, Raman, ROA1 (CID1), ROA2 (CID2) and ROA3
(CID3). The solid line spectra calculated at the B3LYP/6-31G(d,p) level (the dotted
line is the B3LYP spectra multiplied by 10 for the Raman) and the dashed line at the
B3LYP/aug-cc-pVDZ level (the dashed dotted line is the B3LYP/aug-cc-pVDZ spectra
multiplied by 10 for the Raman).

ROA1, ROA2 and ROA3) calculated at the B3LYP level of theory with both the 6-31G(d,p)
and aug-cc-pVDZ basis sets. Here we see the ROA intensity of the major bands around 980
and 860 cm−1 even change in sign when one increases the basis set from 6-31G(d,p) to aug-
cc-pVDZ. Here the aug-cc-pVDZ basis set performs much better. This is not unexpected,
but shows that the basis set requirements to predict quantitative ROA intensities are higher
than those for the Raman intensities. This is similar to the requirement of utilizing a higher
quality basis set for VCD spectral intensity calculations than for VA spectral intensity cal-
culations. Hence one is faced with the choice of which basis set one wishes or is required
to use for a given spectroscopic property one is interested in, be it just the harmonic fre-
quencies for zero point energy corrections and thermodynamics studies or the VA, VCD,
Raman and ROA intensities. If one wishes to have all of these spectra at a relatively high
level of accuracy, one is left with the choice of either of the aug-cc-pVDZ or aug-cc-pVTZ
basis sets of Dunning. These basis sets appear to the optimal for the combined VA, VCD,
Raman and ROA studies.

In Fig. 7 we compare our best combined Raman and ROA spectra, those calculated at
the B3LYP/aug-cc-pVDZ level with the experimental Raman and ROA spectra presented
by Hecht and Barron[63]. The 6-31G(d,p) basis set is not optimal for calculating the
VA, VCD, Raman and ROA spectra. It is a relatively small basis set compared to the
complete basis set (CBS) limit, and indeed many people may criticize this basis set as being
lacking, but it has been shown to give an adequate accuracy to answer questions in physical
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Fig. 7. (R)-Phenyloxirane: Raman spectra for B3LYP/aug-cc-pVDZ; experimental Raman
spectra from Hechtet al. [64]; ROA1 (CID1), ROA2 (CID2) and ROA3 (CID3) spectra for
B3LYP/aug-cc-pVDZ; and experimental ROA spectra from Hechtet al. [64].

chemistry, chemical physics, biophysical chemistry and now biophysics by the groups of
Polavarapu and Suhai. Hence it is worthwhile to document its accuracy, both quantitatively
and visually in comparison to larger basis sets, for example, the aug-cc-pVDZ basis set,
which give more accurate values, both for DFT andab initio methods.

The agreement with the experimental data, as extracted from the spectra as anharmonic
vibrational frequencies, dipole strengths, rotational strengths and relative integrated peaks
in the Raman and ROA experiments is very good with the aug-cc-pVDZ basis set. It in-
creases, however, when one goes to the aug-cc-pVTZ basis set that is seen inFig. 7where
we compare the Raman and ROA spectra with the experimental Raman and ROA spectra
[64] and inFig. 8 where we compare the VA and VCD spectra with the experimental VA
and VCD spectra[10]. The 6-31G(d,p) gives qualitative good results, but can be improved
significantly by going to either the aug-cc-pVDZ or aug-cc-pVTZ basis sets. We have only
documented the aug-cc-pVTZ basis set for the VA, VCD and Raman spectra. In the future
we will also present the ROA spectra for phenyloxirane with the aug-cc-pVTZ basis set
and hence document this basis set for reproducing the experimental ROA spectra. But the
agreement to date with the aug-cc-pVDZ basis set is excellent, so it should only get better
and give us semi-quantitative accuracy of the intensities. To date only the general features
in the ROA spectra have been reproduced, which has allowed for stereoisomerical and
conformational studies to be undertaken. With higher accuracy calculations and interpre-
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Fig. 8. (R)-Phenyloxirane (RPO): VA spectra for RPO at B3LYP/aug-cc-pVTZ
level; VA spectra for RPO at B3LYP/aug-cc-pVDZ level; experimental VA spec-
tra for (S)-Phenyloxirane (SPO) from Ashvaret al. [10]; VCD spectra for RPO at
B3LYP/aug-cc-pVTZ level; VCD spectra for RPO at B3LYP/aug-cc-pVDZ level; and ex-
perimental VCD spectra for SPO from Ashvaret al. [10].

tations of Raman and ROA spectra now feasible, more quantitative and detailed questions
can hopefully be answered.

Finally in Fig. 7 we compare our B3LYP/aug-cc-pVDZ Raman and ROA simulations
with the experimental Raman and ROA spectra extracted from Fig. 4 in Hechtet al. [64].
The agreement between the calculated and measured spectra is excellent and the best that
we have reported to date. Here we have used the B3LYP level of theory, which Stephens
has used and found to give good agreement with the VA and VCD spectra, though with a
slightly different basis set.

The aug-cc-pVDZ basis set appears to be able to well reproduce the Raman and ROA
spectra, much better than the smaller 6-31G(d,p) that we and other groups have previously
used. Finally inFig. 8we compare our VA and VCD spectra calculated at the B3LYP/aug-
cc-pVXZ, X = D and T, levels with the experimental VA and VCD spectra[10]. Again we
see remarkable agreement. These combinations appear to be the best to date and we look
forward to further documenting their performance for systems where there has been shown
to be strong interactions between the solvent and solute. Previously we did not get optimal
agreement in such systems and this may have been due to our use of the relatively small
6-31G(d,p) basis set and the RHF EDMDPD and EDEQPD[60,74,75]. We look forward
to reexamining these systems now with the more accurate EDMDPD and EDEQPD. Ad-
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ditionally we should look at the effects due to temperature and frequency of the laser used
in the Raman and ROA experiments.

The EDMDPD and EDEQPD have not yet been implemented at the XLYP and X3LYP
levels of theory, though Stephens and coworkers and recently implemented the EDMDP
at the BLYP and B3LYP levels in a development version of Gaussian. These new features
are now available in Gaussian 2003 RevC.02, which we have used for our new DFT ROA
simulations. In addition, Ruud and Helgaker have recently implemented these tensors at
the DFT level in a development version of the Dalton program[119]. We are also in the
progress of implementing these tensors using an alternative formulation in a development
version of CADPAC. In addition, the XLYP and X3LYP functionals are being implemented
as they appear to be the best available functionals for modeling biomolecules, where both
H-bonding and dispersion forces are important. In addition, other new functionals must
continually be added, especially those which treat van der Waals (dispersion) forces more
accurately, charge transfer effects and finally excited electronic states[39,32,128,120,90,
91,55,82,141,107,17,140,45,56,143,96,113,88,147,100,7,8,102]. There has been some re-
cent discussion on how to adequately treat all of these effects self consistently, but to date
there is no general consensus in the different communities[101,58,158,157,144,152,25,
153,135,121,42,70,154,41,31,49,40,71,118].

The EDMDP tensors have also been used to calculate the optical rotation spectra
[29,13,59]. In addition, recently solvent effects have also been taken into effect via a con-
tinuum model[103]. Hence this is a good start in the continuum solvent approach to optical
rotation spectra, which can also be applied to ROA simulations.

Alternative formulation of the EDMDP tensors utilizing current density functional
theory [93,34,94,92,145]as an alternative to the recently implemented formulation by
Stephens, Frisch and Cheeseman[29] and Bak, Rudd, Jørgensen, Olsen and Helgaker
[67,119]would be similar to the alternative formulations of the AAT. In addition, the newly
derived functionals that treat dispersion and H-bonding better than the BLYP and B3LYP
are also expected to better Raman and ROA intensities. In addition, the dynamic polariz-
abilities, which can be calculated by TD-DFT should also improve the accuracy, especially
as one approaches an electronic transition, where the static limit should no longer be valid.
It is surprising how good the agreement has been using the simple static limit for the ED-
EDPD, EDMDPD and EDEQPD. We are presently investigating the frequency dependence
of the ROA spectra as a function of the exciting laser wavelength, both far from resonance
with electronic transitions, then near resonance and finally resonance ROA. This has ap-
plications for the near or resonance enhanced Raman and ROA for aromatic amino acids,
phenylalanine, tryptophan and tyrosine. It would be nice to take into account the inter-
action with surfaces, as the phenomenon of surface enhanced Raman scattering and the
analogous phenomenon surfaced enhanced Raman optical activity are areas of interest in
our group. Here modeling studies could greatly add to the physical understanding of these
phenomenon. To date, the interpretation of the spectra and spectral changes have limited
the application of these phenomenon.

These four vibrational spectroscopies, VA, VCD, Raman and ROA, have now reached
the stage experimentally and theoretically where they can all be measured routinely in the
spectroscopy laboratory and simulated in the quantum theory laboratory. These spectro-
scopies now can be used along with NMR and X-ray crystallography to answer questions
and pose new experiments that should greatly add to our understanding.
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4. DISCUSSION

To make measurements on individual molecules requires specialized experimental tech-
niques able to measure the response of either individual or small numbers of molecules.
The microwave, infrared or vibrational absorption, and Raman spectra of molecules in the
gas phase are the two most common techniques to get structural and functional group infor-
mation. Another technique is to isolate the molecules in an inert low temperature matrix,
for example, Ar or N2, to perform VA, VCD, Raman, ROA, UV-Vis, ECD, and EPR spec-
tra[125]. Here one is interested in understanding the properties of the individual molecules
and also the forces responsible for the stabilization of the low energy conformers. Such data
are invaluable to theoreticians who want to benchmark their levels of theory. The bond
lengths, valence angles, torsional angles and dipole moments can be determined from mi-
crowave studies. From the VA, VCD, Raman and ROA spectra one can get the vibrational
frequencies and information about how the electric dipole, magnetic dipole, the EDEDP,
the EDMDP, and the EDEQP change with changes in nuclear coordinates. The problem is
that normally one does not have enough experimental data to completely determine these
quantities. Hence theoretical models are needed to even interpret the experimental data
measured, hence the real synergistic relationship between theory and experiment.

From the ECD, VCD and ROA spectra we can get information on the chirality of a mole-
cule[65]. For a molecule with conformational flexibility, one can get conformational data.
In addition to gas phase and low temperature matrix measurements, one can in many cases
also make measurements on molecules in nonpolar solvents or embedded in micelles. If
one can overcome the problem of solubility one can also make measurements of the VA,
VCD, Raman, ROA, NMR, EPR, UV-Vis and ECD spectra of molecules. The information
is the same for the gas phase as for a low temperature matrix, but the line widths of the
spectral features can broaden, so one has in many cases an assignment and deconvolution
problem. Here one is aided by theoretical calculations of the spectra for these molecules.
In all of the above cases the spectral simulations are relatively straightforward as one must
not in general treat the environment explicitly. The assumption is that the nonpolar envi-
ronment or inert matrix does not greatly perturb the molecule and therefore its properties,
or at least one assumes that it does not.

5. CONCLUSIONS AND FUTURE PERSPECTIVES

In this work we have attempted to use the current developments in quantum chemistry to
interpret the Raman and ROA spectra of phenyloxirane, one of the first measurements made
with right-angle scattering ROA. At the time of these measurement in 1994, the size of the
molecule did not allow for a complete high level density functional analysis. With the re-
cent developments in quantum chemistry by the groups developing CADPAC (R.D. Amos,
J. Rice, D.J. Tozer and N. Handy), Gaussian (Michael Frisch and J.R. Cheeseman) and
Dalton (K. Bak, P. Jørgensen, T. Helgaker, J. Olson and K. Rudd), the interpretation of the
VA, VCD, Raman and ROA spectra can now be routinely calculated. With the availability
of FTIR VCD instruments by Thermo Electron, Bruker and Bomen and Raman and ROA
by Biotools, these spectroscopies can now be used to routinely answer structural and func-
tional groups questions on systems where X-ray crystallography and NMR have not been
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able to. In addition, the fast time scale for these spectroscopies allows us to make mea-
surements that are the superposition of the components and not the average. The possible
applications for these spectroscopies lie only within the imaginations of the groups work-
ing in the field. Future developments that are required are the analytical implementation of
the EDMDPD and EDEQPD at the DFT level with a linear scaling algorithm, similar to the
currently implemented methods by the SIESTA and SCC-DFTB developed in Barcelona
and Heidelberg/Paderborn/Georgia[117,150,149,46,47,61,27,48,44,50,122,106].

In addition, the treatment of the solvent has recently been shown to be very important in
stabilizing the zwitterionic species of L-alanine[137] and L-alanyl-alanine[87] and in also
producing a conformer for NALANMA that is not found in the gas phase (isolated state)
or by using continuum models[80,38,60]. Hence the treatment of explicit solvent water
molecules that are directly H-bonded with the polar groups of proteins and, which stabilize
the charge via solvation on charged species must be taken into account. Therefore, the
determination of the structure and at the optimized structure of the complex, the Hessian
is a more difficult problem than originally thought.

The treatment of the second hydration shell and bulk water can probably be treated with
the continuum models, so this work was and is by no means not important and unnecessary.
On the contrary it is very important and hybrid solvent models may become the best way
to treat the solvent effects as do the hybrid exchange correlations functional seem to be
the best way at present to treat dispersion effects, H-bonding and the hydrophobic effects
(other weak interactions) that have not been adequately treated.

In addition, charge transfer effects may also be important and the recently developed
CAM-LYP and CAM-3LYP density functional may be they way we treat these charge
transfer effects until more refined methods are developed[158]. In addition, if one wishes
to take temperature into account, the QM/MM-MD method can be used. Here as the lin-
ear scaling methods are extended so that all of the properties can be calculated at each
step of the MD run, then one can foresee being able to simulate the VA, VCD, Raman
and ROA spectra by doing the required time to frequency transformations. One will au-
tomatically get the required anharmonic effects, which are currently missing in addition
to the effects of temperature. It is very important to treat the solvent in an accurate way,
which means simple charge models for the first solvation shell waters will not be accurate
enough as they will miss the directionality present in H-bonding as shown by the group of
Buckingham. The lone pairs have been shown to be very important to get the tetrahedral
H-bonding structure. So the present state of quantum chemistry is undergoing a revival
with respect to explicit solvent treatment. Here the simple basis set superposition error
(BSSE) treatment of dimers and trimers will be exacerbated by having to treat many more
water molecules in the molecular complexes. Here there is also plenty of room for new
methods and new ways to accurately calculate binding energies, solvation energies and
free energies, the hydrophobic effect and even the dynamic structures that are present in
the various experiments, be they vibrational, NMR, EPR or X-ray or neutron or electron
diffraction measurements. The need for quantum chemists to be able to help interpret the
wealth of new and interesting experimental data was never so needed and so fruitful.
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1. INTRODUCTION

Aerosol particles have an important influence on the atmospheric radiation balance, cloud
formation etc. To model mass and heat transfer to and from atmospheric particles it is
essential to know what happens to a gas molecule when it encounters the surface of a par-
ticle [1]. On a macroscopic level the so-called sticking probabilities/mass accommodation
coefficients are used to model evaporation, condensation and heterogeneous chemistry in
the atmosphere.

The sticking probability has proven to be an important parameter for prediction of cli-
mate parameters such as the concentration of cloud condensation nuclei. For example
Pandiset al. [2] showed that changing the accommodation coefficient for sulphuric acid
from 0.02 to 0.05 in their nucleation and growth model for aerosols in the marine boundary
layer reduced the calculated concentration of cloud condensation nuclei by 45%.
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Clementet al. [3] have analyzed experimental data and proposed a simple model that
describes the interaction as a two-body collision in which energy and momentum are ex-
changed. This model generally predicts sticking probabilities close to one. In accordance
with this work along with the work by Kulmala and Wagner[4] the following sugges-
tion have been made: use sticking probabilities of one if no other experimentally verified
information is available.

The problems associated with the understanding and estimation of the probability of ad-
sorption and condensation of a molecule approaching an aerosol particle have been clearly
demonstrated in the work presented in Refs.[2,3,5–11]. The theoretical approaches range
from total phenomenological approaches to microscopic molecular models[2,3,5–11]. The
phenomenological approaches utilize thermodynamic arguments for evaluating the energy
terms that enter the macroscopic expression for the transition state theory rate constant
of the uptake process[5,6]. Another view within the phenomenological methods is the
one based on purely statistical models for the nucleation of aerosols. Generally, it is clear
that these models do not utilize or provide a molecular understanding of the considered
processes. A fair number of models exists for describing the interactions of a spherical
and classical particle scattering off a plane, isotropic, homogeneous surface. These models
do not include any molecular detail and will never be able to differentiate among differ-
ent molecules, except on a basis of size and mass[3]. On the other hand, the microscopic
models cover methods where a small number of molecules interact with the approaching
molecule. These models enable a molecular understanding of the changes in the struc-
tures and properties of the approaching molecule. Unfortunately, the very small number of
molecules included in the models renders these approaches insufficient with respect to an
appropriate description of the bulk properties of the aerosol particle[8–10]. The number
of models that utilize a bulk description of the aerosol particle and a quantum mechanical
method for the approaching molecule is limited.

The above considerations suggest that there is a need for microscopic models to provide
an understanding of the interactions between gas molecules and atmospheric particles on
the molecular level.

Atmospheric gas-phase species can nucleate to form aerosol particles, influence the
growth of aerosol particles and the chemical composition of aerosol particles. Therefore,
in order to model heterogeneous chemistry/aerosol dynamics it is important to known

1. absorption rate constants,
2. desorption rate constants,
3. sticking coefficients, and
4. surface reaction coefficients (if the gas-phase molecule is able to react on the surface of

the aerosol)

of the molecule impinging on the aerosol particle. In Section1.1 a general description of
the interactions between a molecule or atom and an Aerosol Particle/surface (AP) is given,
and the general equations describing these quantities are derived. Even though it is rather
simple to setup these general equations it is not trivial to estimate the sticking coefficient.
This paper will describe how the absorption, desorption and surface reaction rate constants
can be calculated using statistical mechanics, and a new model to calculate sticking coef-
ficients will be presented. This model is a QuantuM-STatistical (QM-ST) model based on
statistical mechanics and phase-space theory. The QM-ST model can also be used to calcu-
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late the same parameters forN -Atomic Molecules (NAMs) colliding with cloud droplets
and with small modifications for an NAM interacting with a surface.

A theoretical description of an atomic or molecular system colliding with an aerosol
particle involves the following six cases: an atom, a di-atomic molecule, a linear tri-atomic
molecule, a spherical top molecule, a symmetric top molecule or an asymmetric top mole-
cule colliding with an Aerosol Particle (AP). For simplicity we will in this paper only
describe the case where the symmetry of the colliding NAM is asymmetric since it is rel-
atively easy to revise the equations for the asymmetric case to cases where theN -atomic
molecule belongs to a symmetry point group of higher symmetry. In Section2 the new
model to calculate sticking coefficients is reviewed. The new model is tested on three
NAM–AP systems:

1. H2/Pd(100) (Section3.1),
2. CO/Cu(111) (Section3.2), and
3. CH3OH/H2Ol (Section3.3).

In Sections3 and4 the results for these three NAM–AP systems are presented and dis-
cussed.

1.1. Interaction between anN-atomic molecule and an aerosol particle

The interaction between a molecule or atom and a liquid or solid AP can be treated almost
similar to the interaction between a NAM and a surface. Therefore a NAM–AP interaction
can usually be divided into the following elementary steps:

1. diffusion of the molecule to the AP,
2. adsorption of the molecule at the AP,
3. chemical reaction on the AP,
4. desorption of products from the AP, and
5. diffusion of products away from the AP.

In general, steps one and five are rapid. The rate determining steps are two, three and four.
An N -atomic molecule can be attached to aerosols by physisorption and chemisorption.
In physisorption the molecule is kept on the aerosol by van der Waals interactions and
electrostatic interactions. In chemisorption the molecules stick to the aerosol by forming
a chemical bond. The adsorption of the molecule at the aerosol can be divided into three
cases:

1. As the NAM approaches the AP, its energy drops and it becomes physisorbed,i.e.,
a non-reactive gas (Ag) is adsorbed on the AP:

(1)Ag
kads
⇋
kdes
AAP

kadsandkdesare the adsorption and desorption constants, respectively.
2. As the NAM approaches the AP, its energy drops as it becomes physisorbed followed

by chemisorption as the NAM forms chemical bonds with the surface of the AP (usually
taking place by bond breaking in the molecule or reacting with an adsorbed species at
the aerosol). The process from physisorption to chemisorption occurs over an energy
barrier (Ea) and this leads to the last two cases:
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(a) Ea might be so low that it does not rise above the energy of the system (Esys) when
the molecule is located at an infinite distance from the aerosol,i.e.,

(2)Ag
kabs
⇋
kdes
AAP

kreac→ BAP

k′des
⇋
k′abs

Bg

wherekreacis the rate constant ofA if it reacts with the aerosol or a specie absorbed
on the aerosol, andk′

absandk′
desare the adsorption and desorption constants for the

second process, respectively.
(b) Ea is above the energy of the system when the molecule is situated at infinite sepa-

ration from the aerosol. If quantum effects are ignored we have

(3)Ag
kabs
⇋
kdes





AAP if Esys< Ea,

AAP
kreac→ BAP

k′des
⇋
k′abs

Bg if Esys � Ea .

This means that for case 2(a) the chemisorption is not an activated process, while case 2(b)
has an activation energy barrier (Ea). Therefore, if quantum effects such as tunneling are
not considered then the NAM needs energy higher thanEa in order to be chemically ad-
sorbed on the AP. The maximum observed energies for physisorption are in the range from
20 to 90 kJ/mol whereas the energies of chemisorption are in the range from 150 to more
than 400 kJ/mol.

The ability ofA to be adsorb when it hits the AP depends on the extent the solid aerosol
is covered or the liquid aerosol is saturated, and if the reaction path for the NAM–AP sys-
tem has an energy barrier or not for chemical adsorption. If we assume the same physical
behaviors as done for the derivation of the Langmuir isotherm[12]:

1. adsorption cannot proceed beyond the mono-layer coverage,
2. all sites are equivalent and the aerosol is uniform (i.e., perfectly flat), and
3. the ability of a molecule to adsorb at a given site is independent of the occupation of

the neighbor site.

Let pcl (i.e., the accommodation coefficient) denote the probability ofA to be adsorbed
on a clean aerosol particle. From a physical-chemical point of view when a molecule ap-
proaches a surface,e.g., an AP, it most deliver energy to the phonon-bath on the AP in order
to be physisorbed on it. Thus, the sizes of the kinetic, rotational and vibrational energies
of the incoming NAM are of fundamental significance in order to determine the probabil-
ity whether or not the molecule will be physisorbed on the AP. On the other hand, since
the size of the AP (or surface) is much larger than the NAM, it is reasonable to assume
that:

1. mA ≪ mAP �⇒ µ ≈ mA (µ is the reduced mass betweenAg and the AP andmA is
the mass ofAg),

2. the rotational and vibrational energies (states) of the AP do not change after a molecule
has collided with it (i.e.,
EAP

vib = EAP
vib,f − EAP

vib,i ≈ 0), and
3. the AP (or surface) is fixed in space and onlyAg is able to move.

Thereby, we obtain the state to state adsorption rate ofA on an AP (or surface) from
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classical collision theory as[13]:

vads
Ag

= [Ag]
4
S

√
8kbT

π m

∞∫

0

d(Etrans/kbT )exp(−Etrans/kbT )Etrans/kbT a

× (1 − θ)pcl
(
Etrans, v̄

i, j̄ i, v̄f, j̄ f)a

= [Ag]
4
S

√
8 kb T

π m
(1 − θ)

〈
pcl
(
T , v̄i, j̄ i, v̄f, j̄ f)〉a

(4)= [Ag]kabs
(
T , v̄i, j̄ i, v̄f, j̄ f)a

where [Ag] is the gas-phase concentration ofAg, S is the symmetry factor for the re-
action describing the adsorption process on the AP,Etrans is the kinetic energy of the
relative translational motion between the center of masses ofAg and the aerosol par-
ticle, kb is Boltzmann constant,T is the temperature,θ is the fraction of the aerosol
that is covered byAg, v̄x is the vibrational quantum numbers of the moleculeAg,
and j̄x is the rotational quantum number of the moleculeAg (x = i = initial, or
f = final). The last quantitya is equal to the surface-area concentration (square cen-
timeters of surface per cubic centimeter of air) of all particles on which reactions oc-
cur.

We observe thatkabs in equation(4) depends on an initial specific chosen ro-vibrational
state andEtrans, and the final ro-vibrational state ofAg. This rate of absorption can be
summed by different methods utilizing either complete or simplified distributions. For ex-
ample, by assuming a Boltzmann distribution over the initial ro-vibrational state and then
summing up over the initial and final ro-vibrational quantum numbers we can write the
total rate of absorption including the symmetry factor as:

(5)kabs(T ) = S
1

4

√
8kbT

πm
(1 − θ)

〈
pcl(T )

〉
a

This equation is identical to the one generally used in atmospheric chemical-aerosol mod-
eling, see,e.g., Jacobson[14].

It is reasonable to assume that the desorption ofAg from the aerosol is proportional to
the amount ofAg adsorbed on the aerosol. Therefore, we can write:

(6)vdes
Ag

= kdes[AAP] = kdesaθ

and the differential equation system for the general case is:

d[Ag]
dt

= −kabs[Ag] + kdes[AAP],

(7)
d[AAP]

dt
= kabs[Ag] − kdes[AAP] − kreac[AAP].

At equilibrium the net change of[AAP] andθ are zero, that means d[AAP]/dt = 0. Using
that on equation(7) we get

(8)kdes+ kreac= S
1

4

√
8kbT

πm
〈pcl〉[Ag]

1 − θeq

θeq
.
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From statistical mechanism the equilibrium constant,Keq, for a gas-phase moleculeAg
colliding with an unit surface is given as

(9)Keq =
k1

abs,eq

kdes+ kreac

where

(10)k1
abs,eq = kabs,eq/a.

From equation(7) it is observed that

(11)Keq =
k1

abs,eq

kdes+ kreac
= [AAP]eq

[Ag]
= θeq

[Ag]
which gives

(12)θeq = Keq[Ag].
This shows that the fraction of the surface that is covered byAg at equilibrium depends on
the rate of whichAg is impinging at the surface. If equation(12) is inserted in equation(8)
we obtain a quantity which can be used to calculatekdes+ kreacor kdes if either kreac = 0
or kreac is known.

2. STICKING COEFFICIENT MODEL

We have presented a QM-ST method based on phase-space theory[15] that can be used to
calculate rate constants for gas-phase reactions[16,17]. However, it was concluded from
this work that the QM-ST method always overestimate the rate constants for gas-phase
reactions. Since the interactions between an NAM and AP are expected to be described
more appropriately using this QM-ST approach we find that the rate constants calculated
for these systems are more reliable.

The sticking coefficient is a property which only is related to the absorption process on
an aerosol or surface. In order to calculate this physical quantity we shall only consider
the forward process of reaction(1). Therefore, we consider the situation where an NAM is
colliding with an AP:

(13)Ag → [Ag · · · AP]† → AAP.

Opposite to gas-phase reactions[16,17] the process described by reaction(13) can only
take place through a channel that describes the interaction from reactants to the complex
formation[Ag · · · AP]† (we will denote this channel i), and a channel from[Ag · · · AP]† to
the productAAP (we will denote this channel f).

The NAM and the aerosol particle have the option of being in the different states and
ending up as various products. The states of such systems are specified by the molecules’
vibrational quantum numbers,v̄x , rotational quantum numbers,(j̄x, j̄xz ), the relative trans-
lation energy(Extrans), and finally the orbital angular momentum quantum numbers(lx, lxz ).
The motion of the center of mass ofA relative to AP does not affect the statistics, therefore
it is ignored.
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The theory of phase-space methods can be derived in several ways; here a derivation
based upon quantum mechanics is given. Phase-space methods are based on three assump-
tions:

• conservation rules and detailed balance (Assumption 1),
• formation (Assumption 2) of the collision complex ([Ag · · · AP]†), and
• decomposition (Assumption 3) of [Ag · · · AP]†.

ASSUMPTION 1. The conservation laws and detailed balancing must be obeyed. Thus,
energy, total angular momentum and its projection on one axis, and linear momentum
must be conserved. The total energy of the reactants in reaction(13) is

(14)Etot = Etrans+ Evib + EAP
vib + Erot + EAP

rot + V.

The first term is the kinetic energy ofA relative to AP. The second and third terms are the
vibrational energies ofA and AP, respectively. The fourth and fifth terms are the rotational
energies ofA and AP, respectively. For an asymmetric top molecule expressions for the
ro-vibrational energy can be found inFig. 1. For molecules with another kind of symmetry
expressions of the ro-vibrational energy can be found in Refs.[16,17].

The last term in equation(14) is the potential energy of the system. Additionally, we
assume thatEAP

vib andEAP
rot do not change after a collision with NAM has occurred, and we

Evib =
s∑

i

(
vi + 1

2

)
h̄ωi =

s∑

i

Ei

whereωi is the vibrational frequencies for thes = 3n− 6 oscillators andvi = 0,1,2, . . .

Erot = C1j (j + 1)+ C2k
2

+ C2

(
k2

∞∑

n=2

ε0nC
n
3 + j (j + 1)

∞∑

n=1

ε1nC
n
3 + j2(j + 1)2

∞∑

n=2

ε2nC
n
3 + · · ·

)

= E1
rotj + E1

rotk + E2
rotk + E2

rotj + E3
rotj + · · ·

whereIc > Ib > Ia , a = h̄2

2Ia
, b = h̄2

2Ib
, andc = h̄2

2Ic
.

Theε constants are given in Ref. [18].
For the near-prolate case (b ≈ c) C1 = (b + c)/2, C2 = a − (b + c)/2, andC3 =
b−c

2(2a−b−c) .

For the near-oblate case (a ≈ b) C1 = (a + b)/2, C2 = c − (a + b)/2, andC3 =
a−b

2(a+b−2c) .

kc = j whenk = 0, kc = j − k when lower andkc = j − k + 1 when upper.
a, b andc describe the three mutually perpendicular principal axes.

Fig. 1. Expressions for the quantum mechanical vibrational energy using the harmonic
oscillator approximation and rotational energy using the rigid rotor approximation[18] for
an asymmetric top molecule.h̄ is Planck’s constant divided by 2π .
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have that

(15)E′
tot = Etrans+ Evib + Erot + V

also must be conserved.
The total angular momentum (J̄ ) is a summation of the orbital angular momentum (l̄)

and the rotational angular momenta for the reactants (j̄ , j̄AP) in reaction(13):

(16)J̄ = l̄ + j̄ + j̄AP ≈ l̄ + j̄ .

ASSUMPTION 2. Two conditions must be fulfilled for a[Ag · · · AP]† to be formed: the
total energy ofA colliding with the aerosol particle exceeds the barrier of the effective
potential energy (i.e., the sum of the inter-molecular potential and centrifugal energy) and
if the kinetic energy of the NAM–AP system is sufficient to cross the barrier, a maximum
value ofLi , Limax, for which scattering occurs will exist. Based upon these assumptions,
the probability of forming[Ag · · · AP]† from every channel is one if the energy of reacting
molecules exceed the barrier of the effective potential energy andli is less than or equal
to limax. Otherwise it is zero.

ASSUMPTION 3. Decomposition of[Ag · · · AP]† is uncorrelated with the modes of the
reactants except through conservation laws and detailed balancing. Hence, there is an equal
probability to decompose[Ag · · · AP]† into the different channels.

The validity of these three assumptions are discussed in Refs.[16,17]. Assumption 3is
reasonable for reactions where the lifetime of a[Ag · · · AP]† is long, since then there is
an equal probability of the[Ag · · · AP]† decomposing into the available manifolds of the
different reaction channels. On the other hand, if the reaction is very fast our method will
overestimate the rate constant. This has been shown to be a problem for some gas-phase
reactions with fast decomposition rates. Furthermore, when the phase-space method is used
to estimate sticking coefficients for NAM–AP systems, the NAM exchanges energy with
the phonon bath of the aerosol.

As assumed in equation(15), small changes ofEtot will not change the phase-space
of AP (NAP) only the phase-space of NAM (N ). Based on this assumption and follow-
ing the methodology described in Ref.[16] the state to state reaction probability (pcl) of
reaction(13)becomes

(17)pcl
(
Etrans, v̄r

i, v̄r f, J
)

=
(

N(v̄r f, Etrans, J )

N(v̄r i, Etrans, J )+N(v̄r f, Etrans, J )

)

where the compact form̄vrx is used to describe the total number of rotational and vi-
brational quantum numbers of the NAM and AP. The reaction probability given here
depends on a specific chosen initial and final relative velocity between NAM and AP
and their ro-vibrational state. Less complete distributions can be obtained by assuming
a Boltzmann distribution over the initial ro-vibrational states and then summing over the
initial and final ro-vibrational quantum numbers as described in Ref.[16] and in equa-
tion (5).

However, in equation(17)pcl depends onJ compared with equations(4) and (5). Two
different methods have been used to sum overJ :
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〈
p

ph,av
cl

(
Etrans, v̄r

i, v̄r f)〉

(18)=
Jmax∑

J=0

( ∑
v̄r f N(v̄r f, E′

tot, J )∑
v̄r i N(v̄r i, E′

tot, J )+∑v̄r f N(v̄r f, E′
tot, J )

)
× J−1

max

and

〈
p

ph,wg
cl

(
Etrans, v̄r

i, v̄r f)〉

=
Jmax∑

J=0

(2J + 1)

( ∑
v̄r f N(v̄r f, E′

tot, J )∑
v̄r i N(v̄r i, E′

tot, J )+∑v̄r f N(v̄r f, E′
tot, J )

)

(19)×
(
Jmax∑

J=0

(2J + 1)

)−1

.

In the last equation we have assumed thatpcl ×σ(pcl = 1) = σ(pcl), σ(pcl) is the reaction
cross-section of reaction(13).

2.1. Calculation ofN(Etot, J )

In this section we describe how the total number of states,
∑
v̄rx N(v̄r

x, Etot, J ) =
N(Etot, J ) can be calculated. However, we will not derive the equation for all six NAM
cases colliding with an AP, instead we will present the equations for the case where A is
an asymmetric top molecule. It is relative easy to revise the equations for the other five
simpler systems. Furthermore, we use the following notation:vmax = largest allowed vi-
brational quantum number,jmax = largest allowed rotational quantum number (seeFig. 2,
similar expressions for the other types of molecular symmetric point groups can be found
in Refs.[16,17]), andlmax = largest allowed orbital angular momentum quantum number
for the molecule, see Section2.2.

From equation(15)we define the available energy as

(20)Eavab= E′
tot − Evib − V.

The first step in the evaluation ofN(E′
tot, J ) is to calculate the number of accessible states

related to the rotational motion when the vibrational motion of the molecule is constant
N(v̄, E′

tot, J ).
An asymmetric top molecule[18] has three rotational quantum numbersj , k andkc.

Whenk = 0, kc = j , otherwisekc is equal toj − k or j − k + 1. Let
⊎
kc

describe the
summation overkc as described above, then the number of accessible states whenA is an
asymmetric top molecule is given by

(21)N(v̄, Eavab, J ) =
jmax∑

j=0

j∑

k=−j

⊎

kc

J+j∑
{ l=|J−j |
l�lmax

}
1
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vmax1 = Etot − V

h̄ω1
− 1

2

vmax2 = Etot − V − E1

h̄ω2
− 1

2

...

vmaxs−1 = Etot − V −∑s−2
i=1 Ei

h̄ωs−1
− 1

2

vmaxs = Etot − V −∑s−1
i=1 Ei

h̄ωs
− 1

2

whereωs is the vibrational frequencies for thes oscillators.
Ei is defined in Fig. 1.

jmax(jmax + 1) = f (Ea) = the inverse of the expression for the energy of the asymmetric
top molecule atk = 0

k2
max = Ea − C1j (j + 1)− C2j (j + 1)

∑∞
n=1 ε1nC

n
3 − C2j

2(j + 1)2
∑∞
n=2 ε2n(C3)

n + · · ·
(C2 + C2

∑∞
n=2 ε0n(C3)n)−1

Fig. 2. Expressions describing how to select the maximum vibrational (vmax) and rota-
tional (jmax andkmax) quantum numbers for an asymmetric top molecule taking part in a
NAM–AP collision.Etot andV are the total energy and the potential energy, respectively,
for the system under investigation.Ea is the available energy for the vibrational degrees of
freedom. TheC andε constants are defined inFig. 1. h̄ is Planck’s constant divided by 2π .

wherelmax is given in Section2.2. The next step is to perform the summation over the
vibrational motion for the asymmetric molecule. If we define the following term:

(22)S
Asy
s =

s∏

l=1

( v
Asy
maxl∑

v
Asy
l =0

1

)
,

the total number of states is:

(23)N(Etot, J ) = S
Asy
s ×N(v̄, Eavab, J ).

2.2. Assignment of maximum orbital angular momentum

The most critical part of the theory lies in the choice of the requirements for the collision
complex. The collision complex is formed when the kinetic energy of the NAM–AP system
exceeds the barrier of the effective potential, and the orbital angular momentum is less than
or equal to the maximum orbital angular momentum. Since a non-activated adsorption
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process does not have a potential energy barrier, it can be handled in the same manner
as reactions without potential energy barriers as described by Grosset al. [16]. For these
reactions there exists a distancer∗ where the complex NAM–AP is strongly coupled, and
it is reasonable to believe thatr∗ is approximately independent of the two species’ internal
energy, relative translational energy between them, and their rotational angular momenta.
We assume that the maximum of the effective potential occurs in that attractive region
of the potential energy surface, and therefore the short-range part of the potential can be
neglected. Effectively, the potential between the molecules in the channels is

(24)Veff = VLR + l(l + 1)h̄2

2mA
R−2

whereVLR is the long-range potential. From this potential we can evaluate at whichR the
effective potential has its maximum value. The maximum angular momentum,lmax(lmax+
1)h̄2 (h̄ = h/2π whereh̄ is Planck’s constant), is then given by

(25)lmax(lmax + 1)h̄2 = nLRmAΓ
2/nLR

(
2Etrans/(nLR − 2)

)1−2/nLR

where the magnitude ofΓ corresponds to the long-range term (nLR) in the (nSR, nLR)-
Lennard–Jones potential. This equation is most applicable to low energy conditions, but
at higher energies the maximum impact parameter,bmax, given by this equation can be
lower thanr∗. This should not be allowed, therefore it is more reasonable to letbmax
be the maximum of these two values. The result, expressed in maximum orbital angular
momentum, is

(26)lmax(lmax + 1)h̄2 = max

{
nmΓ 2/n(2Etrans/(n− 2))1−2/n,

2mEtrans(nΓ − 2Γ )2/n(2Etrans)
2/n.

These equations show that we need to obtain information about the long-range potential in
order to apply the QM-ST model.

3. TESTS OF THE QUANTUM-STATISTICAL MODEL

Experimental and theoretical estimations of accommodation coefficients on liquid aerosols
are very difficult to obtain, such calculations have therefore been performed for very few
systems. Therefore we have developed a new simple theoretical method to calculate accom-
modation coefficients for molecules impinging on aerosols or surfaces with the purpose of
estimating this quantity for the interaction between molecules and atmospheric aerosols.
The simplicity of the model is related to the fact that the QM-ST model only requires
spectroscopic data of NAM and the potential energy difference between the reaction and
product channel of reaction(13).

Due to very sparse calculations of accommodation coefficients of molecules colliding on
atmospheric aerosols the first tests of the new model have been the following two hetero-
geneous catalytic molecule metal surface reactions: the non-activated adsorption reaction

H2 + Pd(100)→ H2 Pd(100) (27)

and the physisorption reaction

CO+ Cu(111)→ COCu(111). (28)
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Finally, the method has been used to calculate accommodation coefficient for the at-
mospheric relevant system:

CH3CHO+ H2Ol → CH3CHOH2Ol . (29)

3.1. H2 + Pd(100)→ H2 Pd(100)

In order to apply the QM-ST model we have used the spectroscopic data for H2 from
Herzberg[19] and potential information from Gross[20] to calculate the total accommo-
dation coefficient for the system. The results are compared with results from a 6D quantum
dynamics calculation[20], and molecular beam adsorption experiments by Rendulicet
al. [21] and Rettner and Auerbach[22]. The results from these four studies are shown in
Fig. 3.

3.2. CO+ Cu(111)→ COCu(111)

The spectroscopic data for CO and potential information of the CO+ Cu(111) reaction
used to calculate the accommodation coefficient for the CO/Cu(111) system were taken
from Herzberg[19] and Geet al. [23], respectively. InTable 1the results from the QM-ST
model as a function ofEtransand the rotational quantum number are shown together with
a quantum-classical study from Geet al.

3.3. CH3OH + H2Ol → CH3OHH2Ol

For calculation of the accommodation coefficient for the CH3OH/H2Ol system we have
used the parameters from Clementiet al. [24] to estimate the reaction part for methanol

Fig. 3. Accommodation coefficient as a function ofEtrans for H2 colliding with a Pd(100)
surface. Dotted line: 6D quantum dynamics, beam simulation[20]. Solid line: H2 mole-
cular beam experiment under normal incidence[21]. Big dots: H2 effusive beam scat-
tering experiment with an incidence angle of 15◦ [22]. Dashed line:〈pph,wg

cl 〉, this work.

Long-dashed line:〈pph,av
cl 〉, this work.
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Table 1. Accommodation coefficient for CO colliding with a Cu(111) surface at different
initial translation energies (ECO

trans) and rotational quantum numbers

Etrans/eV jCO 〈pqm,cl
cl 〉 〈pph,av

cl 〉 〈pph,wg
cl 〉

0.446 0 0.49 0.49 0.59
1.00 0 0.40 0.35 0.48
5.16 0 0.38 0.042 0.058
8.00 0 0.42 0.090 0.15

1.00 0 0.40 0.35 0.48
1.00 10 0.33 0.35 0.48
1.00 12 0.25 0.27 0.37

For all the calculationsECO
vib = 0.134.pqm,cl

cl is a quantum-classical simulation from Geet al. [23]. 〈pph,av
cl 〉 and

〈pph,wg
cl 〉 are from this work.

Fig. 4. Potential energy as a function of the reaction path between the center of mass
distance between CH3OH and the liquid water aerosol calculated from the atom-atom po-
tential given in Clementiet al.[24]. Big dots: estimated potential energies from Clementiet
al. Solid line: fit of the estimated potential energies with a (10,5)-Lennard–Jones potential.

approaching a liquid water aerosol. The result from this calculation is shown inFig. 4. We
observe that the potential behave as a (10,5)-Lennard–Jones potential, and it has the typical
feature of a physisorption of a molecule on an aerosol;i.e., a reaction without a potential
energy barrier. The spectroscopic data of methanol was obtained using Gaussian 98[25].
The results from this calculation are presented inTable 2.

Opposite to the case where a molecule sticks to a solid aerosol or surface it is possible
for the molecule to have rotational energy when it is captured by a liquid aerosol. However,
the rotational motion is not as free as in the gas-phase. Therefore, in this study we have cal-
culated the accommodation coefficient for the case where CH3OH is able or is not able to
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Table 2. Table of vibrational frequencies and momentum of inertia of
CH3OH from theab initio calculations performed using Gaussian 94

Vibrational frequencies / cm−1

346.4323 1088.9005 1114.7048 1196.9140 1403.6295
1517.6718 1518.0882 1537.4890 3045.0206 3109.5960
3183.1410 3924.3900

Momentum of inertia / amua2
0

14.11657 72.46625 75.14391

The electronic structure calculation theory used is MP2 and the basis set is 6-31G∗.

Fig. 5. Accommodation coefficient as a function ofEtransand temperature for CH3OH col-
liding with a liquid water aerosol. Solid line: accommodation coefficient estimated based
on the assumptions that CH3OH cannot rotate after it has been physisorbed on the aerosol
and three equal probable reaction channels exists. Dashed line: accommodation coefficient
estimated based on the assumptions that CH3OH can rotate after it has been physisorbed
on the aerosol and only one probable reaction channel exist. Dotted-dashed line: accom-
modation coefficient estimated based on the assumptions that CH3OH can rotate after it
has been physisorbed on the aerosol and three equal probable reaction channels exists.

rotate. Furthermore, we have also assumed for some of the calculations that the degeneracy
of the reaction channel shown inFig. 4 is three. This degeneracy correspond to the possi-
ble number of hydrogen bonds which can be formed between CH3OH and H2O. Thus, in
Fig. 5we have plotted the following results:〈pqm,av

cl 〉 and〈pqm,wg
cl 〉 as a function ofEtrans

(left-hand side figure) and the temperature (right-hand side figure) for the three cases. The
three case are: methanol does not rotate after it has been physisorbed on H2Ol and the de-
generacy of the reaction channel is three (the two lowest plots inFig. 5), methanol is able
to rotate after it has been physisorbed on H2Ol and the degeneracy of the reaction channel
is one (the third and fourth lowest plots inFig. 5), and methanol can rotate after it has been
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physisorbed on H2Ol and the degeneracy of the reaction channel is three (the two highest
plots inFig. 5).

4. DISCUSSION OF THE RESULTS

4.1. H2 + Pd(100)→ H2 Pd(100)

While the H2/Cu system serves as benchmark system for activated adsorption[26–31], then
the H2/Pd has been used as a standard system for studying non-activated adsorption[20,
21,32–40]. Opposite to the majority of NAM–AP systems the interaction between H2 and
Pd(100) does not have a potential energy barrier for the reaction paths towards dissociative
adsorption. However, based on the theoretical concept in the QM-ST model introduced in
the paper it can be used to calculate sticking coefficients for this type of reactions too, since
it does not have a potential energy barrier along its reaction path.

The agreement between our model and the experiments is satisfactory. Especially
〈pph,wg

cl 〉 is in a good agreement with the experiments from Rendulicet al.[21] and〈pph,av
cl 〉

is in a good agreement with the experiments from Rettner and Auerbach[22]. The 6D
quantum dynamics calculation decreases much faster at lowEtrans than the experiments
and the QM-ST calculation. Moreover, from 0.1 to 0.5 eV the accommodation coefficient
increases for the 6D quantum dynamics calculation while for the QM-ST calculationpcl
decrease from 0.0 to 0.5 eV. Rendulic et al. have only estimatedpcl for Etrans from 0.0 to
0.07 eV while the results from Rettner and Auerbach[22] ranges from 0.0 to 0.425 eV. The
latter experiment has almost a constant accommodation coefficient from 0.1 to 0.425 eV,
however a small increase from 0.4 to 0.425 eV can be observed. It is difficult to conclude
if this is a significant increase ofpcl since it is only observed over this very small energy
interval. FromFig. 3we observe that〈pph,wg

cl 〉 is in better agreement with the experiments

from Rendulicet al. [21] than the 6D quantum dynamics calculations, and〈pph,av
cl 〉 is in

better agreement with the experiments from Rettner and Auerbach[22] than the 6D quan-
tum dynamics calculations.

4.2. CO+ Cu(111)→ COCu(111)

The CO/Cu interaction has been much less studied than the H2/Pd interaction. However,
Ge et al. [23] have modeled the physisorption of CO on Cu(111). This process does not
have a potential energy barrier[23]. Moreover, we have also tested the usefulness of the
QM-ST model to estimate the dependence of the accommodation coefficient on different
initial rotational energies.

A comparison of the results from the QM-ST study with that of the quantum-classical
study shows remarkable good agreement atEtrans = 0.446 and 1.00 eV while at the very
high energies,Etrans = 5.16 and 8.00 eV the QM-ST method estimated too low sticking
coefficients. Even for the study of the rotational energy dependence the agreement between
the dynamical and statistical method is very good.

4.3. CH3OH + H2Ol → CH3OHH2Ol

The purpose for developing the QM-ST model was to develop a simple method to calculate
accommodation coefficients for systems observed in the atmosphere. Therefore, we have
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tested the new method on an atmospheric relevant system: the collision of the simplest
alcohol on liquid water. The chemistry of alcohols in the atmosphere is interesting since it
is used as alternate fuels, including blends with gasoline. The concentration of methanol in
the atmosphere is in the range from 1 to 20 ppbV[41] and ethanol from 0.1 to 1 ppbV[41].

We observe that a rotational effect of CH3OH on H2Ol has a very large impact on
the sticking coefficient. The sticking coefficient increases by a factor of four to five
from Etrans ≈ 0.1 to 0.5 eV and by a factor of approximately two for〈pqm,av

cl (T )〉 and
〈pqm,wg

cl (T )〉 between 200 and 300 K.
The temperature dependence of the sticking coefficient calculated inFig. 5 has never

been estimated experimentally or theoretically, however Jayneet al. [5] have assumed that
〈pcl(T )〉 = 1 during the evaluation of their experiment. We observe, if this assumption is
correct then CH3OH most have a rotational degree of freedom when it is physisorbed on
the liquid water aerosol.

4.4. Summary

For NAM–AP systems without a potential energy barrier along the reaction path the pre-
sented QM-ST model will always give a sticking coefficient which approaches one asEtrans

approaches zero, and approach zero asEtrans approaches infinity. These features are ob-
served for all three systems we have tested the model on, seeFigs. 3, 4, andTable 1.
However, the experimental results displayed inFig. 3, and the dynamical calculations dis-
played inFig. 3 and Table 1demonstrate that this is not always a correct picture. The
H2/Pd(100) and CO/Cu(111) systems have a horizontal asymptote asEtrans increases.
However, the QM-ST model is developed with the purpose of calculating accommodation
coefficient for atmospheric relevant systems, and this means forEtrans ∈ [0.0 eV; 0.3 eV]
andT ∈ [200 K; 300 K]. Within these intervals the QM-ST model seems to be very suc-
cessful.

5. CONCLUSION

This paper presents the first results of a new QM-ST model which can be used to calcu-
late total sticking coefficients for molecules/atoms impinging on an aerosol/surface. The
advantage (usefulness) of the model is that very limited number of parameters are needed
to calculate the accommodation coefficient. Spectroscopic data for the molecule impinging
on the aerosol and the potential energy difference between the reaction and product chan-
nels. All these parameters can with good accuracy be calculated using electronic structure
theory. However, if it is possible to use full reaction dynamics to calculate the sticking
coefficient for a molecular/aerosol system then this method will, of course, be preferable.
Unfortunately, reaction dynamics need full potential energy information and this is only
known for very few NAM–AP systems.

Even though the model cannot be used to get a molecular understanding for the NAM–
AP problem it can be used to calculate total accommodation coefficient values, and this
was also the main purpose of developing the model, since we want to use the results from
the QM-ST model in macroscopic atmospheric chemical models.
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A comparison of the results, of the systems we have tested the model on in this paper,
show that the QM-ST model gives results which are very similar to those obtained using
experimental or dynamical methods.

In conclusion, we predict that the QM-ST model presented in this paper is valuable tool
to estimate accommodation coefficients for molecules impinging on aerosols. However,
further test on other systems are needed.
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Abstract
The phenomenon of birefringence, the anisotropy of the refractive index induced in light when it impinges on
matter subject to generally spatially inhomogeneous, electric and/or magnetic induction fields, is discussed. It is
shown how the subject presents challenges for theory, computation and experiment. Examples are given for the
Cotton–Mouton and Buckingham effects, and for magnetochiral, Jones and magneto-electric birefringences.
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1. INTRODUCTION

Optical anisotropies, or birefringences[1–3], may occur when radiation impinges on matter
in the presence of external electromagnetic fields. Several types of birefringence can be
observed depending on the status of polarization of light, geometrical setup, symmetry
of the sample subject to radiation and type of external field. Typical and most common
examples, known since more than a century, are the linear birefringence observed when
polarized light interacts with a sample in the presence of an external electric field with a
component perpendicular to the direction of propagation (Kerr effect)[4–6], or the circular
birefringence occurring when again linearly polarized light impinges either on a chiral
sample (natural optical activity) or on any sample traversed by a static magnetic induction
field with a component parallel to the direction of propagation of the beam (Faraday effect)
[7,8,2].

Birefringences can be linear, circular or axial. A “linear” birefringence leads to the in-
surgence of an ellipticity, due to the anisotropy of the components of the refractive index
parallel and perpendicular, respectively, to the applied external field. “Circular” birefrin-
gence results into a rotation of the plane of polarization due to an anisotropy arising
between the right and left circular components of linearly polarized radiation. An “ax-
ial” birefringence is observed, for instance, in non-polarized light traversing an assembly
of chiral molecules in the same conditions as for the regular Faraday effect (magnetochiral
birefringence, see below). It leads to a phase difference between beams traversing in oppo-
site direction through the sample, which in turn yields a measurable difference of intensity
in the two counterpropagating beams.

In the last decade there has been a lot of activity in the field of theoretical and computa-
tional analysis of birefringences. Here we review some of the recentab initio work, mostly
involving the authors, on some optical anisotropies,i.e., the linear birefringences induced
by an externally applied magnetic induction field (Cotton–Mouton effect, CME)[9,10], an
electric field gradient (Buckingham effect)[11,12] or mixed electric and magnetic induc-
tion fields (Jones and magneto-electric birefringences)[13–16]and the axial magnetochiral
birefringence[17,18,3,19,20]. The emphasis will be in presenting and discussing the chal-
lenging aspects of these processes, in particular with reference to the comparison between
theory and experiment. Strengths and weaknesses of the current computational strategies
will be outlined, and it will be shown how theory and experiment can be complementary,
one coming “to the rescue” of the other in some instances, and how in this interaction
both approaches—the computational and the experimental—find ample chances to yield
improvements, ultimately leading to advances both on the theoretical understanding of
molecular properties and interaction of matter and radiation and on the technology and de-
sign of efficient optical apparata. Birefringences provide, in our opinion, an ideal test bed
for theory, computation and experiment.

The CME[9,10] has been widely studied in our group, and several aspects of interest
for this review have been analyzed in detail. Computational tools permit extremely accu-
rate estimates of the effect in atoms and spherical molecules, where this birefringence, as
are those induced by an electric field or an electric field gradient, is entirely determined
by high order polarizabilities describing the rearrangement of electrons under the influ-
ence of fields and radiation[21]. The same response functions yield also a non negligible
contribution to the CME of non spherical systems, a contribution that can be singled out
experimentally by a delicate and often very difficult extrapolation of measurements taken
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at different temperatures. Examples will be given of the amount of information a compu-
tational study can provide on the subject[22]. On the other hand, achieving an accuracy
comparable to that of experiment is still very often the ultimate goal forab initio studies of
the other, lower order, properties involved in the effect, in particular the molecular magne-
tizability anisotropy. In the following we will discuss these aspects by making recourse to
the experience gathered on several systems and exploiting different computational models
and techniques. The success of the close collaboration with the experimentalists working
on the field will also be highlighted.

The electric-field-gradient induced linear birefringence (Buckingham effect)[11] is an-
other typical example of a process which requires extra accuracy, both from the point of
view of the experiment and of computational science. Also, the theory of the effect has
been until very recently the subject of open discussion[12,23–27]. This birefringence is at
the basis of one of the most successful techniques for the experimental determination of
molecular quadrupole moments[11]. The status of the art of the field will be briefly dis-
cussed, with special emphasis on some very recent studies which have brought to attention
a remarkable disagreement of the literature on the molecular theory of the effect, and also
led to a revision of some of the experimentally derived values of the molecular quadrupole
of molecules, for example of N2 [28], CO[29] and Cl2 [30].

When unpolarized light passes through a sample of chiral molecules in the presence of an
external magnetic induction field parallel to the direction of propagation of the radiation an
axial birefringence is observed[17,18,3,19,20]. Two groups measured the resulting phase
difference and they disagree quite noticeably on the magnitude of the effect for systems
such as proline, limonene and carvone[31–33]. We analyzed this process[34] and, in
spite of the approximations made, and of the strong dependence of the response of these
floppy molecules to the combination of radiation and external magnetic induction field—
which makes even the study of natural optical activity rather challenging[35]—we predict
anisotropies much smaller than observed, up to three to four order of magnitude weaker
than seen in some instances. This casts, in our view, a shadow on the interpretation which
has been made of the results of experiment.

Jones and magneto-electric birefringences[14,16] arise when polarized light goes
through atoms or molecules in a direction perpendicular to that of externally applied static
electric and magnetic induction fields, arranged parallel (Jones) or perpendicular (magneto-
electric) to each other. The resulting linear birefringence (bilinear in the two fields) is
currently being investigated experimentally[36,37]. We discuss the results of ourab initio
analysis carried out on inert gases (He, Ne, Ar, Kr), in centrosymmetric molecules (H2,
N2, C2H2, C6H6 and C6F6) and in a polar molecule (CO)[38,39]. The emphasis is on the
comparison between the strength of these two relatively new birefringences and that of the
two traditional linear birefringences to which they superimpose (Kerr, Cotton–Mouton) or
of the Buckingham effect.

2. DEFINITIONS AND GENERAL ASPECTS

The termbirefringence defines the difference between refractive indices for two “direc-
tions” of light propagation and/or polarization. An isolated isotropic medium without
external field does not exhibit birefringence apart from the circular birefringence observed
in samples of chiral molecules, in what is known as natural optical activity (NOA)[2,7].



146 A. Rizzo and S. Coriani

2.1. Linear, circular and axial birefringences

A linear birefringence is induced by applying a static electricE or magneticB field or an
electric field gradient∇E with a component perpendicular to the direction of propagation
of a probe beam. Then

(1)
n = n‖ − n⊥,

and the real counterpart of the complex refractive indexñ = n + in′ for linear polarized
monochromatic light with polarization vector parallel (n‖) and perpendicular (n⊥) to the
direction of the external field (or field gradient) differ. The processes observed in the vari-
ous cases are

E �⇒ Kerr effect,

B �⇒ Cotton–Mouton effect,

∇E �⇒ Buckingham birefringence

and they are schematically represented inFig. 1. There, as in the other schemes of this
section, the externally applied field is rendered as a bold arrow, whose direction in this
specific case forms an angleθ with that of polarization of the light beam. In the following
figures we will considerθ = 0◦ for sake of simplicity. The two directions which definen‖
andn⊥ are indicated.

A linear birefringence is also induced when the electric and magnetic induction fields
are both present along the path of the beam traversing the sample. If staticE andB fields
are applied perpendicular to each other and to the path of radiation, magneto-electric bire-
fringence is observed, seeFig. 2. When they are applied parallel to each other and still
with components perpendicular to the beam, Jones birefringence occurs, seeFig. 3. Jones
and magneto-electric birefringences superimpose to the two more conventional linear bire-
fringences (Kerr and Cotton–Mouton). Their optical axes (that is, the perpendicular axes
to which the birefringence refers) are different. In magneto-electric birefringence, they
coincide with those of the Kerr and Cotton–Mouton birefringences, and they are defined
by the parallel and perpendicular direction with respect to the external fields (seeFig. 2).
Jones birefringence has optical axes bisecting those of the other birefringences, lying thus
at +45◦ and−45◦ with respect to the direction of the external fields, seeFig. 3. Thus in

Fig. 1. Kerr, Cotton–Mouton or Buckinghamlinear birefringences. The result is anellip-
ticity.
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Fig. 2. Magneto electriclinear birefringence.

Fig. 3. Joneslinear birefringence.

this case

(2)
n = n+45◦ − n−45◦ .

The role of the external field can also be taken by a linearly polarized pump beam which
propagates parallel or antiparallel to the probe beam. The linear birefringence induced
in this way is known as optical Kerr effect, and its implications have been discussed for
example by Buckingham[40].

Linear birefringences are usually estimated by measuring theellipticity acquired by the
polarized beam traversing the sample. The anisotropy of the refractive index induces a
phase differenceφ, also known as retardation or retardance, between the two perpendicular
components of the polarization vector, whose tip in turn starts moving along an ellipse.
The ellipse is characterized by a ratio of the two axes (ellipticity) which, for small effects,
is roughly proportional to half of the retardance of the beam. For an optical pathl and
wavelengthλ

(3)φ = 2π
l

λ

n sin 2θ

whereθ is the angle seen inFig. 1.
Circular birefringence is behind the well known phenomenon of optical rotation in NOA

[2,7,41]. The anisotropy results in this case from a differential interaction of a chiral sample
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Fig. 4. Faradaycircular birefringence. The result is anoptical rotation.

with the left and right circularly polarized components of the linearly polarized probe light.
Circular birefringence, however, can also be induced in any medium by the application of
a static magnetic field aligned parallel to the probe beam. In this case the effect goes under
the name of magneto-optical activity or Faraday effect[42,43,7,8], seeFig. 4. In both cases
the anisotropy is written as

(4)
n = n− − n+,

the difference between refractive indices for left (n−) and right (n+) circularly polarized
components of the linearly polarized probe light. In transparent regions of the sample, the
resulting effect is therotation α of the plane of polarization (optical or magneto-optical
rotation)

(5)α = πl

λ

n.

Circular birefringence can moreover be induced by static orthogonal electric and magnetic
induction fields in optically active fluids, in the same arrangement as seen for magneto-
electric birefringence[44,45], or by circularly polarized light instead of a static magnetic
field (Optical Faraday effect)[46].

An axial birefringence, defined as the difference

(6)
n = n↑↑ − n↑↓

between refractive indices for unpolarized probe light propagating parallel (n↑↑) and an-
tiparallel (n↑↓) to a reference direction, can be induced by a static magnetic induction field
B in an isotropic sample of chiral molecules. The effect is known as magnetochiral bire-
fringence[17,18,3,19,20], seeFig. 5. This birefringence coexists with those due to natural
optical activity and to the magnetic field induced (Faraday) one, and the corresponding
phase difference, measured on beams travelling in opposite directions through the sample,
is measured through the determination of their intensity after the beams are brought to
interference[32].

Changes in the absorption indexn′—the imaginary counterpart̃n—give rise to dichro-
isms, essentially the absorptive analogs of birefringences. For example, in regions of
absorption the light beam emerging from a chiral sample or from any sample subject to
a magnetic induction field aligned with the direction of propagation of the beam becomes
elliptically polarized (electric or magnetic circular dichroism)[2,7,8].
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Fig. 5. Magnetochiralaxial birefringence. What is measured is the difference in intensity
for counterpropagating light beams.

When the field inducing the anisotropy is time-dependent, the birefringence is said to be
“optically induced”. Optically induced birefringences yield in general different information
on the electronic structure of the sample with respect to those induced by static fields. See
the work by Woźniak[47] for interesting discussions on the subject.

2.2. Field and temperature dependence

In general terms we can write the field dependence of a given birefringence as

(7)
n = w × F
n1
1 F

n2
2 × mW(λ, T )

whereF1, F2 identify the field strengths andn1 andn2 the corresponding power. The quan-
tity w is a combination of fundamental constants, depending on the specific process, as
does the molar quantitymW . mW is usually identified as the “constant” for that birefrin-
gence (the Kerr, Cotton–Mouton, Buckingham, Jones, Verdet constant, for instance, the
last one defined in studies of Faraday rotation). The specific dependence on the fields for
some birefringences is summarized inTable 1.

At a fixed pressure the general form of an optical anisotropy is

(8)
n ∝ A0 + A1

T
+ A2

T 2
+ · · · .

In the above equationA0 includes all molecular contributions due to thereorganization
of the electrons as a result of the action of the external field(s).A1, A2, . . . are connected
to different mechanisms ofreorientationof the molecules, involving the interaction of
the field(s) with permanent electric or magnetic multipole moments. The terms exhibiting
a more than inverse linear dependence on the temperature are usually connected to the
presence of permanent magnetic dipole moments or higher order processes involving more
complicated interactions between fields and multipoles. The temperature dependence is
vanishing for systems of spherical symmetry.



150 A. Rizzo and S. Coriani

Table 1. The field dependence for
some birefringences

Kerr (electro-optical) E2

Cotton–Mouton B2

Jones (magneto-electric) EB

Buckingham ∇E
Faraday B

Magnetochiral B

2.3. Connection to molecular response properties

A0, A1, A2, . . . involve isotropic averages of molecular, generally frequency dependent,
tensor properties, as permanent multipole moments, polarizabilities and hyperpolarizabil-
ities. The connection between the macroscopic observables and the molecular properties
for the various effects, and hence the explicit expressions for theAi quantities, is usually
established from a semiclassical description of the interaction of light with molecules: the
molecules are treated as quantum mechanical objects perturbed by classical electromag-
netic fields. So classical electrodynamic and quantum mechanical perturbation theories are
at the basis of the formulation.

Charge distributions are written in terms of multipole electric moments and current dis-
tributions in magnetic multipole moments. The (complex) induced molecular moments are
first expanded in the (radiation) electromagnetic fields of the probe light. Following the
scheme and the notation of Barron[2] (see also[48]), where complex quantities (as for the
refractive index above) are denoted by a wide tilde superscript, the components of the in-
duced electric dipole (̃µ), electric quadrupole (̃Θ) and magnetic dipole (̃m) can be written
as

(9)µ̃α = α̃αβẼβ + 1

3
Ãα,βγ ∇̃βEγ + G̃αβ B̃β + · · · ,

(10)Θ̃αβ = Ã∗
γ,αβẼγ + D̃∗

γ,αβ B̃γ + C̃αβ,γ δ∇̃γEδ + · · · ,

(11)m̃α = ξ̃αβ B̃β + G̃∗
β,αẼβ + 1

3
D̃α,βγ ∇̃βEγ + · · ·

with Einstein’s convention for summation over repeated indices assumed here and through-
out. The above equations involve complex fields and complex frequency dependent tensors.
The real and imaginary components play a role in either the transparent or absorptive re-
gions of the sample. So, for instance,

(12)α̃αβ = ααβ − iα′
αβ = α̃∗

βα,

(13)Ãα,βγ = Aα,βγ − iA′
α,βγ = Ãα,γβ ,

(14)G̃α,β = Gα,β − iG′
α,β ,

(15)ξ̃αβ = ξαβ − iξ ′
αβ = ξ̃∗

βα

for the complex electric dipole polarizabilitỹα, the electric dipole-electric quadrupolẽA
and electric dipole – magnetic dipolẽG polarizabilities and the magnetizabilityξ̃ , respec-
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tively. Conventional sum-over-states quantum expressions of the tensors can be recovered
via a perturbative expansion of the moments in terms of the unperturbed wave functions
[2,48],

(16)ααβ = 2

h̄

∑

j �=n

ωjn

ω2
jn − ω2

ℜ
{
〈n|µα|j〉〈j |µβ |n〉

}
= αβα,

(17)α′
αβ = −2

h̄

∑

j �=n

ω

ω2
jn − ω2

ℑ
(
〈n|µα|j〉〈j |µβ |n〉

)
= −α′

βα,

(18)Aα,βγ = 2

h̄

∑

j �=n

ωjn

ω2
jn − ω2

ℜ
{
〈n|µα|j〉〈j |Θβγ |n〉

}
,

(19)A′
α,βγ = −2

h̄

∑

j �=n

ω

ω2
jn − ω2

ℑ
(
〈n|µα|j〉〈j |Θβγ |n〉

)
,

(20)Gα,β = 2

h̄

∑

j �=n

ωjn

ω2
jn − ω2

ℜ
(
〈n|µα|j〉〈j |mβ |n〉

)
= Gβ,α,

(21)G′
α,β = −2

h̄

∑

j �=n

ω

ω2
jn − ω2

ℑ
(
〈n|µα|j〉〈j |mβ |n〉

)
= −G′

β,α,

(22)ξαβ = 2

h̄

∑

j �=n

ωjn

ω2
jn − ω2

ℜ
(
〈n|mα|j〉〈j |mβ |n〉

)
+ 〈n|ξdia

αβ |n〉 = ξβα.

Above,ω is the frequency of radiation,|n〉 and|j〉 indicate the reference state and an ex-
cited state, respectively, andh̄ωjn = Ej − En is the corresponding excitation energy. The
operators involved in the definitions are:

(23)µα =
∑

i

qiriα,

(24)mα =
∑

i

qi

2mi
εαβγ riβpiγ =

∑

i

qi

2mi
liα,

(25)Θαβ = 1

2

∑

i

qi(3riαriβ − riγ riγ δαβ),

(26)ξdia
βγ = 1

4

∑

i

q2
i

mi
(riβriγ − riδriδδβγ )

with the sum running over the particles of chargeqi , massmi , and components of the posi-
tion riα, linear momentumpiα, angular momentumliα. εαβγ is the alternating Levi-Civita
tensor. Operators which we define here, although they will be introduced later in this work,
are the traced quadrupole moment operator

(27)qαβ =
∑

i

qiriαriβ

and the linear momentum

(28)µpα =
∑

i

qi

mi
piα.
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The presence of additional static fields is often accounted for through a second expansion
of the dynamic molecular property tensors (lower order terms) in powers of the external
(static) fields. For example, in the presence of mixed electric and magnetic induction fields,
the real part of the tensor componentG̃α,β , equation(20)above, can be expanded as

(29)Gα,β(E,B) = Gα,β +Gα,βγBγ +Gα,βγ,δBγEδ + · · · .
For the resulting higher order polarizabilities quantum mechanical sum-over-states expres-
sions are found by using perturbed wavefunctions and energies in the sum-over-states
expressions for the lower order tensors. Thus starting from equation(20), and with the
following substitutions arising from the presence of an external magnetic induction fieldB

[18,38]

(30)ωjn → ωjn − Bγ

h̄
(mjjγ −mnnγ ) = ωjn − Bγ

h̄

mjnγ ,

(31)|j〉 → |j〉 − Bγ

h̄

∑

k �=j

1

ωjk
〈k|mγ |j〉 = |j〉 − Bγ

h̄

∑

k �=j

m
kj
γ

ωjk
,

(32)
1

ω2
jn − ω2

→ ≈ 1

ω2
jn − ω2

[
1 + 2ωjn
m

jn
γ Bγ

h̄(ω2
jn − ω2)

]

(33)mβ → mβ + ξdia
βγ Bγ

wheremnnα = 〈n|mα|n〉 andmjjα = 〈j |mα|j〉, after some algebra one obtains

(34)Gα,βγ = Gdia
α,βγ +G

para
α,βγ ,

(35)Gdia
α,βγ = 2

h̄

∑

j �=n

ωjn

ω2
jn − ω2

ℜ
{
〈n|µα|j〉〈j |ξdia

βγ |n〉
}
,

G
para
α,βγ = 2

h̄2

∑

j �=n

{
ω2
jn + ω2

(ω2
jn − ω2)2

(mjjγ −mnnγ )ℜ
(
〈n|µα|j〉〈j |mβ |n〉

)

+
∑

k �=n

ωjn

ωkn(ω
2
jn − ω2)

ℜ
[
〈k|mγ |n〉

(
〈n|µα|j〉〈j |mβ |k〉

+ 〈n|mβ |j〉〈j |µα|k〉
)]

+
∑

k �=j

ωjn

ωkj (ω
2
jn − ω2)

(36)× ℜ
[
〈j |mγ |k〉

(
〈n|µα|j〉〈k|mβ |n〉 + 〈n|mβ |j〉〈k|µα|n〉

)]}
.

An alternative, more compact formulation of the tensor properties, which is at the basis
of their computational evaluation, is in terms of response functions[49]. All second-order
properties are expressed as a linear response, which, in the notation of Ref.[50], we indi-
cate as

(37)ααβ(−ω;ω) = −ℜ〈〈µα;µβ〉〉ω = −〈〈µα;µβ〉〉ω,
(38)α′

αβ(−ω;ω) = +ℑ〈〈µα;µβ〉〉ω = 0,

(39)Gα,β(−ω;ω) = −ℜ〈〈µα;mβ〉〉ω = 0,
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(40)G′
α,β(−ω;ω) = +ℑ〈〈µα;mβ〉〉ω = −i〈〈µα;mβ〉〉ω,

(41)Aα,βγ (−ω;ω) = −ℜ〈〈µα;Θβγ 〉〉ω = −〈〈µα;Θβγ 〉〉ω,
(42)A′

α,βγ (−ω;ω) = +ℑ〈〈µα;Θβγ 〉〉ω = 0.

The second equality holds for real wave functions. Third order quantities are related to the
quadratic response functions by, for example,

(43)G
para
α,βγ (−ω;ω,0) = ℜ〈〈µα;mβ ,mγ 〉〉ω,0.

The fourth-order properties are related to cubic response functions, for instance,

(44)G
para
α,βγ,δ(−ω;ω,0,0) = −ℜ〈〈µα;mβ ,mγ , µδ〉〉ω,0,0

and so on. Birefringences are thus amenable to calculations via their link to general re-
sponse theory, which is nowadays implemented for several approximate wave function
models, see next section.

3. GENERAL REMARKS ON COMPUTATION

The identification of the tensor properties entering the quantitiesAj (j = 0,1,2, . . .)
in equation(8) with response functions has been instrumental in recent years in favoring
the development of a computational literature on the subject. In general, to predict the
strength of a birefringence by computational approaches we must be able to determine
ab initio values of first order properties as well as response functions of various order, here
up to cubic. Various issues enter the accurateab initio determination of these properties,
which in general poses many challenges. We briefly analyze these issues in the following.
A broader discussion can be found in the original literature and in Refs.[22] (CME) and
[25] (Buckingham birefringence).

3.1. Wave function models, electron correlation and basis set effects

An important recipe in calculations of the optical properties is to employ a computational
procedure allowing one to assess the quality of the numerical result and to estimate the
absolute error associated with it.

It is well known that the two major sources of errors inab initio electronic-structure
calculations stem from the approximations introduced in the one-electron space and in
theN -electron space in solving the many-body Schrödinger equation[51]. The use of a
hierarchical approach where the description of the one- andN -electron spaces is systemat-
ically improved at each “step”—often in conjunction with the determination of vibrational
effects—has proven very successful for the accurate determination of many molecular
properties[51–55,28,56,26,24,57–59]. The goal of such an approach is to reach the “exact
limit”—that is, the result for the exactN -electron wave-function in a complete one-electron
basis—in a controlled way, by employing a series of basis sets and wave-function approx-
imations which have the exact solution as limit. Also, a hierarchy of approximations of
increasing complexity and reliability allows for the identification of “balanced” levels of
theory[51,58], such that the solution to a particular problem of sufficient accuracy for the
given purposes is reached without unnecessary computational effort.
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As far as the one-electron space is concerned, the correlation-consistent basis sets of
Dunning and coworkers[60–67]constitute a good paradigmatic family of hierarchical ba-
sis sets—that is, sequences of basis sets that allow one to approach the basis-set limit
result by going to higher levels in the hierarchy. As the determination of given molecular
or atomic properties often requires a special, flexible description of specific regions of the
charge distribution, like the outer regions for dipole and quadrupole moments or the inner
region for nuclei-related properties (NMR shieldings, electric field gradients at the nuclei,
etc.), both diffusely augmented aug-cc-pVXZ[61] and core-valence (aug-)cc-pCVXZ[64,
67] sets have been developed. Further augmentation has been found to be very important
for the determination of electric quadrupole moments, due to the quadratic dependence of
the quadrupole moment operator on the electronic coordinate[28,56,57,26], and in general
of high order response functions.

For single configuration dominated systems, a standard hierarchy of wave-function
models for the calculation of energies and other static molecular properties (i.e., multi-
poles) is represented by the following sequence of models: Hartree–Fock self-consistent
field (HF or SCF), second-order Møller–Plesset (MP2)[68], coupled cluster singles and
doubles (CCSD)[69] and CSD with a perturbational correction for connected triples,
CCSD(T)[70]. All methods are well established and they are exhaustively described, for
instance, in Refs.[51,71]. In particular, the CCSD(T) model gives results close to the full
configuration interaction (FCI) limit with an accuracy comparable to that of experiment
when sufficiently large basis sets are used. Recently further elements have been included
to the sequence, with the development of analytic derivative approaches to coupled cluster
singles, doubles and triples (CCSDT)[72–76]and in general to arbitrary order CC expan-
sions[77,78]. They have been employed for some benchmark studies of CME of neon and
argon in the gas phase[21].

Within the specific case of the birefringences, the application of the above mentioned
hierarchies of basis sets and wave-function models allowed us to determine very accurate
values for molecular electric quadrupole moments, see Refs.[28,56,26,24,57,30,29].

Concerning frequency-dependent properties, whereas basis set demands are basically
the same as for static properties (e.g., the same families of basis sets can be used), an ad-
ditional problem in the definition of a hierarchy of models is the behavior of the wave
function model at the poles. Both MP2 and CCSD(T)—two members of the standard hier-
archy for static properties—exhibit in fact the incorrect pole-structure, not consistent with
exact theory, due to the orbital relaxation terms (see the discussion in Ref.[79]). A hierar-
chy of coupled cluster methods particularly suited for the calculation of dynamic properties
of single configuration dominated systems is represented by the models CCS, CC2[80],
CCSD, and CC3[81–84,59]. The advantage of this hierarchy is that within each member
of the set, frequency dependent properties can be formulated without an explicit relax-
ation of the orbitals to the frequency dependent perturbation. This guarantees the correct
pole structure. The dependence on the frequency of the properties discussed here can be
arranged in power series[85–87], which makes the description of frequency dispersion of
optical properties easier and more efficient.

As mentioned above, the hierarchies are designed for single configuration based sys-
tems. In specific cases multiconfigurational approaches, such as multiconfigurational SCF
(MCSCF) response[50], have been also been used. MCSCF has been seldom used in recent
years, due to the very fast increase in the size of the active spaces needed in calculations as
the size of the system increases. On the other hand, there has been a fast development of
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Density Functional Theory response (see for instance[88,89]), which has been extended
and coded to allow computations of up to fourth order properties (cubic response)[90].
DFT response has been employed already with good success in studies of birefringences
[91,92,39], and it appears at this stage to provide a valid, cost effective and promising al-
ternative to theab initio hierarchies discussed above when the size of the system increases,
or its symmetry lowers. Examples will be given below.

The studies of birefringences using the wave function models, basis sets and techniques
discussed in this section have been made possible by the constant development and im-
provement made within a large community of quantum chemists in computer codes, now
widely diffuse, asDALTON [93] and ACES2 [94].

3.2. Vibrational contributions and conformational effects

Vibrational effects in the context ofab initio studies of birefringences have been in general
discussed in terms of zero-point vibrational average (ZPVA) and pure vibrational contribu-
tions (PV). The zero-point vibrational average is the average of the electronic property as a
function of the nuclear coordinates over the vibrational ground state. The pure-vibrational
contribution arises from the distortion of the electronic potential surface induced by an ex-
ternal perturbing field, which has the effect of modifying the nuclear motion. As a result
there is a “purely nuclear” contribution to the property. An exhaustive discussion on this
subject can be found, for instance, in Refs.[95–97]. See also Ref.[98] and the very recent
work of Ref.[99].

The effect of molecular vibration on the observable and its role in condensed phases may
be strong. The contribution of molecular vibrations was found to be significant in natural
optical activity [100], and also in recent studies of CME in polyatomic molecules[101,
102,91], electric field gradient induced birefringence[24,26]and other cases. For instance,
a study of zero-point vibrational corrections on the optical rotation in methyloxirane[100]
shows that they can contribute as much as 20–30% of the electronic counterpart. Effects
of similar magnitude are also possible for the magnetochiral birefringence. ZPVA and PV
contributions to Buckingham birefringence were determined also for diatomic molecules,
as CO[26,25] and Cl2 [30], and found to be relatively contained. Similar studied have
been carried out for the CME, see Ref.[103] but also the work by Bishop and co-workers
[104–106].

Another important aspect that needs to be considered when analyzing optical properties
of large (especially if chiral) molecules is their conformational flexibility. For instance,
in the study of magnetochiral birefringence in Ref.[34] the specific optical rotation cal-
culated at the SCF level for the conformers of carvone, limonene and proline for which
we also determined the magnetochiral birefringence shows substantial conformational ef-
fects, affecting both the sign and the absolute values. Even larger conformational effects
are observed for the magnetochiral birefringence. Large changes in the optical rotation
and magnetochiral birefringence occur upon rotation around a single bond (cf. carvone) or
modifications in the ring conformation (cf. proline). These effects were confirmed also by
the recent study on conformational effects on the optical rotation of alanine and proline
made in Ref.[35].
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3.3. Condensed phase studies

Very often birefringence experiments are performed in solution or on liquid substances.
The comparison should then be made on consistent data. For this reason we have in
some cases employed continuum models to describe the specific interactions occurring
in condensed phase. The dielectric continuum model[107–109]and subsequently a semi-
continuum model[110] have been employed to study the CME of liquid water[109,111].
Evidence showed that this linear birefringence involving mixed magnetic and electric fields
can be extremely sensitive to the description of these interactions. Solvent effects are likely
to be particularly significant for carvone, limonene, and proline, where the liquid-phase
conformation may differ from the gas-phase state one. The probable consequences con-
cerning magnetochiral birefringence have been discussed in Ref.[34].

More recently studies of CME of furan and its homologues, thiophene and selenophene,
in the gas phase, for the pure liquids and in solutions[92] were undertaken by resorting
to the polarizable continuum model (PCM)[112,113]. The latter, in its integral equation
formalism[114–116], has been widely employed, for studies of frequency dependent prop-
erties. The use of a suitable continuum model was instrumental in yielding remarkable
agreement between theory and experiment in the study of Ref.[92].

3.4. Relativistic effects

With accuracy on the electronic estimates of molecular properties approaching the limit,
additional sources of approximation, and thus of possible error, need to be analyzed.
Relativistic effects for instance, as well as non-adiabatic effects, can become important
especially as we move to systems including heavier atoms.

Estimates of the relativistic effects on the quadrupole moments of N2, C2H2, CO and
Cl2 were included in Refs.[28,56,26,30]. In the study of the molecular quadrupole mo-
ment and Buckingham birefringence of molecular chlorine[30] we have also carried out
an analysis of the effect of relativity on the response quantities, by employing a Dirac–
Hartree–Fock (DHF) wave function model, and exploiting the development and coding
of linear and quadratic responses in the relativisticab initio electronic structure program
DIRAC [117]. The quadrupole moment of Cl2 changes by≈1% upon inclusion of the ef-
fect of relativity going from an Hartree–Fock wave function model to DHF. A similar,
though a bit smaller, effect can be seen for the anisotropy of the electric dipole polariz-
ability. The hyperpolarizability contribution (see Section4.2) changes by 2–3%. On the
other hand, again when the accuracy of theab initio approach is as high as that achieved
recently in a study of the CME of neon and argon[21], it makes the need for an accounting
for relativistic effects mandatory even for systems involving nuclei usually not considered
“heavy”.

In this respect, the very recent development of a direct perturbation theory of relativistic
effects within closed-shell coupled cluster theory, and its implementation in theDALTON

platform are extremely promising[118,119]. This has made possible the computation of
first-order relativistic correction to the static and frequency dependent electric dipole po-
larizability and second hyperpolarizability of neon[119]. The extension to the response
functions of relevance for other birefringences should be feasible.
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3.5. Interaction properties, effects of the density

Comparison ofab initio results for gas phase optical properties with experimental data is
often made difficult by the fact that the theoretical model involves isolated species, and the
effect of many-body collision—and in macroscopic terms of density—should be taken into
account. The effect of two-body and higher order collisions on optical properties is often
expressed in virial expansions, where the dependence of the propertyP of a real gas on the
densityρ is written as

(45)P = AP + BP ρ + CP ρ
2 + · · ·

with the coefficientsAP , BP , . . . defining the first, second. . . virial coefficients. See also
Refs.[120–124]. In general the study of the effect of density is limited to the determination
of the first-order and the second virial coefficients, as it is reasonable to assume that three-
body and higher collisions terms would play a minor role. For a mole of an ideal molecular
gas—that is, for a system ofNA non-interacting particles

(46)P = AP = NAp̄

whereNA is Avogadro’s number and̄p denotes the mean contribution of an individual
molecule to the propertyP . In a semiclassical approach, the second virial coefficientBP
for spherical particles 1 and 2 can be associated with the following quantity[125,126]

(47)BP = 4πN2
A

∫ [
1

2
p12(R)− p̄1 + p̄2

2

]
exp

(
−V (R)

kT

)
R2 dR

whereR = R12 is the distance between the two particles,V (R) their interaction potential
andp12 is the propertyp of the couple formed by the two particles.p is in principle
any property, and in fact virial-type expansions can be written for the “constants” de-
fined, for a given birefringence, in equation(7). They involve integrations, over the whole
range of interparticle distances, of so-called “interaction” properties—that is, the fraction

p = p12 − p1 − p2 of p12 arising directly from the two-body interaction. The full
quantum mechanical analogs of equation(47) involve the complete solution of the two
particle Schrödinger equation for the two particle system, to obtain both the discrete and
the entire continuum spectrum, and an in-principle infinite sum over the whole energy
spectrum.

In the last few years we have performed studies of the effect of density, both at semiclas-
sical and full quantum mechanical levels, for Kerr[127–130], Cotton–Mouton[131] and
Buckingham[126] birefringence in rare gases (helium, neon and argon). In some cases,
see,e.g., the temperature dependence of the second Kerr virial coefficient of argon[128],
we were able to challenge experiment[132], and suggest its revision.

3.6. Gauge-origin dependence of magnetic properties

All magnetic properties calculated within approximate models suffer in principle from
a gauge-origin dependence problem. It is for instance well known that magnetizabilities
computed with standard basis sets in approximate calculations depend on the choice of
the origin of the vector potential[133]. The non-physical dependence on the details of the
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calculation thus introduced in every approximate computational study of most magnetic
properties can often be circumvented using for instance Perturbation Dependent Basis Sets
(PDBS), also known as London Atomic Orbitals (LAO’s) or Gauge Including Atomic Or-
bitals (GIAO’s)[134–138]—that is, basis sets which explicitly include the dependence on
the strength of the external magnetic induction field in a phase factor. Magnetizabilities
computed with LAO’s are gauge-origin independent. They are available at the Hartree–
Fock, MCSCF and DFT levels withinDALTON, and also at the DFT level within the
GAUSSIAN suite[139]. Still in the context of birefringences, LAO’s can also be employed
for linear response properties involving magnetic interactions to obtain gauge-origin inde-
pendence of the natural optical rotation at the Hartree–Fock, MCSCF and DFT levels. At
the CCSD level they ensure gauge-origin independence of the Verdet constant (and the so-
calledB term) of the Faraday effect[140]. For the examples discussed here the benefits of
a gauge-origin independent approach are felt in studies performed at the Hartree–Fock and
MCSCF level of CME[141–143]and at the Hartree–Fock level of NOA of chiral systems
[34]. LAO’s are still unavailable, to the best of our knowledge, for frequency dependent
third order properties (or higher).

An alternative way to circumvent the gauge-origin dependence of magnetic proper-
ties which has been exploited in the field of birefringences is the use of the contin-
uum set of gauge transformation (CSGT) approach[144,145], which yields an approx-
imate solution to the problem. CSGT magnetizabilities are available for instance within
the GAUSSIAN suite [139], and we have resorted to the CSGT approach for our stud-
ies of CME in gas phase[91], and in condensed phase[92] where a DFT model was
adopted.

When the gauge problem could not be “theoretically” resolved via a special technique
(either LAO’s or CSGT) the degree of gauge dependence has been explicitly analyzed, see,
for instance, Refs.[34,38] for magnetochiral and Jones/magneto-electric birefringences,
respectively.

4. REVIEW OF RESULTS: EXAMPLES

The main scope of this review is to analyze the phenomenon of birefringences in as much as
it proves to be challenging both for theory and for experiment. In the following a few exam-
ples will be given to show where this happens to be the case. We will briefly review some
specific cases where either theory or experiment, or both, find a hard match describing
the process. Often, a synergy between the two approaches (computational and experimen-
tal) can be established, where one comes to the rescue of the other. On the other hand,
there is the case of Buckingham’s birefringence, where for quite some time two different
theories have been in disagreement in the prediction of the observable, and only recently,
also thanks to the important clues yielded by accurate computations, the dilemma has been
solved. Or the case of magnetochiral birefringence, see also below, where apparently dif-
ferent experiments are in large disagreement on the interpretation of the experiment, and
our computational study is in disaccord with all of them. The matter is thus complicated
and fascinating, a test bed for advanced molecular properties models and for modern ex-
perimental, optical apparata designers.
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4.1. Cotton–Mouton linear birefringence

In the general expression of magnetic field induced birefringence, widely known as
Cotton–Mouton effect (CME)[9,10],

(48)
n = A0 + A1

T
+ A2

T 2
,

the quantitiesA0, A1 andA2 involve the properties shown inTable 2 [22,146]. In Table 2
(and inTables 8, 12 and 14below, for other birefringences) we indicate for each of the
parameters the molecular quantities they involve, and their expression in terms of first
order properties (for which we use the notation〈· · ·〉 = 〈n| · · · |n〉), linear, quadratic and
cubic response functions. In particular, for the CME, the parameterA0 is proportional to
the anisotropy of the hypermagnetizability
η(ω), a combination of components of the
(second) hypermagnetizability tensorηαβ,γ δ = ηdia

αβ,γ δ(−ω;ω,0)+ η
para
αβ,γ δ(−ω;ω,0,0)

(49)
η(ω) = 1

5

(
ηαβ,αβ − 1

3
ηαα,ββ

)
.

Also,A1 is proportional to the quantity

(50)[αξ ] =
(
ααβξαβ − 1

3
αααξββ

)
.

For axial systems (z along the principal axis)[αξ ] simplifies toαani(ω)× ξani, the product
of the anisotropiesαani(ω) = αzz(−ω;ω) − αxx(−ω;ω) and ξani = ξzz − ξxx , of the
frequency dependent electric dipole polarizability and of the magnetizability, respectively.
Note that for systems with a permanent magnetic momentm a contribution toA1 also
arises from the term

(51)[ζm] =
(
ζαβ,αmβ − 1

3
ζαα,βmβ

)

Table 2. The molecular properties entering the expression of the Cotton–Mouton effect
(equation(48))

A0 η
para
αβ,γ δ(−ω;ω,0,0) ∝ ℜ〈〈µα;µβ ,mγ ,mδ〉〉ω,0,0
ηdia
αβ,γ δ(−ω;ω,0) ∝ ℜ〈〈µα;µβ , ξdia

γ δ 〉〉ω,0
ς

para
αβγ δ(−ω;ω,0,0) ∝ ℜ〈〈mα;mβ ,mγ ,mδ〉〉ω,0,0
ςdia
αβ,γ δ(−ω;ω,0) ∝ ℜ〈〈mα;mβ , ξdia

γ δ 〉〉ω,0

A1 ααβ(−ω;ω) ∝ ℜ〈〈µα;µβ〉〉ω
ξαβ ∝ ℜ〈〈mα;mβ〉〉0 + 〈ξdia

αβ 〉
mα 〈mα〉
ζαβ,γ (−ω;ω,0) ∝ ℑ〈〈µα;µβ ,mγ 〉〉ω,0
ζαβγ (−ω;ω,0) ∝ ℑ〈〈mα;mβ ,mγ 〉〉ω,0

A2 mα 〈mα〉
ααβ(−ω;ω) ∝ ℜ〈〈µα;µβ〉〉ω
ξαβ ∝ ℜ〈〈mα;mβ〉〉0 + 〈ξdia

αβ 〉
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involving the first hypermagnetizability tensorζαβ,γ (−ω;ω,0). FinallyA2 is proportional
to the quantity

(52)[m2α] =
(
ααβmαmβ − 1

3
αααmβmβ

)

which for axial systems reduces to
m2 × αani(ω), with
m2 = m2
z −m2

x . It is clear that
A2 vanishes, as does the term in equation(51), for systems where the magnetic moment is
quenched. For spherical systems (atoms and molecules of cubic or icosahedral symmetry),
the anisotropies of the electric dipole polarizability and of the magnetizability also vanish
and the only non-zero contribution to the CME comes from theA0 term.

Other quantities included in the table yield contributions—weighted by a factorc−2
0 , c0

being the speed of light in vacuum—to all three parameters:

(53)
ς(ω) = 1

5

(
ςαβαβ − 1

3
ςααββ

)

toA0, with ςαβγ δ = ςdia
αβ,γ δ(−ω;ω,0)+ ς

para
αβγ δ(−ω;ω,0,0),

(54)
[
ξ2] =

(
ξαβξαβ − 1

3
ξααξββ

)

and

(55)[ζm] =
(
ζαβαmβ − 1

3
ζααβmβ

)

toA1, and

(56)[m2ξ ] =
(
ξαβmαmβ − 1

3
ξααmβmβ

)

to A2. These contributions were proven to be on the order of parts per million compared
to the main terms in Ref.[146], and their effect could probably be detected by future
generation experimental setups, as they lead to changes in retardances comparable with or
slightly below the current limits of detectability. Still their magnitude is far lower than the
accuracy which can be achieved in computations, and, with the exception of the study of
Ref. [146], they have been neglected to-date in studies of the CME.

4.1.1. The hypermagnetizability anisotropy in molecules

One of the challenges faced by experiment in CME measurements is the determination
of the second hypermagnetizability anisotropy
η(ω) from measurements of the temper-
ature dependence of the effect. From equation(48) it can be seen that by extrapolating to
infinite temperature a curve of the measured birefringence as a function ofT , it should
be possible to estimateA0, and hence
η(ω). This procedure has been applied in several
circumstances, and a number of experimental values of hypermagnetizability anisotropy
is found in the literature, see, for instance, Ref.[22]. On the other hand, the combination
of quadratic and cubic response functions entering the definition of
η(ω) is among the
properties which we can evaluate using analytic response theory at several level of ap-
proximation, employing Hartree–Fock, MCSCF, CC and DFT wave function models. The
anisotropy of the hypermagnetizability computed in approximate calculations exhibits a
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dependence on the choice of the magnetic gauge, as the use of PDBS is not yet possi-
ble (see Section3.6). Alternatively, the static limit
η(0) can and has been determined in
several instances employing a finite (electric) field approach in which analytically deter-
mined magnetizabilitiesξαβ are computed at finite electric field strengths and appropriate
numerical derivatives are computed, according to the approximation[141,22]

(57)ηαβ,γ δ =
(

∂2ξγ δ

∂Eα∂Eβ

)

E→0
.

Static hypermagnetizability anisotropies obtained using this technique at Hartree–Fock,
MCSCF or DFT level can benefit by the use of PDBS’s and are thus magnetic gauge-origin
independent. Also, a finite (magnetic induction) field has been applied in some selected
cases by Bishop and co-workers[105], where the frequency dependent polarizability has
been computed at different field strengths, and numerical derivatives have been taken. The
technique, which involves complex algebra, yields in principle the hypermagnetizability
anisotropy at a finite wavelength directly, but it has only found a limited use to date in
calculations of CME.

In Table 3a comparison is made between experimental and computational estimates
of 
η(ω) for some selected gases. Experimental conditions and setups vary in the list,
and likewise the computational approaches span a wide range. The label B3LYP used in
the table is the usually accepted acronym for the Becke-3 parameter-Lee–Yang and Parr
(B3LYP) [154–156]hybrid density functional. The details are unimportant here, and for
them the interested reader should refer to the original references. The comparison aims
at showing how delicate the infinite–temperature extrapolation can be, and how large the
error bar of the experimental hypermagnetizability anisotropies are compared to the level
of accuracy theory can reach nowadays in their calculation. To give an example, inTable 4
the specific case of
η(ω) of molecular oxygen in its X3Σ−

g ground state is analyzed in
detail[103].

At the end of an accurate analysis, where the major contributions to the property are ex-
plicitly accounted for and the remaining causes of uncertainty (possibly with the exception
of relativistic effects) are carefully estimated, we end up with a value,
η(ω) = 2.65 au,
with an absolute error of±1.00 au, which is far less indeterminate than the two existing
experiments.

4.1.2. The hypermagnetizability anisotropy in atoms

In most cases theA0 term in equation(48) yields a small if not negligible contribution to
the magnetic field induced birefringence, which is then dominated by theA1 term in dia-
magnetic systems, or by theA2 term for paramagnetic systems. As mentioned above, on
the other hand, for atoms and for spherical molecules the only non vanishing term in equa-
tion (48)isA0, and the anisotropy of the hypermagnetizability
η(ω) alone determines the
magnitude of the birefringence. This is true for instance for the noble gases, which have
been the subject of both experimental and computational studies. For the lowest members
of the group, helium, neon and to a large extent argon, theory provides nowadays estimates
of the observable which can be considered of benchmark value.Table 5collects both the
experimental data and the most reliable and accurate computational results to-date for these
three gases.
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Table 3. Comparison of experiment and theory for the second hypermagnetizability
anisotropy
η

System Experiment Theory Theoretical approach

N2 96.9± 74.6a 27.94b MCSCF
34.56c B3LYP

O2 −740± 400d 2.65(1.00)e MCSCF
−600± 470f

CO 7.5± 59.7a 35.41b MCSCF
45.67c B3LYP

C2H2 20± 60g 64.34h MCSCF
455± 34i

CO2 −110± 60a 4.66j MCSCF
6.0c B3LYP

N2O −180± 130a −7.91j MCSCF
−9.83c B3LYP

OCS −860± 110a 26.26j MCSCF
22.78c B3LYP

CS2 −1800± 1100a 73.95j MCSCF
−71.13c B3LYP

Benzene −2700± 2000k 1026.0l B3LYP
931.7l CCSD

C6F6 −100± 880m 395.7l B3LYP
Furan 3400± 1000n −18.14o B3LYP
Thiophene 6000± 8400n 82.32o B3LYP

Gas phase. The wavelength isλ = 632.8 nm unless specified otherwise. Atomic units.
a Ref. [147]. b Ref. [101]. c Ref. [91]. d Ref. [148]. e Ref. [103]. In parenthesis the estimated absolute error.
f Ref. [149]. g Ref. [150]. h Ref. [146]. i Ref. [151]. j Ref. [101]. These values include an estimate of vibra-

tional contributions.k λ = 441.6 nm, measurements made in the temperature range 300.1–455.5 K, Ref.[152].
l Ref. [39]. m λ = 441.6 nm, measurements in the temperature range 304.1–453.5 K, Ref.[152]. n Ref. [153].
o Ref. [92].

For these rare gases, theory has reached a level of accuracy far exceeding that of ex-
periment. For helium Bishop and Pipin[157,158] employed explicitly correlated wave
functions

to obtain an estimate of the hypermagnetizability anisotropy which could be given
with five decimal digits. For neon and argon, Rizzo and co-workers[21] have exploited
a CCSDT wave function model to obtain the static value, and a CC3 iterative approach to
ascertain the effect of frequency dispersion. For neon the authors of Ref.[21] estimated the
absolute error (once again with the possible exception of relativistic contribution). On the
basis of these results it is possible for example to state with reasonable confidence and in a
conclusive way that the measurement of the CME of neon made in Ref.[161] was indeed
affected by an undetected source of systematic error.
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Table 4. The contributions to
η(ω) of molecular oxygen in its ground (X3Σ−
g ) state

[103]


η(0) (CASSCF) 6.38
Add dispersion,
η(632.8 nm) 6.23
Add ZPVA 6.63
Add PV 2.65

Estimated basis set, electron correlation and magnetic gauge dependence ±1.00

The first row reports the static value obtained in the Complete Active Space SCF—CASSCF—analytic response
approximation. The following rows show how this value changes as frequency dispersion, zero point vibrational
average (ZPVA) and pure vibrational contributions (PV) are added to the static electronic value. Finally, an es-
timate of the effects of basis set and electron correlation incompleteness and of the correction due to magnetic
gauge dependence is given. The corresponding experimental estimates are, seeTable 3,
η(ω) = (−740±400) au
[148] and
η(ω) = (−600 ± 470) au[149]. Atomic units.

Table 5. Comparison of experimental and computational results for the hypermagnetiz-
ability anisotropy
η(ω) of helium, neon and argon

λ Theory Experiment

Helium ∞ 1.06061a

790 nm 1.7± 0.6b

632.8 nm 1.05791c

514.5 nm 0.80± 0.16d

Neon ∞ 2.89(10)e,f

790 nm 3.2± 1.2b

514.5 nm 1.4± 0.1g

Argon ∞ 24.7f

790 nm 27± 5b

514.5 nm 30.0± 4.5h

Atomic units.
a Refs.[157] and[158]. Explicitly correlated wave function.b Ref. [159], pressure of 1.52× 105 Pa, tempera-
tures in the range 285–293 K. The value is estimated for an average of 289 K.c Refs.[22]. Explicitly correlated

wave function.d From data in Ref.[160]. Measured at 273.15 K.e The number in parenthesis indicates the esti-

mated absolute error on the last digit.f Ref. [21]. Static value estimated at CCSDT level; frequency dependence
estimated using CC3 analytic response (and found to be negligible).g Ref. [161], temperature of 298.15 K and

extrapolated at a pressure of 1 atm.h Ref. [162].

The above discussion is by no means aimed at criticizing the quality and relevance of
the CME experiments, which nowadays involve sophisticate optical apparata and state-of-
the-art detection devices. As a matter of fact, with only very few exceptions, the huge error
bars associated with the experimental estimates inTables 3 and 5leave ample space for
agreement between theory and experiment.
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In some instances measurements of the effect are done via a procedure involving a sec-
ond gas, used to calibrate the apparatus[22]. The gas used for the purpose must be such
that its CME can be easily measured and its value must be know with precision. In the
cases where this procedure has been applied to date, the chosen system has been nitro-
gen, and the reference value has been taken from experiment. We are nowadays in the
position to suggest as the reference for the calibration in experiments—parallel to what
is widely accepted in electrical nonlinear optical processes—the theoretical values given
in Table 5. The CME of helium is too small to be easily measured, and, in spite of the
excellent precision yielded by theory, cannot reasonably be employed as reference. Neon
yields an anisotropy only marginally larger than that of helium, in the same experimental
conditions, and it has proven to be a difficult system for the CME measurements made
to-date[161,159]. The CME of argon is, on the other hand,≈34 times larger than that
measured in helium (and still≈40 times smaller than the effect on nitrogen). It is probably
worth considering using argon, and specifically the computed anisotropy corresponding
to the hypermagnetizability anisotropy given inTable 5, as a possible candidate when a
calibration gas is needed in CME measurements.

4.1.3. The anisotropy of the magnetizability

Often experiment still remains the reference when it comes to the accuracy of theA1 term,
which is obtained in experiment by the linear regression of the data measured at differ-
ent temperatures. In a study of the CME of ethylene[163], Coonan and Ritchie could
show that the orientational term in equation(50), which, see above, is proportional to
αani(ω) × ξani in axial systems, depends quite sensitively on the anisotropies of the elec-
tric dipole polarizability and of the magnetizability, and that “small changes or errors in
the directional components of either or both of these properties can lead to much larger
changes in the computed value” of theA1 term. They argued convincingly that the temper-
ature dependence estimatedab initio in Ref. [143] by means of a CASSCF wave function
approximation was inaccurate. It is a fact that the inaccuracy of the orientational para-
meter of ethylene computed in Ref.[143] is due to an inadequate determination of the
magnetizability anisotropy rather than to the anisotropy of the electric dipole polarizability
[101]. In this respect quite promising results could be obtained rather recently by em-
ploying Density Functional Theory. For a few selected, relatively simple, molecular gases
we compare inTable 6experiment with results, extracted from the studies of Refs.[91]
and[101], of magnetizability anisotropies computed with either a DFT/B3LYP approach
where the magnetic gauge-origin dependence is dealt with using the CSGT approxima-
tion or the Hartree–Fock and CASSCF wave function models exploiting LAO’s. It appears
that DFT performs reasonably well in most cases, and on the average better than CASSCF
in our selection of molecules. It should be noted, on the other hand that, as well under-
stood nowadays, Hartree–Fock can be in most cases a better approximation than MCSCF
in the calculation of magnetizabilities and it is in some cases even more satisfactory than
DFT.

Analytical second derivatives for the coupled cluster models up to the full CCSDT model
[75,76] are nowadays available. Extension to general coupled cluster schemes[77,78] is
very recent. Magnetizabilities can thus already be computed, with high accuracy, in sys-
tems where magnetic gauge is not an issue, as for atoms or spherical systems[21], using
these sophisticated schemes. In this area great advances can be easily foreseen by the possi-
ble future developments of gauge invariant approaches within the coupled cluster scheme.



Birefringences: A Challenge for Both Theory and Experiment 165

Table 6. Comparison of experimental and computational results for the magnetizability
anisotropyξani of some selected molecular species in the gas phase

System HF-SCF
GIAO

DFT
CSGT

CASSCF
GIAO

Experiment Ref.

N2 −1.92 −1.91 −1.71 −1.850± 0.076 [147]
CO −1.79 −1.80 −1.67 −1.739± 0.003 [147]
CO2 −1.15 −1.36 −1.17 −1.32± 0.06 [164,165]

−1.33± 0.04 [147,166]
N2O −2.08 −2.22 −1.86 −2.195± 0.013 [167–169]
OCS −1.79 −1.97 −1.71 −1.972± 0.003 [167–169]

−1.991± 0.003 [169]
−2.0 [166]

CS2 −3.53 −3.73 −3.15 −3.61± 0.05 [164,165]
−3.89± 0.16 [147]

Theoretical results from Refs.[91,101]. Atomic units.

4.1.4. The CME of furan, thiophene and selenophene: experimentalists and
computational chemists working together

To end this section, we mention the recent important mixed theoretical and experimental
study in which the anisotropy of the electric dipole polarizabilityαani(ω) at a wavelength
of 632.8 nm, anisotropy of the magnetizabilityξani and the anisotropy of the static hyper-
magnetizability
η(0) of furan, thiophene and selenophene were computed in condensed
phase (pure liquids, solutions) by resorting to a PCM/DFT approach and at the same time
the Cotton–Mouton constant was measured using a 17 Tesla radial access Bitter magnet at
the Grenoble High Magnetic Field Laboratory (GHMFL)[92]. A summary of the results
is given inTable 7. Agreement of theory and experiment is good, and experimental trends
are quite well reproduced by the computational models. This example should prove the im-
portance of the synergetic interaction between two worlds, theory and experiment, which
in the field of birefringences can find the way to complement each other with success.

4.2. Buckingham effect, a linear birefringence

The phenomenological equation of the Buckingham effect[11,12]of closed shell systems
can be written as

(58)
n = A0 + A1

T

where theA0, A1 terms involve the properties shown inTable 8 [12,23,25].
The temperature independent termA0 is related to a specific combination—the same

for all systems—of components of the dipole–dipole–quadrupole (Bαβ,γ δ andBα,βγ,δ) and
dipole – magnetic dipole – dipole (J ′

α,β,γ ) hyperpolarizabilities. It is usually indicated
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Table 7. DFT/B3LYP and experimental magnetic field induced birefringence
nl(T , λ)

of furan, thiophene and selenophene in different solvents

Furan Thiophene Selenophene

ab initio exp. ab initio exp. ab initio exp.

pure liquids 1.53 1.42 2.59 1.93 2.38 1.97
acetonitrile 2.11 2.38 4.12 3.67 4.48
acetone 1.5 1.41 2.92 2.63 3.19 2.81
THF 1.34 1.26 2.62 2.31 2.85
cyclohexane 1.02 0.98 1.99 1.92 2.18 2.02
CCl4 1.13 1.1 2.19 2.39

λ = 632.8 nm,T = 293.15 K.
nl(T , λ) is the anisotropy seen for the solute at infinite dilution in a magnetic
field induction field of 1 T and it is given in parts per billion.

Table 8. The molecular properties entering the expressions of the Buckingham birefrin-
gence (equation(58))

A0 Bαβ,γ δ(−ω;ω,0) ∝ ℜ〈〈µα;µβ ,Θγ δ〉〉ω,0
(all systems) Bα,βγ,δ(−ω;ω,0) ∝ ℜ〈〈µα;µδ,Θβγ 〉〉0,ω

J ′
α,β,γ (−ω;ω,0) ∝ ℑ〈〈µα;mβ , µγ 〉〉ω,0

A1 ααβ(−ω;ω) ∝ ℜ〈〈µα;µβ〉〉ω
(quadrupolar) Θαβ 〈Θαβ〉

A1 ααβ(−ω;ω) ∝ ℜ〈〈µα;µβ〉〉ω
(dipolar) Θαβ 〈Θαβ〉

Aα,βγ (−ω;ω) ∝ ℜ〈〈µα;Θβγ 〉〉ω
G′
α,β(−ω;ω) ∝ ℑ〈〈µα;mβ〉〉ω

µα 〈µα〉

asb(ω)

(59)b(ω) = 1

15
{Bαβ,αβ − Bα,αβ,β} − 5

ω
εαβγ J

′
α,β,γ .

The expression forA1 differs for non-dipolar and dipolar systems. In the first case it
only involves the permanent (traceless) quadrupole momentΘαβ and the dipole–dipole
polarizabilityααβ , in the combination

(60)[Θα] = Θαβααβ .

For systems with an-fold symmetry rotation axis,n � 3, this equation further reduces to
Θ × αani, whereΘ = Θzz. For dipolar systems an additional term appears which involves
the permanent electric dipole moment (µα) and the dipole–quadrupole (Aα,βγ ) and dipole
– magnetic dipole (G′

α,β ) polarizabilities

(61)
[
µ(A+G′)

]
= −µα

(
Aβ,αβ + 5

ω
εαβγG

′
β,γ

)
.
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The above combinations are those defined within Buckingham and Longuet-Higgins[12]
(BLH) molecular theory of the birefringence induced by the electric field gradient, a the-
ory which was based on forward scattering of a light beam incident on a thin lamina of gas
molecules and which is given in terms of the traceless quadrupole moment operatorΘαβ .
An alternative molecular theory of the Buckingham effect derived within wave theory (i.e.,
solving Maxwell’s equations for the refractive indices), was proposed in 1991 by Imrie and
Raab[23] (IR) and is expressed in terms of the traced quadrupole moment operatorqαβ .
The differences between the two theories and their consequences are discussed in the fol-
lowing. Above we only referred to BLH equations for reasons that will become clear later.
In the literature, on the other hand, the analogs of the responsesB, B andA involving the
traced quadrupole operator are often employed

(62)aα,βγ (−ω;ω) ∝ ℜ〈〈µα; qβγ 〉〉ω,
(63)bαβ,γ δ(−ω;ω,0) ∝ ℜ〈〈µα;µβ , qγ δ〉〉ω,0,
(64)ßα,βγ,δ(−ω;ω,0) ∝ ℜ〈〈µα;µδ, qβγ 〉〉0,ω.

The relationships between capital and small responses can be easily obtained from the
equation linking traceless and traced quadrupole moments

(65)Θαβ = 1

2
(3qαβ − qγ γ δαβ).

The importance of the Buckingham effect is mainly related to the fact that it is used to de-
termine experimentally molecular quadrupole moments[11]. The interplay between theory
and experiment is also in this case strong as for instance computed values of the hyperpo-
larizability termsA0 have sometimes been used to correct experiment; the implications are
discussed in Ref.[170].

For linear dipolar molecules the comparison between theoretical and experimental
quadrupole moments requires the theoretical determination of the reference origin, called
effective quadrupole center. It is in particular the computational studies on these systems
and comparison with experimental values that have brought to attention a discrepancy be-
tween the two above mentioned semiclassical molecular theories of the effect. In view of
these results, a revision of both theories has been recently undertaken, the origin of the
discrepancy identified and the erroneous theory corrected (vide infra) [171,172].

4.2.1. Quadrupolar molecules

It is clear from equations(58)–(60)that, together with knowledge of the polarizability
anisotropy, the (accurate) determination of the quadrupole moment from the Buckingham
effect requires that measurements are made over an appropriate range of temperatures, so
that theA0 contribution can be separated fromA1, a procedure equivalent to that seen in
Section4.1for the CME.

Especially in past years, however, the measurements of Buckingham effect were often
performed at fixed temperatures due to experimental difficulties. Problems in handling
compressed acetylene over a wide range of temperatures prevented for instance an analysis
of theT -dependence of the Buckingham birefringence in Ref.[173].

One possible way to circumvent the problem is to neglectA0. Obviously this procedure
is only good if it can be assumed thatA0 is much smaller thanA1/T . In any case a sys-
tematic error is introduced in this way in the experimentally derived quadrupole moment.
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Many experimental determinations of quadrupole moments exploited this approximation,
see, for instance,[174,175,173]. WhetherA0 is indeed negligible in all cases may be debat-
able and depends on the limits of detectability of the effect attainable with the experimental
apparatus.

Another possible solution is to resort to theoretical results forA0, which leads to the
question of availability as well as accuracy and reliability of the computed values. The
relatively smaller number of cases in which this solution has been adopted[176,175]com-
pared to the previous one reflects the lack in the literature of reliable values of the properties
enteringb(ω) until 1998.

Starting as an attempt to supply experimentalists with accurate values of theA0 cor-
rection term to be used in the determination of quadrupole moments, we carried out in
Ref. [170] a systematic Hartree–Fock and CCSD investigation of the Buckingham effect
of three quadrupolar molecules—H2, N2 and C2H2—plus the spherical system CH4. We
tried to assess the importance of the hyperpolarizability term, equation(59), versus the
orientational one, equation(60), via calculation of both the quadrupole moment and polar-
izability anisotropy, thus estimating the error associated with the neglect of theA0 term.

We also showed that in some cases an incorrect use ofab initio data for theb(ω) correc-
tion in the process of extracting the molecular quadrupole moment from measurements of
Buckingham birefringence can lead to severe loss of accuracy. Admittedly, there has been
a certain degree of confusion in the earlier literature on the subject concerning the hyper-
polarizability correction termb(ω). In the original papers by Buckingham and coworkers
[11,174]the hyperpolarizability term was calledB and it was referred to as a quadrupole
hyperpolarizability. This is probably at the origin of the misunderstanding that led to a
misuse of theoretical values of an average static dipole–dipole–quadrupole hyperpolariz-
ability 2

15Bαβαβ as correction termb(ω) in the derivation of the quadrupole moment from
measurements of Buckingham effect in some experimental work[176,175].

The most striking example of the consequences in terms of accuracy of the experimental
results is the N2 case. In 1998 Graham and co-workers[175] published an experimental
result for the quadrupole moment of N2 based on a single temperature measurement of
the birefringence. The measured apparent quadrupole moment (obtained neglecting theA0

term) was found to be(−5.25 ± 0.08) × 10−40 C m2. After correction with an incorrect
value of theA0 term taken from the literature, the quadrupole moment of N2 was(−4.65±
0.08)×10−40 C m2, noticeably lower than previous experimental and theoretical estimates.

Using our CCSD results[170] for b(ω) we recalculated the experimental moment to
be (−5.01 ± 0.08) × 10−40 C m2. From a theoretical analysis employing hierarchies of
basis sets and wave function models[28] we also calculated the non-relativistic CCSD(T)
basis set limit value of the quadrupole moment of N2. By including vibrational corrections,
and estimates of the effects of relativity and of correlation beyond CCSD(T) we derived
the reference theoretical result for the quadrupole moment of N2 to be(−4.93± 0.03) ×
10−40 C m2 [28].

Very recently Ritchie, Watson and Keir[177] carried out new observations of the Buck-
ingham effect of N2 over a range of temperatures, thus separating the temperature indepen-
dent contribution from the orientational term. They also performed a new measurement of
the polarizability anisotropy and extracted a new value of(−4.97± 0.16) × 10−40 C m2

for the experimental quadrupole moment of N2. This means there is no remaining doubt
on the experimental value of the quadrupole moment of N2.
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Ritchie’s group has been very active during the last few years in measuring the Buck-
ingham effect and its temperature dependence in various systems[173,177–179]. Other
relatively recent experimental results (at fixedT ) are those obtained by Graham and
coworkers[175]. We have carried out parallel computational studies on many of the sys-
tems they analyzed, including benzene and hexafluorobenzene[170,28,56,24,26,29,30,39,
180]. A comparison of theoretical and experimental data for all quadrupolar systems we
have studied so far is given inTable 9. The table includes values for the quadrupole mo-
mentΘ, the whole orientational termF/T , whereF = 2Θαani(ω)/15k (k stands for
Boltzmann constant), and the hyperpolarizability correctionb(ω). In the footnotes ofTa-
ble 9 (and again later in this work) where needed the correlation-consistent basis sets
employed in the calculations are indicated with the acronymxYZ as a shorthand nota-
tion for the usualx-aug-cc-pVYZ sequence. The results for C6H6 [39] and C6F6 [180]
represent the first study of the Buckingham effect carried out at the DFT level. For Cl2
[30] relativistic corrections were included in the calculatedb(ω), which was obtained to
revise the experimental measure of the quadrupole moment[175], performed at fixedT .
Another computational study of the quadrupole moment of Cl2 was recently carried out by
Junquera-Hernández and co-workers[181].

4.2.2. Atoms and spherical systems

For both atomic and spherical systems the birefringence is entirely due to the hyperpolar-
izability termA0. From a theoretical point of view rare gas atoms are ideal test systems,
since the major sources of possible errors are only related to insufficient treatment of elec-
tron correlation and/or basis set saturation, as no vibrational corrections exist. Theoretical
results are thus in our view of great value to direct revised experimental determinations.
Moreover, for helium, a two electron system, nearly exact results can be obtained.

Table 10collects our “best results” for the hyperpolarizability termb(ω) of all atomic
and spherical systems we have investigated, together with experimental data in the lit-
erature. The table also includes estimates of the anisotropy
n and of the retardationφ
calculated at the hypothetical experimental conditionsP = 103 kPa,T = 298.15 K,
l = 1.8 m and∇E = −1 × 109 V m−2 [184].

Both helium and neon appear to be below the threshold of detection of current exper-
imental devices. The latter is, as discussed in Ref.[184], of the order of±2 nrad on the
retardation.

For krypton, CH4 and SF6 theory predicts birefringences of approximatively the same
intensity and twice as large as the one predicted for argon.

Experiment[182] is basically unable to determine the effect for argon and SF6. For CH4
theory and experiment agree on the sign of the effect, but the theoretical value is much
smaller and falls outside three standard deviations of experiment. The experimental result
carries a quite large error bar, whereas evidence of a large zero-point vibrational correction
for the second dipole hyperpolarizability of CH4 [185] warns of the possibility of strong
vibrational effects, unaccounted for in our case. No experimental values are available, to
our knowledge, for krypton.

The quality of the computational results for CH4 and SF6 can undoubtedly be improved,
in terms of both correlation, basis set and vibrational corrections. On the other hand all
experimental data inTable 10, dating back to 1968, are affected by large uncertainties.
Theory predicts that the systems inTable 10should yield measurable birefringences, with
krypton, CH4 and SF6 having similar estimates for the rotation.
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Table 9. Buckingham effect of quadrupolar systems

System Property Theory Experiment

H2 Θ 0.4561a 0.484a
′

F/T 130.6a 145a′

b(ω) −36.75a −46± 15a′

N2 Θ −1.098± 0.007b −1.11± 0.04b′
; −1.12± 0.02c′

F/T −785.1a

b(ω) −36.13a −76.62± 23.57b′

C2H2 Θ 4.79± 0.03c 4.66± 0.19d′

F/T 9257a

b(ω) −193.3a

Cl2 Θ 2.327± 0.010d 2.31/2.36± 0.04e′

F/T −6479.9e

b(ω) −213.6e

CO2 Θ −3.185± 0.020f −3.187± 0.13f′ ;−3.18± 0.14g′

F/T −7536.7g

b(ω) −54.46g −159± 77f′ ; −118± 178h′

CS2 Θ 2.338h 2.56± 0.11f′

F/T 25500i

b(ω) −410i −1179± 766f′

C6H6 Θ −6.0199;−5.6439j −6.68± 0.27i′

F/T 35504, 34351j

b(ω) −557;−604.7j −3000± 410i′

C6F6 Θ −6.3063k −7.95± 0.29i′

F/T −47114k

b(ω) −368.4k −2900± 2000i
′

Theoretical estimates and experimental values of the quadrupole momentΘ, the orientational termF/T , with

F = 2Θαani(ω)
15k , and temperature independent correctionb(ω). Atomic units.T = 273.15 K.

a From Ref. [170]. FCI/d5Z (H2) and CCSD/dQZ/frozen-core (N2,C2H2,CH4) equilibrium results. b From
Ref. [28]. ZPVA-CCSD(T) basis set limit including estimates of correlation beyond CCSD(T) and relativistic
effects. c From Ref.[56]. ZPVA-CCSD(T) basis set limit including estimates of correlation beyond CCSD(T)

and relativistic effects.d From Ref.[30]. ZPVA-CCSD(T) basis set limit including estimates of correlation be-
yond CCSD(T) and relativistic contributions.e From Ref.[30]. CCSD/dQZ result including relativistic, ZPVA

and PV corrections.f From Ref.[24]. ZPVA-CCSD(T) basis set limit including estimates of correlation be-

yond CCSD(T) and relativistic effects.g From Ref.[24]. CCSD/dQZ/frozen-core equilibrium results.h From

Ref.[24]. CCSD(T)/dVQZ/frozen-core equilibrium value.i From Ref.[24]. CCSD/aQZ/frozen-core equilibrium

value. j From Ref.[39]. CCSD/aTZ (first value) and B3LYP/aTZ (second value) results.k From Ref.[180].

B3LYP/aDZ results. a′
From Ref.[182]. b′

From Ref.[177]. c′
From the apparent momentΘeff = −1.170

in Ref. [175] after revision withb from Ref. [170]. d′
From the apparent momentΘeff = −4.55 ± 0.22 in

Ref. [173] after revision withb from Ref.[170]. e′
From Ref.[30]. Revision of the apparent quadrupole moment

(2.23 ± 0.04) in [175] with the calculatedb(ω). f′ From Ref.[178]. g′
From Ref.[175]. h′

From Ref.[183].
i′ From Ref.[179].
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Table 10. Buckingham effect in spherical systems

System Property Theory Experiment

Helium b(ω)/au −3.15a


n× 1017 7.33
φ/nrad 1.31

Neon b(ω)/au −5.89b


n× 1017 13.7
φ/nrad 2.45

Argon b(ω)/au −58.0b 0 ± 109c


n× 1017 135
φ/nrad 24.1

Krypton b(ω)/au −117.90d


n× 1017 274
φ/nrad 49.0

CH4 b(ω)/au −97.3e −262± 66c


n× 1017 226
φ/nrad 40.5

SF6 b(ω)/au −95f 0 ± 109c


n× 1017 221
φ/nrad 39.5

Best theoretical estimates and experimental values of the hyperpolarizability contribution at 632.8 nm, the
anisotropy of the refractive index
n and the retardanceφ. The theoretical results for the anisotropy and the
retardance are derived from the calculatedb(ω), under the hypothetical experimental conditionsP = 103 kPa,
T = 298.15 K, l = 1.8 m and∇E = −1 × 109 V m−2 [184].
a From Ref. [186]. FCI/d-aug-cc-pV6Z results.b From Ref. [186]. CCSD/d-aug-cc-pV5Z results.c From

Ref. [182]. d This work. CCSD/d-aug-cc-pV5Z results.e From Ref. [170]. CCSD/d-aug-cc-pVQZ results.
f From Ref.[186]. CCSD/d-aug-cc-pVDZ results.

4.2.3. Dipolar molecules

As any physical observable the anisotropy (or retardance) measured in the Buckingham
effect is independent on the choice of the origin of the coordinate system. The quadru-
pole moment of a dipolar system is, on the other hand, origin dependent. In spite of this
dependence, one can still “measure” the quadrupole moment of a dipolar system once the
origin with respect to which the quadrupole moment is defined is specified. As an example,
molecular-beam electron-resonance (MBER) spectroscopy allows for the determination of
the molecular quadrupole moment of dipolar systems with respect to the center of the
nuclear masses, see for instance Ref.[167]. Experimental measurements of the Bucking-
ham effect can also be used to obtain an experimental quadrupole moment for dipolar
systems, where the appropriate reference origin is identified with the so-called effective
quadrupole center (EQC)[12]. This is defined as the point in space at which the combina-
tion of dipole–quadrupole and dipole – magnetic dipole polarizabilities scalar-multiplied
with the dipole moment (equation(61)) vanishes, such that, for that particular choice of
reference origin, an expression for the birefringence similar to the one for quadrupolar
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molecules is recovered. The measured
n yields the quadrupole moment relative to this
origin.

The position of the effective quadrupole center,Rz, is thus not determined directly from
the Buckingham birefringence experiment, but it is theoretically identified via the origin
shift that makes the dipolar contribution in theA1 term vanish. According to BLH the-
ory the shift with respect to a given reference origin (labelled “(or)” below)—for a linear
molecule along thez axis—is given by[26,25]

(66)RBLH
z = a

(or)
z,zz + 3a(or)x,xz − a

(or)
z,xx + 10ω−1G

′(or)
x,y

2αzz + 3αxx − 5αLVxx

where the response functions have been defined above, and the superscript on those in-
volving the quadrupole moment operator indicates that they are computed at the reference
origin. In IR theory[23] the same shift is given instead by the expression

(67)RIR
z = 2a(or)z,zz + a

(or)
x,xz + 3a(or)z,xx + 10ω−1G

′(or)
x,y

4αzz + αxx − 5αLVxx
.

If we indicate withΘ(Rz) the molecular quadrupole moment referring to the EQC(Rz), we
have

(68)Θ(Rz) = Θ(or) − 2Rzµ.

AboveαLVαβ = i
ω
〈〈µα;µpβ〉〉 is the electric polarizability in the mixed length-velocity form.

It should be added that differences between the two theories also exist in the expression for
theb(ω) contribution for any system, including atoms and quadrupolar molecules.

We showed in Refs.[26,24,25,30,29]via quantum chemical calculations on the Buck-
ingham effect that the two semiclassical theories led to substantially different numerical
results for the induced anisotropy in a variety of cases. In our opinion the differences could
not be ascribed to deficiencies in the computational approach, since they persisted even
for two-electron systems as helium and H2 [25], where results practically “exact” can be
obtained.

The most striking disagreement was observed for the EQC and the resulting quadrupole
moment of CO[26,29]. In the first study[26] we carried out both a CCSD(T) analysis of
the quadrupole moment at the center of mass and a CCSD study of the EQC. We derived
thus the quadrupole moment referring to the EQC within both theories. The results, once
compared to an experimentally derived estimate ofRz, slightly favored the BLH theory,
but to a measure that it was impossible to sort out indubitably which of the two theories
could be correct.

In Ref. [29] we undertook therefore a second analysis, where we tried to minimize as
much as possible the causes of deficiency in the computational approach. In particular,
we improved on the description of electron correlation in the calculation of the response
properties by resorting to the CC3 approach, a cost-effective approximation to CCSDT.
The results for the EQC are given inTable 11. Two other linear dipolar molecules, N2O
and OCS, were also considered in Ref.[29], but we do not discuss them here for sake of
brevity.

The comparison of the experimental and theoretical values of the EQC (and the quadru-
pole moments referring to it) shows that BLH results are well within one standard deviation
of the (revised) experimental results, whereas the IR results are still outside three standard



Birefringences: A Challenge for Both Theory and Experiment 173

Table 11. Buckingham birefringence of CO

Property BLH IR

RCCSD
z 4.52± 0.5 2.50± 0.5

RCC3
z 5.96± 0.5 3.06± 0.5

R
exp,app
z

a 7.7 ± 0.5

R
exp,CCSD
z

b 6.25± 0.51 5.78± 0.51

R
exp,CC3
z

c 6.16± 0.51 5.69± 0.51

Computed and experimentally derived shifts with respect to the center of nuclear masses determining the EQC
(Rz, in au) for CO at 632.8 nm. The molecule is oriented along thez axis with positive direction pointing from C to
O, so that the dipole moment is positive. CCSD/d-aug-cc-pVQZ results are from Ref.[26]. CC3/d-aug-cc-pVQZ
results are from Ref.[29]. The computed shifts are rovibrationally corrected.
a “Apparent” experimentally derived shift obtained from equation(68)combining the experimental values for the

dipole momentµ, the apparent quadrupole momentΘeff from Buckingham birefringence and the quadrupole
moment at the center of massΘCM from MBER.
b The experimentally derived value whereΘeff from Buckingham birefringence has been corrected forb(ω)

computed at the CCSD level. See Refs.[26,29] for details.
c The experimentally derived value whereΘeff from Buckingham birefringence has been corrected forb(ω)

computed at the CC3 level. See Refs.[26,29] for details.

deviations. We could not provide an explanation of the origin of the discrepancy, but our
work was instrumental in stimulating a decisive revision of the existing theories.

The revision was made by Raab and de Lange[171,172]. The authors first carried out a
completely new calculation of the effect based on forward scattering of a light beam inci-
dent on a thin lamina of gas molecules in order to avoid a divergent quantity occurring in
BLH theory. In this way they re-obtained exactly BLH formulas[171]. They then revisited
IR formulation, based on wave theory, and found that the difference between BLH and
IR expressions originated from the assumption, in IR approach, that the light wave prop-
agating in the gas is a plane-wave[172]. By taking into account distortion of the incident
wave by the field gradient in the wave theory treatment of the effect the results of the two
approaches became identical. The problem of the discrepancy was thus finally resolved
and there is now consensus on Buckingham–Longuet Higgins molecular expression for
the birefringence induced by the electric field gradient.

4.3. Magnetochiral axial birefringence

The magnetochiral axial birefringence for an isotropic closed-shell system in the transpar-
ent region is temperature independent[18]

(69)
n = A0

where

(70)A0 = ω

5
A′
α,αβ,β + εαβγG

para
α,βγ
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Table 12. The molecular properties entering the expressions
for the magnetochiral birefringence (equations(69) and (70))

A0 A′
α,βγ,δ(−ω;ω,0) ∝ ℑ〈〈µα;Θβγ ,mδ〉〉ω,0

G
para
α,βγ (−ω;ω,0) ∝ ℜ〈〈µα;mβ ,mγ 〉〉ω,0

and the relationship between the above tensor properties and the response functions is
shown inTable 12.

Magnetochiral birefringence has been known for a few decades[17,18,3,19,20]and it
has recently been observed experimentally[31,32,187,33].

In 2001 Valletet al. [33], in view of a remarkable disagreement on the magnitude of the
effect for liquid proline between their results and those obtained by Wagniere and cowork-
ers using a slightly different experimental methodology[32], called for “(. . .) theoretical
calculations of magnetochiral anisotropies”, which “(. . .) would allow an exact quantita-
tive comparison with the molecular model”, a model which was developed by Barron and
Vrbancich in their 1984 paper[18].

Prompted by this call, we made an attempt to provide theoretical estimates and carried
out an investigation of the magnetochiral birefringence of methyloxirane, C3H6O, fluoro-
and methyl-cyclopropanone, C3H3OF and C4H6O, carvone, C10H14O, limonene, C10H16,
and proline, C5H9NO2, at the Hartree–Fock level of theory[34] and for isolated molecules.

The effect had not previously been the subject of rigorous quantum chemical calcula-
tions, and, from the computational point of view, it posed several challenges. The three
systems for which the experimental data were available are large and chiral,i.e., non-
symmetric, which somewhat limited the size of the basis sets and the choice of the wave
function model one could use. They are characterized by a certain degree of flexibility,
so that one could expect that more than one conformer would make a significant contri-
bution to the net effect. For proline the experimental measurements were carried out in
solution, whereas those on both carvone and limonene were made for pure liquids. We are
yet unable to introduce in our calculations involving high order electric and magnetic op-
tical response functions a satisfactory model accounting for the interactions in condensed
phase. As an additional test of the ability of our approach to provide reliable estimates for
the magnetochiral birefringence we also carried out calculations of natural optical rotation,
the lower order phenomenon to which magneto-chiral birefringence is related, for which
many experimental results have been reported[188,189].

The resulting magnetochiral birefringence is given inTable 13for the conformer cor-
responding to the global minimum of each molecule in the aug-cc-pVDZ basis, and it is
compared with the experimental results[31,33,32]. The density values for the liquid state
under standard conditions used are specified in the notes. Wavelengths and field inductions
were chosen for each molecules according to experiment and are also given in notes.

From the inspection of the results collected inTable 13it can be seen that

(i) For proline—having properly taken into account the differences in magnetic field
intensity and concentration—the axial anisotropy induced by the magnetic field ob-
served by Valletet al.[33] is≈20 times weaker than that seen by Kalugin, Kleindienst
and Wagnière[32]. This factor increases to almost forty if the effect of frequency dis-
persion is treated as we discussed in Ref.[34].
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Table 13. Comparison of theoretical estimates and experimental values for the magne-
tochiral birefringence of carvone, limonene and proline

Molecule (n↑↑ − n↑↓)× 1011

Theory Experiment

Carvone (−2.86×10−1)a (+2.5±0.6)×103e

Limonene (1.85×10−1)b (5.0 ± 0.8)f

Proline (−5.86×10−1)c (+2.1±0.3)×103g

(−4.16×10−2)d (3.3 ± 0.7)h

The calculated results (HF/aug-cc-pVDZ) refer only to the conformational structures corresponding to the global
minima.
a Estimate atBz = 5 T and density at normal conditions of 0.9608 g·cm−3. λ = 632.8 nm.
b Estimate atBz = 0.13 T and density at normal conditions of 0.8411 g·cm−3. λ = 488.0 nm.
c Estimate atBz = 4.6 T and molar concentration of 4 M.λ = 632.8 nm.
d Estimate atBz = 0.13 T and molar concentration of 5.4 M.λ = 488.0 nm.
e (S)-carvone (l-carvone) atλ = 632.8 nm and a field of 5 T. Ref.[31].
f λ = 488 nm and a 0.13 T field. The mean value of the modulus of the induced anisotropy, taken for both the
(R)- and (S)-enantiomers, is given and the sign of the effect is thus unspecified. Ref.[33].
g 5.4 M aqueous solution,λ = 488 nm, andBz = 0.13 T field. The mean value of the modulus of the induced
anisotropy, taken for both the (R)- and (S)-enantiomers, is given and the sign of the effect is thus unspecified.
Ref. [33].
h (S)-proline (l-proline) in a 4 M aqueous solution atλ = 632.8 nm, 4.6 T field. Ref.[32].

(ii) For limonene, Valletet al. [33] report a much smaller anisotropy than the one mea-
sured for carvone in Ref.[31], even though these two molecules are structurally
similar.

(iii) We cannot reproduce the sign of the axial birefringence measured experimentally for
carvone and proline[31,32].

(iv) Apart from the sign, the birefringence predicted for carvone is almost four orders of
magnitude smaller than the experimental value.

(v) For proline our result is more than three orders of magnitude smaller than the value
[32] measured by the same group which reported the value for carvone, and almost
two orders of magnitude smaller that the one obtained by Valletet al. [33].

(vi) For limonene our result is 15 to 30 times smaller than the experimental value by Vallet
et al. [33].

(vii) Our calculations predict a magnetochiral axial birefringence of about the same order
of magnitude for all three molecules and much weaker than observed experimentally.

The reasons for the large discrepancy between the calculated magnetochiral birefrin-
gence and that observed experimentally may be numerous, and are extensively discussed
in Ref. [34]. Considering the approximations and limitation of the theory, we cannot claim
high accuracy of our results. For this reason we cannot rule out that the factors of≈15 to
30 that are needed to bring our computed anisotropies in agreement with those measured
by Valletet al. [33] for limonene and proline, respectively, might be eventually recovered.
On the other hand it seems that the magnetochiral birefringence effect for carvone and
proline is probably weaker than reported by Wagniére’s group[31,32], as discrepancies of
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three–four orders of magnitude between theory and experiment remain in our view hard to
reconcile.

The wide disagreement between our estimates for the magnetochiral birefringence and
experiment calls for further investigation both from the experimental and the theoretical
point of view. For the latter, it would be worthwhile to try and include correlation effects,
for example at the DFT level, and further analyze the conformational dependence of the
property, along the line of the study of Ref.[35], as well as the importance of solvent
effects.

4.4. Jones and magneto-electric linear birefringences

Polarized monochromatic light interacting with matter in the presence of external uniform
electric and magnetic induction fields applied parallel to each other and perpendicular to
the direction of propagation of the beam exhibits a linear birefringence, called Jones bire-
fringence[13–16], which superimposes to the Kerr and Cotton–Mouton birefringences.
Jones birefringence is characterized, see Section2, by a pair of axes bisecting those of the
two traditional birefringences.

When the three directions (propagation, electric field and magnetic induction field) are
mutually orthogonal, a different (from the experimental point of view) type of birefrin-
gence bilinear in the strength of the electric and magnetic induction fields appears, called
“magneto-electric birefringence”[15,44,190,16,191]. The optical axes of magneto-electric
birefringence coincide with those of the Kerr and Cotton–Mouton effects. The molecular
expression for the anisotropy in fluids is identical for Jones and magneto-electric birefrin-
gences[16]. One has[38]

(71)
n = A0 + A1

T
,

where the response properties involved are shown inTable 14. In particular, the combina-
tion of components involved inA0 is

(72)3Gα,βα,β + 3Gα,ββ,α − 2Gα,αβ,β − ω

2
εαβγ (a

′
α,βδ,δ,γ + a′

α,βδ,γ,δ)

Table 14. The molecular properties entering the expressions for the Jones and magneto-
electric birefringences (equations(71)–(73))

A0 a′
α,βγ,δ,ε(−ω;ω,0,0) ∝ ℑ〈〈µα; qβγ ,mδ, µε〉〉ω,0,0
G

para
α,βγ,δ(−ω;ω,0,0) ∝ ℜ〈〈µα;mβ ,mγ , µδ〉〉ω,0,0

Gdia
α,βγ,δ(−ω;ω,0) ∝ ℜ〈〈µα; ξdia

βγ , µδ〉〉ω,0

A1 a′
α,βγ,δ(−ω;ω,0) ∝ ℑ〈〈µα; qβγ ,mδ〉〉ω,0

(polar) G
para
α,βγ (−ω;ω,0) ∝ ℜ〈〈µα;mβ ,mγ 〉〉ω,0

Gdia
α,βγ (−ω;ω) ∝ ℜ〈〈µα; ξβγ 〉〉ω

µα 〈µα〉
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where

(73)Gα,βγ,δ(ω) = G
para
α,βγ,δ(ω)+Gdia

α,βγ,δ(ω).

Note that the contribution ofGdia
α,βγ,δ(ω), which should be in principle included also in the

expression of magnetochiral birefringence, equation(70), in that case disappears due to
rotational averaging.
A1 vanishes for non dipolar systems. It involves the following combination of response

functions

(74)µα(3Gα,ββ + 3Gβ,αβ − 2Gβ,βα)− ω

2
εαβγ (µγ a

′
α,βδ,δ + µδa

′
α,βδ,γ )

and again

(75)Gα,βγ (ω) = G
para
α,βγ (ω)+Gdia

α,βγ (ω).

Jones (and magneto-electric) birefringences are relatively young phenomena, at least as
far as their experimental detection is concerned. In recent years, measurements have been
made in liquid samples[36,37,192,193]. In Refs.[38,39] we have carried outab initio
studies of these birefringences in the gas phase, and we have compared their strength with
those of the birefringences they superimpose to (Kerr and Cotton–Mouton) and of the other
linear birefringence we have been studying at length, Buckingham’s. InTable 15we report
a summary of the results, namely the anisotropies computed in the gas phase for a few ref-
erence systems, including rare gases, linear non-dipolar molecules, a dipolar system (CO)
and two aromatic molecules. The results, mostly taken from our previous work on the sub-
ject, were obtained employing quite large correlation consistent basis sets and different
wave function models. In some cases (most of the Kerr results, and the CME and Buck-
ingham birefringence results for krypton) calculations were carried out expressly for this
review. In the case of the CME of helium we have included in the table the benchmark re-
sults obtained by Bishop and Pipin[157] employing an explicitly correlated wave function.
The same applies to hydrogen, where the reference is to Bishop, Cybulski and Pipin[104]
and to the work of Rychlewski and Raynes[194,195]. For a detailed discussion of the
literature, comparison with experiment where available, analysis of the assumptions and
approximations made, the interested reader should refer to the original references, as once
again the scope ofTable 15is only to allow for a reasonable comparison of the strengths
of the different birefringences and not to discuss computational strategies in detail.

To estimate directly the birefringence we made some assumptions on plausible exper-
imental conditions, and chose a wavelength of 632.8 nm, pressure of 1 bar, temperature
of 273.15 K and field strengths as follows:E = 2.6 × 106 V m−1, B = 3 T and
∇E = 1 × 109 V m−2. These values correspond to usual averages employed in experi-
mental work in the field of birefringences. Moreover, we assume a path lengthl of 1 meter
when computing the retardance[38].

Given these hypothetical experimental conditions, Jones and magneto-electric birefrin-
gences yield retardances which are comparable to those observed in Buckingham bire-
fringence at least for rare gases and molecular hydrogen. The current detection limit for
retardances of≈2 nrad[184] makes their observation in these systems then extremely chal-
lenging. Note once again that Buckingham birefringence has been measured in argon by
Buckingham, Disch and Dunmur already in 1968[182], see Section4.2.2above, but that
measurement could only establish upper limits for the effect. For the other molecules in
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Table 15. Comparison of estimated Jones and magneto-electric birefringences with the values computed for the Kerr, CME and Bucking-
ham’s effects for a few atoms and molecules

System Jones Kerr

n Basis/Wf Ref. φ/nrad 
n Basis/Wf Ref. φ/nrad

He −1.3 × 10−17 t6Z/CCSD [38] −1.3×10−1 9.31× 10−15 d6Z/CCSD 9.2 × 101

Ne −3.5 × 10−17 t5Z/CCSD [38] −3.5×10−1 2.25× 10−14 d5Z/CCSD 2.2 × 102

Ar −3.0 × 10−16 t5Z/CCSD [38] −3.0 2.58× 10−13 d5Z/CCSD 2.6 × 103

Kr −6.5 × 10−16 t5Z/CCSD [38] −6.5 5.88× 10−13 d5Z/CCSD 5.8 × 103

H2 −4.0 × 10−16 d5Z/FCI [38] −4.0 3.06× 10−13 t5Z/FCI 3.0 × 103

N2 −7.5 × 10−16 dQZ/CCSD [38] −7.4 1.19× 10−12 dQZ/CCSD 1.2 × 104

C2H2 −3.0 × 10−15 aQZ/CCSD [38] −3.0 × 101 8.15× 10−12 dQZ/CCSD [196] 8.1 × 104

CO −1.2 × 10−15 dQZ/CCSD [38] −1.2 × 101 1.36× 10−12 dQZ/CCSD 1.4 × 104

C6H6 2.4 × 10−15 aTZ/B3LYP [39] 2.4 × 101 7.54× 10−11 aTZ/B3LYP [39] 7.5 × 105

C6F6 3.9 × 10−15 aDZ/B3LYP [39] 3.9 × 101 1.09× 10−10 aDZ/B3LYP [39] 1.1 × 106

System CME Buckingham

n Basis/Wf Ref. φ/nrad 
n Basis/Wf Ref. φ/nrad

He 2.13× 10−15 ECW [22] 2.1 × 101 −8.00× 10−18 d6Z/CCSD [186,25] −7.9×10−2

Ne 5.81× 10−15 t5Z/CCSDT [21] 5.8 × 101 −1.50× 10−17 d5Z/CCSD [186,25] −1.5×10−1

Ar 4.97× 10−14 d5Z/CC3 [21] 4.9 × 102 −1.47× 10−16 d5Z/CCSD [186,25] −1.5
Kr 1.03× 10−13 d5Z/CCSD 1.0 × 103 −3.00× 10−16 d5Z/CCSD −3.0
H2 9.17× 10−14 ECW [22] 9.1 × 102 1.60× 10−16 d5Z/FCI [170] 1.6
N2 −2.84× 10−12 tTZ/B3LYP [91] −2.8 × 104 −2.09× 10−15 dQZ/CCSD [170,25] −2.1 × 101

C2H2 −1.50× 10−12 aTZ/MCSCF [146] −1.5 × 104 2.27× 10−14 dQZ/CCSD [170,25] 2.3 × 102

CO −1.80× 10−12 tTZ/B3LYP [91] −1.8 × 104 −3.10× 10−15 dQZ/CC3 [26,29,25] −3.1 × 101

C6H6 1.67× 10−10 aTZ/B3LYP [39] 1.7 × 106 −8.57× 10−14 aTZ/B3LYP [39] −8.5 × 102

C6F6 1.26× 10−10 aDZ/B3LYP [39] 1.3 × 106 −1.21× 10−13 aDZ/B3LYP [39] −1.2 × 103

Results forλ = 632.8 nm, path lengthl = 1 m, pressureP = 1 bar, temperatureT = 273.15 K, electric field strengthE = 2.6 ×106 V m−1, magnetic induction fieldB = 3 T,

electric field gradient strength∇E of 1 × 109 V m−2. The basis set is indicated with the acronymxYZ as a shorthand notation for the correlation consistentx-aug-cc-pVYZ
basis set. “Wf” is the wave function model employed, with “ECW” standing for “explicitly correlated wave function”. Where reference is not given to previous work, it is
implied that the values were computed expressly for this paper (details available from the authors).
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Table 15, Jones and magneto-electric birefringences remain weaker than Buckingham’s
by a factor of almost one order of magnitude on the average, due to the absence of
an orientational term which represents the dominant contribution for all the other three
birefringences. They are still in principle measurable. Kerr birefringence appears to be ap-
proximately three orders of magnitude stronger for rare gases and H2, whereas CME is
slightly more than two orders of magnitude more intense. For the remaining systems, Kerr
and CME are of comparable size and they can be up to almost five orders of magnitude
stronger than Jones or magneto-electric birefringences.

As mentioned above, measurements of these optical anisotropies observed in mixed
electric and magnetic induction fields has been limited to date to liquid samples, where
the enhancement of the effect due to the condensed phase is considerable, making de-
tection far easier. It is thus rather evident the challenge that this field poses to both
computational chemists and experimentalists if they want to be able to exchange reli-
able and useful information on Jones and magneto-electric birefringence as it has been
possible in recent years for the other birefringences. Efforts must be made to strengthen
the theoretical approach to frequency dependent electric and magnetic high order re-
sponse properties in condensed phases, and the corresponding computational tools need
to be developed. On the other hand, experimentalists are faced with the challenge of
further improving the efficiency of their optical apparata, to be able to perform reliable
measurements of tiny retardances in the gas phase. The rapid advancement in tech-
nology (faster computers but also stronger magnets, better optical instrumentation and
more efficient detection devices) should encourage those willing to take up this chal-
lenge.
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[35] M. Pecul, K. Ruud, A. Rizzo, T. Helgaker,J. Phys. Chem. A108(2004) 4269.
[36] G.L.J.A. Rikken, E. Raupach, T. Roth,Physica A294–295(2001) 1.
[37] T. Roth, G.L.J.A. Rikken,Phys. Rev. Lett.85 (2000) 4478.
[38] A. Rizzo, S. Coriani,J. Chem. Phys.119(2003) 11064.
[39] A. Rizzo, C. Cappelli, B. Jansík, D. Jonsson, P. Saíek, S. Coriani, H. Ågren,J. Chem. Phys.121 (2004)

8814.
[40] A.D. Buckingham,Proc. Phys. Soc. B69 (1956) 344.
[41] A.D. Buckingham, M.B. Dunn,J. Chem. Soc. A(1971) 1988.
[42] M. Faraday,Philos. Mag.29 (1846) 153.
[43] M. Faraday,Philos. Mag.28 (1846) 294.
[44] N.B. Baranova, Y.V. Bogdanov, B.Y. Zel’dovich,Optics Comm.22 (1977) 243.
[45] A.D. Buckingham, R.A. Shatwell,Chem. Phys.35 (1978) 353.
[46] P.W. Atkins, M.H. Miller,Mol. Phys.15 (1968) 503.
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Abstract
We review the theory of the lowest-order manifestations of natural optical activity: optical rotation (OR) and
electronic circular dichroism (ECD), and discuss the applications of modernab initio methods to the calculation
of these properties, with particular emphasis put on the challenges facing such calculations, including the gauge
origin problem. We review the recent applications ofab initio methods to calculations of OR and ECD, giving
examples of the kind of molecules and questions that can now be addressed usingab initio methodology.
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1. INTRODUCTION

Natural optical activity, the lowest order optical phenomenon associated with chirality,
manifested as electronic circular dichroism (ECD) in absorption spectra of circularly po-
larized light and as optical rotation (OR) in the transparent region, has been known since
the beginning of the XIX century. Since the first works of Arago and Biot in 1811 and
1812[1,2], much effort has been devoted to understanding the connection between these
phenomena and the structure of the chiral system. The theoretical background for quan-
tum mechanical calculations of the optical rotation was given by Rosenfeld in 1928[3].
However, in part due to the difficulties inherent in the calculation of properties involving
the magnetic dipole operator, and partly due to the often large size of chiral molecules,
calculations of these properties—and in particular of the optical rotation—using quantum
chemical methods emerged relatively late.

An ab initio calculation of the molecular tensors contributing to the optical rotation was
first carried out by Amos[4] at the Hartree–Fock (HF) level in the so-called static limit
(vide infra) for a few simple, non-chiral molecules (CO, HF, HCl and CH3F). An imple-
mentation and the first calculations of the frequency-dependent tensors were presented for
the water molecule by Lazzeretti and Zanasi in 1986[5]. The firstab initio calculations of
the optical rotation of chiral molecules appeared in 1997, in this case employing the static-
limit approximation[6]. Incidentally, the frequency-dependent, gauge-origin independent
tensors required for optical rotation calculations had been implemented a few years ear-
lier [7].

The optical rotatory strengths characterizing the ECD spectrum have been calculated
for a much longer time:ab initio calculations of rotatory strengths have been performed
for almost 30 years[8]. However, it is only recently that reliable calculations of ECD
parameters in systems of chemical interest have become possible.

In this review, we will give a short presentation of the theory of electronic circular
dichroism and optical rotation, and of the contemporaryab initio methods used for their
calculations. For both properties, some typical applications presented in the literature will
be reviewed. We focus on theoretical investigations of the problems that affect the compar-
ison of ab initio results and experimental data, such as basis set and electron correlation
effects, the effects of molecular vibrations, as well as solvent effects. Some more typical
applications, such as structural studies (including the assignment of the absolute configu-
ration) will also be discussed. For an earlier review of calculations of the optical rotation,
we refer to the work by Polavarapu[9].

2. THEORY OF OPTICAL ACTIVITY

2.1. The physical manifestation of optical activity

Natural optical activity manifests itself in the transparent region as theoptical rotation
of the polarization plane of plane-polarized light after passing through a sample of chiral
molecules with an excess of one enantiomer. In the absorbing region, left and right cir-
cularly polarized light are absorbed differently, a phenomenon calledcircular dichroism.
Indeed, both optical rotation and circular dichroism can be traced back to the same origin:
chiral molecules have different index of refraction—both the real (contributing to optical
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rotation) and the imaginary (contributing to circular dichroism) parts—for circularly po-
larized light waves of opposite rotation. Consequently, both phenomena are dependent on
the electromagnetic wavelength.

Optical rotationcan be rationalized by the fact that plane-polarized light can be decom-
posed into left- and right-circular polarization states of equal amplitudes, as first noted by
Fresnel in 1825[10,11]. Since the real part of the index of refraction for circular waves of
opposite rotation are different in a chiral medium, the two waves propagating through such
a medium acquire a relative phase shift that leads to a net rotation of the original plane of
polarization.

The imaginary component of the refractive index induces an exponential decay of the
amplitude of the circularly polarized light. The rate of decay is in chiral samples different
for left- and right-circular polarization states, and the difference in the absorption of left-
and right-circularly polarized light, thecircular dichroism, can be measured. Furthermore,
plane-polarized light becomes elliptically polarized after passing through an optically ac-
tive absorbing sample, which is also a consequence of the difference in the absorption
of the two circular components, since elliptically polarized light can be decomposed into
coherent left- and right-circularly polarized components of different amplitudes.

At the molecular level, the refractive index is related to the mixed electric dipole –
magnetic dipole polarizabilityG′

αβ(ω) [12]

(1)G′
αβ(ω) = −2ω

∑

n�=0

Im
〈0|µ̂α|n〉〈n|m̂β |0〉

ω2
n0 − ω2

,

whereω is the frequency of light in atomic units, andµ̂α andm̂β are the electric and mag-
netic dipole moment operators, respectively. These operators are in second quantization
given as

(2)µ̂α = −
∑

pq

rαEpq ,

(3)m̂α = −1

2

∑

pq

lOα Epq ,

wherelOα is theα component of the orbital angular-momentum operator with respect to the
gauge originO. In these equations, the summations run over the orbitals in the basis set,
andEpq are the generators of the unitary group[13].

Both the optical rotation and the optical rotatory strength are therefore related to
G′
αβ(ω).
The results of a measurement of the optical rotation are usually reported in terms of the

specific optical rotation (specific optical rotatory power)[α]

(4)[α] = αV

ml
,

whereα is the rotation of the original polarization plane,l is the optical path length, andm
andV are the mass and volume of the chiral sample, respectively.

The specific optical rotation is related[3] to the trace of the Rosenfeld tensorβαβ by

(5)[α] = 288· 10−30π
2NAa

4
0ω

2

M
β,
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whereβ = 1/3 Trβ, and where the Rosenfeld tensor can be written in terms of the mixed
electric dipole-magnetic dipole polarizabilityG′

αβ

(6)βαβ(ω) = −ω−1G′
αβ(ω).

In the above equations,NA is Avogadro’s number,a0 is the Bohr radius,M is the molar
mass of the molecule in g·mol−1, ω the frequency of the light in atomic units, and where
β is also given atomic units. The units of[α] are deg·cm3·g−1·dm−1.

Most measurements of the optical rotation are carried out at a single frequency, usu-
ally corresponding to the sodium D-line. However, studies of the variation of the optical
rotation with the frequency of the incident light are also known, and are referred to asop-
tical rotatory dispersion(ORD) [14]. Natural optical activity of oriented samples includes
a contribution from the electric dipole – electric quadrupole polarizability tensor which is
traceless and thus vanishes for freely rotating molecules[15].

Circular dichroismis usually expressed as the difference between the molar extinction
coefficients for left- and right-circularly polarized light (εL(λ) andεR(λ)):

(7)
ε(λ) = εL(λ)− εR(λ),


ε(λ) is related to the rotatory strengthnR of the transition between the ground state 0 and
thenth excited state.

The rotatory strengthnR was derived from quantum mechanical theory by Rosenfeld[3]
as the product of the electric dipole and magnetic dipole transition moments, in atomic
units given as

(8)nRαβ = 3

4
Im

[∑

γ

〈0|µ̂γ |n〉〈n|m̂γ |0〉δαβ − 〈0|µ̂α|n〉〈n|m̂β |0〉
]
.

Assuming a Gaussian band shape, the observed
ε(λ) can be reproduced from the rota-
tory strengths through the relation[16]:

(9)
ε(λ) = 16π2NAa0e
2

3h̄c · 107 ln 10me

1

Γn
√
π

∑

n

nR exp

[(
−λ− λn0

Γn

)2]
,

whereλ is the light wavelength,λn0 is the wavelength corresponding to then ← 0 transi-
tion,Γn is the width of the band (assuming a Gaussian bandshape) ate−1 of its maximum,
nR is the trace of tensor in equation(8), and the summation is over the bands. In equa-
tion (9), nR is converted from atomic units to cgs units by multiplyingnR with a factor
ea0ch̄
me

, wheree is the elementary charge,c the speed of light, andme the electron mass.

2.2. The molecular origin of optical rotation and circular dichroism

In the following, an outline of the derivation of the quantum mechanical expression for
the optical rotation and the rotatory strength will be presented. In the description of
electromagnetic interactions, the magnetic dipole operator always occurs together with
a molecular quadrupole operator arising from the electric field gradient of the oscillating
electromagnetic field, and it is only the sum of these two operators that give rise to ori-
gin independent results. However, for isotropic samples, which constitute the majority of
the systems studied byab initio methods, the contribution from the quadrupole operator
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will not appear since it is purely anisotropic. For simplicity, it is therefore neglected in the
following derivations, but it will be reintroduced later in a phenomenological manner.

Our derivation of the electric and magnetic dipole interactions will follow very closely
the presentation in Ref.[17], since this approach will allow us to consider optical rotation
both in spectral regions close to and far from resonances, and also allow us to consider
the absorptive process taking place in ECD spectroscopy in comparison with the non-
absorptive processes dominating in optical rotation measurements.

We will consider periodic perturbations, and in this case we may write the electric and
magnetic components of the electromagnetic field as

(10)Fα(t) =
N∑

k=−N
Fωkα e−iωk t ,

(11)Bα(t) =
N∑

k=−N
Bωkα e−iωk t ,

whereω−k = −ωk, F−ωk = Fωk ∗, andB−ωk = Bωk ∗. If we only consider the lowest-
order effects of interactions, we can write the induced molecular polarization due to the
electromagnetic field as

(12)µα(t) = µ0
α +

N∑

k=−N

[
ααβ(ωk)F

ωk
β + χαβ(ωk)B

ωk
β

]
e−iωk t ,

whereµ0 is the permanent electronic part of the electric dipole moment

(13)µ0
α = −

Ne∑

i

ri,α,

andNe is the number of electrons in the system. In equation(12) we have also introduced
α(ω), which is the frequency-dependent electric dipole polarizability, andχ(ω), which is
the linear coupling to the external magnetic field. We note that this expression is slightly
different from that often used in other presentations, such as for instance Barron[12], but
that we can recover the conventional quantityG′(ω) through the relation

(14)G′(ω) = − 1

2i

[
χ(ω)− χ(−ω)

]
,

whereχ(−ω) = χ(ω)∗. As mentioned in the previous section, it is the tensorG′
αβ(ω) that

determines the optical rotation and rotatory strengths, and we will therefore not consider
the electric polarizability contribution to the polarization any further here.

When exposed to a time-dependent electromagnetic field, the time-development of the
molecular system is described by the time-dependent Schrödinger equation

(15)i
∂

∂t

∣∣ψ(t)
〉
= Ĥ

∣∣ψ(t)
〉
,

where the Hamiltonian̂H can be divided into the unperturbed molecular HamiltonianĤ0
and the perturbation̂V (t). We will only consider closed-shell molecular systems, thus ig-
noring possible spin interactions, and the magnetic perturbation due to the electromagnetic
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field can then be written

(16)V̂ (t) = −m̂αBα(t).
In these equations and in the rest of the paper, atomic units have been used.

Before the time-dependent perturbation is turned on, we will assume that the system is
in some reference state|0〉, and the time-development of this state can be written (assuming
exact states)

(17)
∣∣ψ(t)

〉
= e−P̂ (t)|0〉,

whereP̂ is an anti-Hermitian operator of the form

(18)P̂ (t) =
∑

n�=0

[
Pn|n〉〈0| − P ∗

n |0〉〈n|
]
.

The state transfer operatorŝΩn = |n〉〈0| and Ω̂†
n = |0〉〈n| connect the reference state

|0〉 to the complete set of other eigenstates of the unperturbed HamiltonianĤ0. We can
determine the time-dependent state-transfer amplitudes from a generalized form of the
Ehrenfest theorem[18]

(19)

∂

∂t

〈
ψ(t)

∣∣Ω̂n
∣∣ψ(t)

〉
= 1

i

〈
ψ(t)

∣∣[Ω̂n,H
]∣∣ψ(t)

〉
− γn

[〈
ψ(t)

∣∣Ω̂n
∣∣ψ(t)

〉
−
〈
0|Ω̂n|0

〉]
,

where we have introduced a damping factorγn that accounts for the depopulation of the
excited state. When we assume that there is no depopulation of the excited states,i.e., when
we adopt the so-called infinite-lifetime approximation in whichγn = 0, equation(19) is
reduced to the Ehrenfest theorem.

By expanding the set of amplitudes to various orders in the applied perturbation

(20)Pn = P (1)n + P (2)n + P (3)n + · · · ,
and employing the Baker–Campbell–Hausdorff (BCH) expansion in equation(19) with
the representation of the time-development of the state as given in equation(17), we get an
equation linear in̂P andV̂ (t)

(21)

∂

∂t

〈
0
∣∣[P̂ , Ω̂n

]∣∣0
〉
= 1

i

[〈
0
∣∣[P̂ ,

[
Ω̂n, Ĥ0

]]∣∣0
〉
+
〈
0
∣∣[Ω̂n, V̂ (t)

]∣∣0
〉]

− γn
〈
0
∣∣[P̂ , Ω̂n

]∣∣0
〉
.

Solving this equation forP (1)n for a perturbation along theβ axis we get

(22)P
(1)
n,β =

N∑

k=−N

〈n|m̂β |0〉Bωkβ e−iωk t

−ωn0 + ωk + iγn
,

where we have defined the excitation energyωn0 = En−E0. Since the first-order perturbed
wave function is given as

(23)
∣∣ψ (1)β

〉
= −

∑

n�=0

P
(1)
n,β |n〉,
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we can write the first-order magnetic-field induced polarization as

〈0|µ̂α
∣∣ψ (1)β

〉
+
〈
ψ
(1)
β

∣∣µ̂α|0〉 =
N∑

k=−N

∑

n�=0

[ 〈0|µ̂α|n〉〈n|m̂β |0〉Bωkβ
ωn0 − ωk − iγn

e−iωk t

(24)+
〈n|m̂β |0〉∗〈n|µ̂α|0〉B−ωk

β

ωn0 − ωk + iγn
eiωk t

]
.

Using the fact that the summation runs over both positive and negative frequencies—that
is, that we can writeωk = −ωk in the second term—a comparison with equation(12)gives

(25)χαβ(ωk) =
∑

n�=0

[ 〈0|µ̂α|n〉〈n|m̂β |0〉
ωn0 − ωk − iγn

+ 〈0|m̂β |n〉〈n|µ̂α|0〉
ωn0 + ωk + iγn

]
.

It is instructive to consider the infinite lifetime expression for the imaginary part of
equation(25)—that is, consider the limitγn → 0. We can then write

(26)Imχαβ(ωk) = 2ωk
∑

n�=0

Im
〈0|µ̂α|n〉〈n|m̂β |0〉

ω2
n0 − ω2

k

= −G′
αβ(ωk),

where we have used the fact that〈0|m̂β |n〉 = −〈n|m̂β |0〉. The contribution to the optical
rotation thus corresponds to a mixed electric dipole–magnetic dipole polarizability. We
observe from equation(26) that no optical rotation will be observed in the case of static
electric and magnetic fields sinceωk = 0 in this case. From equation(5), we recall that
in order to determine the optical rotation we do not needG′

αβ(ωk) directly, but rather the
Rosenfeld tensorβαβ(ωk) = −ω−1

k G′
αβ(ωk). Using this we can define a static limit for

βαβ as shown by Amos[4]

(27)βαβ(ωk = 0) = 2
∑

n>0

〈0|µ̂α|n〉〈n|m̂β |0〉
ω2
n0

=
〈
ψ (F )α

∣∣ ψ (B)β

〉
,

where we have defined the first-order perturbed wave functionsψ (F ) andψ (B) according
to equations(22) and (23), setting bothωk andγn to zero.

Although this static limit was used in the first calculations of optical rotations[6],
the approximation is in general found to be too crude[19]. Furthermore, since the sta-
tic limit approximation is computationally more expensive than the frequency-dependent
expression equation(25), requiring the determination of both the magnetic and the electric
perturbed wave functions, it is currently not much used.

Let us now return to equation(25), but this time consider the infinite lifetime approxi-
mation to the real part ofχαβ(ωk), which will correspond to the absorption process. Using
the relation

(28)lim
γn→0

[
Im

{
A

B − iγn

}]
= Aπδ(B),

we can write

lim
γn→0

Reχαβ(ωk) = π
∑

n>0

[
δ(ωn0 − ωk) Im〈0|µ̂α|n〉〈n|m̂β |0〉

+ δ(ωn0 + ωk) Im〈0|m̂β |n〉〈n|µ̂β |0〉
]

(29)= π Im〈0|µ̂α|n〉〈n|m̂β |0〉 ∝ nRαβ ,
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where we in order to arrive at the last expression have considered absorption only—that is,
we assume thatωk > 0 and thatωk coincides with the excitation energyωn0 of one of the
excited states.

In this way, by considering the infinite lifetime approximation to the real part ofχαβ(ωk),
we have arrived at the expression for an absorption cross section which involves the product
of the electric dipole and magnetic dipole transition moments to the same excited state.
The infinite lifetime approximation thus connects the real part of theχαβ(ωk) tensor to
the rotatory strength which is observed in electronic circular dichroism spectroscopy, see
equation(8).

Whereas the use of the infinite lifetime approximation reduces equation(25) to the
well-known equations for the optical rotation (equation(5)) and the rotatory strengths
(equation(8)), calculating the full tensor in equation(25)—including both the real and
imaginary parts of the tensor—allows us to simultaneously calculate the optical rotatory
dispersion and the absorption cross sections of ECD at the frequency of the incident light.
Such an approach will avoid the divergences appearing in the sum-over-states expression
for the optical rotation appearing forωk = ωno in equation(26), and by integrating the real
part ofχαβ(ωk) over the entire absorption band, we will get the rotatory strength given by
equation(8). A Hartree–Fock and DFT approach for such calculations has been presented
in Ref. [17], although that study is restricted to ORD.

Before turning to a brief discussion of the calculation of these properties for approximate
wave functions, let us introduce the quadrupole interactions. The magnetic dipole interac-
tion operator appears in general together with a quadrupole interaction in the multipolar
expansion of the molecular Hamiltonian[12]. This term will give rise to a contribution to
theoptical rotationof the form (in the infinite-lifetime approximation)[15]

(30)−ωkAαβγ (ωk) = −ωk
∑

n�=0

εαγ δωn0
〈0|µ̂β |n〉〈n|Q̂γβ |0〉

ω2
n0 − ω2

k

,

whereεαγ δ is the Levi-Civita symbol. We have here introduced the electronic quadrupole
moment operator

(31)Q̂βγ = −
∑

pq

rβrγEpq .

In a similar manner the contribution from the electronic quadrupole moment interaction to
therotatory strengthis given as[20]

(32)nR
Q
αβ = 3

4
ωn0εαγ δ〈0|µ̂γ |n〉〈n|Q̂δβ |0〉.

BothAαβγ (ωk) andnRQαβ are as already noted purely anisotropic, and vanish upon orien-
tational averaging.

2.3. Approximate state theory

The electric and magnetic dipole transition matrix elements needed for the evaluation of
equation(26) can in principle be calculated directly using approximate state theories, in-
volving a summation over all excited states. However, this approach suffers from slow
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convergence and is seldom used in conjunction with standardab initio electronic structure
methods. In practical calculations, we therefore need to evaluate equation(25)without ex-
plicit knowledge of the eigenstates of̂H0. A general framework for such calculations is
linear response theory[21]. In this framework, the mixed electric dipole – magnetic dipole
polarizability can be evaluated from the linear response function[21,22]

(33)G′
αβ(ωk) = − Im〈〈µ̂α; m̂β〉〉ωk ,

where the linear response function reduces to equation(25) for exact wave functions. In a
similar manner we can determine the rotatory powers of electronic circular dichroism as a
single residue of the linear response function

(34)nRαβ = lim
ωk→ωn0

(ωn0 − ωk) Im〈〈µ̂α; m̂β〉〉ωk .

We will not discuss the details of response theory here, referring instead to the original
paper[21] as well as an excellent review of the theory[23]. It is sufficient to note that the
general strategy is based on an efficient parametrization of the wave function—for instance
in terms of orbital rotation parameters in the case of Hartree–Fock wave functions—and
then solving the corresponding Ehrenfest equation for the given choice of wave function
parameterization. This approach leads in general to a set of linear equations that determine
the first-order response of the wave function, which we can schematically write as[17,21]

(35)

[
κ(1)(ωk)

κ(1)
∗
(−ωk)

]
=
(
E[2] − ωkS

[2])−1
[

〈0|[−q̂†, m̂α]|0〉
〈0|[q̂, m̂α]|0〉

]
Bωkα ,

where the amplitudes of the perturbed wave functionκ(1)(ωk) and the perturbation vec-
tors q have been collected in column vectors. The dimension of this matrix equation is
equal to twice the number of parameters describing the perturbed wave functions. In the
above equation,S[2] represent a generalized metric, andE[2] an electronic Hessian, see for
instance Refs.[21,23].

Using the first-order perturbed wave function determined from equation(35), we can
obtain the first-order magnetic-field induced polarization as

(36)χαβ(ωk) =
[

〈0|[q̂, µ̂α]|0〉
〈0|[−q̂†, µ̂α]|0〉

]†(
E[2] − ωkS

[2])−1
[

〈0|[−q̂†, m̂β ]|0〉
〈0|[q̂, m̂β ]|0〉

]
.

The general formalism for linear and higher-order response functions for exact states
as well as for Hartree–Fock and multiconfigurational self-consistent field (MCSCF) wave
functions was presented by Olsen and Jørgensen[21], and an implementation of the singlet
linear response functions for Hartree–Fock and MCSCF wave functions was presented in
1988[24]. The approach was applied to the study of optical rotation in 2000[25] building
on the implementation of vibrational Raman optical activity presented in 1994[7]. The first
calculations of rotatory strengths based on this general linear response formalism appeared
in 1994[26]. All these studies used London orbitals to ensure that the results obtained were
gauge origin independent (vide infra).

Linear response functions have also recently been implemented for density-functional
theory methods based on the fundamental theorem of time-dependent density functional
theory (TDDFT) by Runge and Gross[27]. Such TDDFT implementations have been pre-
sented by a large number of groups[22,28–32]. The various TDDFT implementations
differ primarily in their choice of gauge, using either the length or the velocity gauge, and
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in the case of the length gauge, whether or not London Atomic Orbitals (LAOs) have been
used. Of the methods that employ the length gauge, only two implementations of optical
rotation employ London orbitals to ensure gauge origin independence[22,28], whereas the
only implementation of circular dichroism using LAOs at the DFT level are the one by our
own group[26,33].

The linear response formalism can also be extended to non-variational wave functions,
either by recasting the parameterization of the wave function using Lagrangian multipliers
so that the Lagrangian of the wave function is variational[34,35], or through the use of the
quasi-energy formalism[36]. These approaches have been used in the implementation of
coupled-cluster linear response functions[35] and this formalism has been applied to the
calculation of optical rotation[37] and optical rotatory strengths[38]. We note, however,
that for non-variational wave functions, the gauge origin problem is particularly difficult to
solve.

Various other approaches also exist for theab initiocalculation of optical rotation and ro-
tatory strengths and we will refer to these methods in the overview of the differentab initio
studies that have been done on optical rotation and optical rotatory strengths. Before pro-
ceeding to this overview, we will however need to discuss the problem ofgauge origin
dependencein approximate calculations of optical rotation and optical rotatory strengths.

2.4. Gauge origin dependence

As mostab initio calculations have been done on isotropic solutions, we will illustrate the
origin independence of the trace of the electric dipole–magnetic dipole polarizabilityG′

αβ

for exact states. Considering the change in the electric dipole – magnetic dipole polariz-
ability when the gauge origin is shifted fromO to O′ = O + D (using implicit summation
over repeated indices)

G′
αβ(O

′) = −1

2

∑

γ δ

〈〈µ̂α; εβγ δ(r̂γ −Dγ )p̂δ〉〉ω

(37)= G′
αβ(O)+ 1

2
εβγ δDγ Im〈〈r̂α; p̂δ〉〉ω.

Using the relation

(38)i〈0|p̂α|n〉 = ωn0〈0|r̂α|n〉,
the origin dependence of the electric dipole – magnetic dipole polarizability can be written
as

(39)G′
αβ(O

′) = G′
αβ(O)− 1

2
iωεβγ δDγ ααδ.

The individual components of this mixed polarizability are thus origin dependent. How-
ever, the trace of the tensor is origin independent since

(40)εαγ δDγ ααδ = 0,

becauseεαγ δ = −εδγ α and the polarizability is a symmetric tensor. In case of oriented
samples, the contributions from the electric dipole – magnetic dipole polarizability and the
electric dipole – electric quadrupole polarizability are origin dependent individually, but
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their sum is not. Proofs for this can be found in the excellent book of Barron[12], and the
origin independence of the rotatory strength of oriented samples have been discussed for
instance by Pedersen and Hansen[20].

Since the hypervirial relation equation(38) is only fulfilled for exact states and for vari-
ational wave functions in the limit of a complete basis, the origin independence of the
calculated optical rotation—as well as the rotatory strengths—is achieved only in these
cases, and the results obtained using for instance non-variational wave functions such as
truncated coupled-cluster theory are not origin independent even in the limit of a complete
basis set.

The problem of lack of origin independence inab initio calculations of optical rotation
and circular dichroism in finite basis sets has so far been dealt with in two ways:

(1) through the introduction of London Atomic Orbitals[39], where each individual basis
function is made to depend explicitly on the external magnetic field induction, thus
creating a magnetic dipole operator that has the origin dependence of the exact operator
even for finite basis sets, or

(2) by using hypervirial relations to convert the electric dipole – magnetic dipole and elec-
tric dipole – electric quadrupole polarizabilities to the velocity gauge.

2.5. London atomic orbitals

In 1937[39], London proposed that the atomic basis functions should be multiplied by a
complex phase factor explicitly dependent on the external magnetic field induction

(41)ωµ(B,RM ) = exp(−iAOM · r )χµ(RM),

whereχµ in most modern applications will be a Gaussian basis function, and where we
shall refer toωµ(B,RM ) as a London atomic orbital (LAO).1 The magnetic vector potential
appearing in the complex phase factor is given as

(42)AOM = 1

2
B × ROM = 1

2
B × (RM − O),

and the effect of this phase factor is to move the global gauge originO to the best local
gauge origin for each individual basis function, namely the atomic centerM to which
the basis function is attached. It can be shown that this choice of local gauge origin is
optimal for a spherical one-electron system in an external magnetic field in the sense that
the London orbital is correct to first order in the external magnetic field induction for any
choice of gauge origin, whereas the ordinary atomic orbitals are correct only to zeroth
order for an arbitrary gauge origin[40].

Although briefly explored in the 1970s by Ditchfield[41,42], the use of LAOs in cal-
culations of magnetic properties did not receive much attention before the first efficient
implementation of LAOs for the calculation of nuclear magnetic shielding constants at
the Hartree–Fock level by Wolinski, Hinton and Pulay[43]. Following this paper, LAOs
were extended to a large number of molecular magnetic properties. We note here that for
many time-independent magnetic properties such as for instance nuclear magnetic shield-
ings[43–46], magnetizabilities[47] and vibrational circular dichroism[40], LAOs improve

1 These orbitals are also known as GIAOs, Gauge Including Atomic Orbitals.
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in many cases also the basis set convergence in addition to providing gauge origin inde-
pendent results (see for instance Ref.[48]).

In the derivation of the LAO integrals for frequency-independent properties, the global
gauge origin disappears[49]. However, in order to ensure the origin independence of the
sum of the electric dipole – magnetic dipole polarizability and the electric dipole – electric
quadrupole polarizability, we need to define a LAO magnetic dipole operator that has the
same origin dependence as the exact operator, also for finite basis sets. This was achieved
in 1994[50] and applied to the calculation of optical rotation tensors (also contributing to
vibrational Raman Optical Activity)[7] and electronic circular dichroism[26].

The formal derivation of a LAO magnetic dipole operator that has the correct origin
dependence also for finite basis sets is rather lengthy, and we restrict ourselves here to
noting that the proper operator can in second quantization be written as[13,51]

l̂ LAO(O) = 2

[∑

mn

(
h̃Bmn(O)Emn + hmnE

B
mn(O)

)

(43)+ 1

2

∑

mnpq

(
g̃Bmnpq(O)emnpq + gmnpqe

B
mnpq(O)

)]
.

In this equation,hmn andgmnpq are the ordinary one- and two-electron integrals of the
unperturbed molecular Hamiltonian in MO basis,Emn andemnpq are the one- and two-
particle excitation operators, respectively, and the perturbed one- and two-electron integrals
are given by

(44)h̃Bmn(O) = hBmn +
∑

o

(
T Bmo(O)hon +

(
T B
)∗
no
(O)hmo

)
,

g̃Bmnpq(O) = gBmnpq +
∑

o

(
T Bmo(O)gonpq +

(
T B
)∗
no
(O)gmopq

(45)+ T Bpo(O)gmnoq +
(
T B
)∗
qo
(O)gmnpo

)
,

where the so-called natural connection matrix[50] is defined as

(46)T Bmn(O) = −
∑

µν

C∗
µmCνn

〈
χµ

∣∣∣∣
∂ων

∂B

〉
,

whereCµm are the molecular orbital coefficients. In equation(43), we have also introduced
the differentiated excitation operatorsEBmn andeBmnpq . In the natural connection[50], these
operators only involve excitations out of the space spanned by the creation and annihilation
operators—that is, out of the space spanned by the basis set. In the limit of a complete basis
set, there is no complementary space and these contributions will no longer be present.

The LAO magnetic dipole operator in equation(43) has the following important prop-
erties: (1) it has the same origin dependence as the exact operator also for finite basis sets,
and (2) it reduces to the conventional magnetic dipole operator in the limit of a complete
basis set. The proofs of these properties, which can be found in Ref.[26], involve the use
of hypervirial relations fulfilled for any variationally optimized wave function, irrespective
of the size of the basis set, namely that

(47)〈j |
[
Ĥ , r̂

]
|n〉 = ωjn〈j |r̂|n〉.
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We make one important observation at this stage. Whereas the operator in equation(43)
displays the correct dependence on the gauge origin, it will also behave very similar to the
exact operator with respect to the basis set convergence. Therefore, we should not neces-
sarily expect faster basis set convergence of the optical rotation or the rotatory strengths
when LAOs are used. We will return to this point in Section3.1.

2.6. Velocity gauge

The gauge-origin independence of the LAO magnetic dipole operator is only fulfilled for
variational wave functions. Since LAOs do not lead to any significant improvements in the
basis set convergence of the optical rotation, there is little to be gained from the use of
LAOs in optical rotation and circular dichroism calculations using non-variational meth-
ods, and indeed no such calculations have been reported to date. A gauge-origin indepen-
dent coupled-cluster approach has been presented by Pedersen, Koch and coworkers[52,
53] where origin independence is achieved by introducing a coupled-cluster Lagrangian
that includes orbital rotations. However, no implementation of this approach has been pre-
sented.

Gauge-origin independent results can be achieved in the velocity gauge. The velocity
gauge can be obtained from the expressions in the length gauge by using the identity[21,
13]

(48)ω〈〈r̂ , p̂〉〉ω =
〈〈[
r̂ , Ĥ

]
, p̂
〉〉
ω

+
〈
[r̂ , p̂]

〉
,

which allows us to write the electric dipole – magnetic dipole contribution to the rotatory
strengths in the velocity gauge as[20,38]

(49)nRmv
αβ = 3

4ωn0

[∑

γ

〈0|p̂γ |n〉 · 〈n|l̂γ |0〉δαβ − 〈0|p̂α|n〉〈n|l̂β |0〉
]
,

and the electric dipole – electric quadrupole contribution as[20,38]

(50)nR
Qv
αβ = − 3

4ωn0

∑

γ δ

εαγ δ〈0|p̂γ |n〉〈n|(p̂δ r̂β + r̂δp̂β)|0〉.

Whereas the use of the velocity gauge leads to significantly poorer results for the rotatory
strengths than the length gauge when small basis sets are used, modern polarized double-
zeta quality basis sets give in general results that are not much worse than those obtained
in the length gauge, with the added advantage that the results are independent of the choice
of gauge origin. Several studies of electronic circular dichroism using the velocity gauge
have been presented at the coupled cluster level[37,38,54,55].

When attempting to employ the velocity gauge in the calculation of optical rotation at the
CCSD level, results that were of significantly poorer quality than the length gauge results
were obtained[56]. However, as analyzed by Pedersenet al. [56], the reason for this poor
performance is due to the fact that whereas the length-gauge expression for the electric
dipole – magnetic dipole polarizability vanishes in the limit of a static electromagnetic
field (see equation(26)), the velocity-gauge polarizability does not. It was demonstrated in
Ref.[56] that after correcting for the static-limit value of this mixed polarizability by using
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the replacement

(51)〈〈pα; lβ〉〉ω → 〈〈pα; lβ〉〉ω − 〈〈pα; lβ〉〉0,

good basis set convergence for the optical rotation could be achieved[56].

3. CALCULATIONS OF OPTICAL ROTATION AND ELECTRONIC
CIRCULAR DICHROISM

3.1. Basis set dependence

The proper choice of basis set is essential for theab initio calculation of any molecular
property, and optical rotation and optical rotatory strengths present some unique challenges
in this respect. Investigations of the basis set requirements in optical rotation and circular
dichroism calculations are briefly reviewed here.

3.1.1. Optical rotatory strength

The basis set convergence of rotatory strengths has been studied by Pecul, Ruud and Hel-
gaker[33] at the DFT level of theory, in both the velocity and length gauge formulations,
with conventional Gaussian atomic orbitals and with LAOs. In order to illustrate the most
important findings obtained in that work, we have collected the optical rotatory strengths
calculated for methyloxirane using a selection of basis sets inTable 1.We have in this ta-
ble summed the contributions from the 3A, 4A, and 5A transitions, as these corresponds
to the Rydbergn → 3p transitions and are very closely spaced. As seen from this table,
the optical rotatory strength is very sensitive to the description of the outer region of the
electronic density—that is, to the number of diffuse functions in the basis set. As expected,
optical rotatory strengths of transitions to states with diffuse character (for example Ryd-
berg states) display the slowest basis set convergence. The rate of basis set convergence is
approximately the same for both HF and DFT.

From this study it is clear that large basis sets are needed in order to get reliable ECD
results, and a double set of diffuse functions is usually required. Using the length-gauge
formulation instead of the velocity gauge gives in general somewhat better basis set conver-
gence. No significant improvement in the basis set convergence is in general observed when
employing LAOs for basis sets of reasonable quality (aug-cc-pVDZ or better). However,
as discussed in Section2.4, LAOs should be used whenever the length gauge formulation
is employed, in order to ensure that the calculated rotatory strengths are unambiguously
defined with respect to changes of the gauge origin.

A limited study of the basis set convergence of the optical rotatory strength was also
carried out at the CCSD level for twisted ethylene, chosen as a model for the chromophore
of (−)-trans-cyclo-octene[38]. For the valence transitions in this system, the role of a
second set of diffuse basis set functions is less critical than for transitions to states with
diffuse character.

3.1.2. Natural optical rotation

Basis set effects on the natural optical rotation at the HF and B3LYP levels of theory were
investigated by Cheesemanet al. [28], who used the length-gauge formulation together
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Table 1. Excitation energies
E (in eV) and optical rotatory strengthnR (in
10−40 esu2·cm2) of (S)-methyloxirane, obtained using the B3LYP functional


E Rvn Rrn Rrn (LAO)

2A

aug-cc-pVDZ 6.504 19.27 19.53 19.46
daug-cc-pVDZ 6.440 16.53 16.71 16.74
aug-cc-pVTZ 6.526 18.63 18.63 18.62
daug-cc-pVTZ 6.487 16.91 16.94 16.94
aug-cc-pVQZ 6.523 18.26 18.25 18.25
exp.a 7.12 (7.07) 11.8 (−12.56)

3A + 4A + 5Ab

aug-cc-pVDZ 6.982 −17.27 −17.74 −17.61
daug-cc-pVDZ 6.867 −11.76 −12.06 −12.10
aug-cc-pVTZ 6.992 −16.09 −16.11 −16.18
daug-cc-pVTZ 6.919 −12.46 −12.50 −12.51
aug-cc-pVQZ 6.981 −15.38 −15.38 −15.41
exp.a 7.75 (7.70) −10.8 (6.98)

6A

aug-cc-pVDZ 7.352 −9.21 −8.90 −8.94
daug-cc-pVDZ 7.291 −7.88 −7.56 −7.52
aug-cc-pVTZ 7.345 −8.53 −8.53 −8.54
daug-cc-pVTZ 7.310 −7.86 −7.77 −7.76
aug-cc-pVQZ 7.340 −8.35 −8.39 −8.40
exp.a (8.5) (−4)

Reproduced from Ref.[33].
a All experimental data taken from Ref.[57]. Results for (R)-methyloxirane in parentheses.
b Rydberg transition to thep orbital. The theoretical excitation energy is given for the central transition, and the
theoretical rotatory strength is summed over all three components.

with LAOs. Selected results for the optical rotation are presented inTable 2. As can be
seen fromTable 2, it is important to include diffuse functions in the calculations of the
optical rotations. However, adding diffuse functions to a small basis set does not neces-
sarily lead to reliable results: the numbers obtained using the 6-311++G basis set are in
even worse agreement with the aug-cc-pVQZ result (which is probably close to the basis
set limit) than those obtained using the 6-31G* basis set. The aug-cc-pVDZ or (larger)
6-311++G(2d,2p) basis sets appear to offer the best compromise of accuracy and compu-
tational cost, although the aug-cc-pVDZ basis seems to be the better of the two. Adding
a second or third set of diffuse functions improves the results, but it is not so critical for
accuracy as in the case of the rotatory strengths of transitions to diffuse states (see above).
We note from the data for methyloxirane inTable 2that for small optical rotations, the
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Table 2. Natural optical rotation of (S)-methyloxirane and (R,R)-dimethyloxirane
(in deg·cm3·g−1·dm−1), obtained using the B3LYP functional

Basis (S)-methyloxirane (R,R)-methyloxirane

HF B3LYP HF B3LYP

6-31G −33.92 −41.55 167.16 149.42
6-31G∗ −16.49 −24.26 118.39 99.42
6-31G∗∗ −18.45 −26.87 121.76 103.96
6-31+G∗∗ −12.97 −2.59 169.81 213.10
6-311G −60.32 −86.13 270.83 269.23
6-311G∗ −41.09 −63.59 210.90 207.35
6-311G∗∗ −43.81 −68.43 210.81 209.06
6-311++G −43.96 −56.56 192.98 198.85
6-311++G∗ −20.46 −29.36 161.80 169.52
6-311++G∗∗ −19.68 −29.05 164.87 173.93
6-311++G(2d,2p) −12.27 −17.09 144.33 150.58
cc-pVDZ −30.21 −49.94 181.94 177.04
cc-pVTZ −15.56 −26.50 166.70 169.28
cc-pVQZ −9.78 −16.69 145.10 151.02
aug-cc-pVDZ −13.14 −20.37 143.73 154.46
aug-cc-pVTZ −8.00 −13.12 126.70 128.23
aug-cc-pVQZ −7.46 −12.33 124.43 124.27
d-aug-cc-pVDZ −11.31 −16.99 125.88 125.93
t-aug-cc-pVDZ −8.72 −12.08 126.39 123.60

Reproduced from Ref.[28].

aug-cc-pVDZ and 6-311++G(2d,2p) basis sets may still lead to errors of almost a factor of
two compared to the larger sets. In Ref.[28], a strong dependence of the optical rotation
on the gauge origin was observed for the smaller basis sets.

Apart from the correlation-consistent Dunning basis sets with diffuse functions[58–
61], the polarizability-consistent Sadlej basis sets[62] have been shown to give an optical
rotation for methyloxirane that is consistent with that obtained using larger basis sets (aug-
cc-pVTZ) and with experiment, being at the same time smaller than the aug-cc-pVTZ
basis[63].

A basis set convergence study of the optical rotation in the velocity and length gauge
formulations using the DFT method with conventional atomic orbitals was presented by
Grimme, Furche and Ahlrichs[64] for some rigid chiral organic molecules. A slower basis
set convergence of the velocity gauge formulation was observed, but only for the smallest
basis sets. The aug-cc-pVDZ basis set was found to yield qualitatively satisfactory results
and, according to the authors, is sufficient for routine calculations of the optical rotation of
organic molecules. Similar conclusions were drawn in the work of Stephenset al. [65] in
which optical rotation was calculated for 30 rigid chiral molecules using time-dependent
density functional theory (with the B3LYP functional) and the Hartree–Fock method, em-
ploying LAOs in the length-gauge formulation.
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The optical rotations of the chiral rotamers of 1-butene, butane, propene, propane and
ethane have been examined at the HF level using different basis sets by Wiberget al. [66].
The work illustrates the critical importance of having diffusep functions on the hydrogen
atoms, clearly rationalizing why the aug-cc-pVDZ basis set is the smallest basis set yield-
ing results for which the sign of the optical rotation is consistent with larger basis sets.
Standard Pople basis sets[67], even those containing diffuse functions on the heavy atoms,
lead to qualitatively wrong optical rotations, and in particular they cannot reproduce the
dependence of the optical rotation on the dihedral angles in these molecules. On the other
hand, in another work by Wiberg, Vaccaro and Cheeseman[68], the 6-311++G** basis
(without diffuse p functions on the hydrogens) was found to be adequate for calculations
of the conformational dependence of the optical rotation in 3-chloro-1-butene.

Basis set effects can also significantly influence the shape of the calculated dispersion
curve, as shown for methyloxirane[63].

3.2. Electron correlation effects

3.2.1. Optical rotatory strength

The method used most frequently in the past for the calculation of ECD spectra was the
Configuration Interaction (CI) method[57,69–72]. More recently, the Coupled Cluster
(CC) method has been used for these calculations[38,55]. The CASSI method has been
used to calculate scalar rotatory strengths of the lowest-lying singlet transitions of cyanine
dyes[73], with the excitation energies obtained as differences of CASPT2 energies.

Carnell, Grimme and Peyerimhoff calculated the ECD spectrum of trans-2,3-dimethyl-
oxirane, using HF and CI[71]. The inclusion of electron correlation beyond single excita-
tions was found to be crucial for reproducing the experimental spectrum.

The small chiral molecules H2O2 and H2S2 have been attractive subjects for bench-
mark calculations not only because of their small size, but also because of their intricate
electronic structure, making them challenging forab initio calculations of optical rotation
and ECD spectra. H2S2 exhibits a degeneracy of excited states of opposite polarization at
a dihedral angle of about 90◦ [70] that almost cancel each other, and this cancellation is
difficult to reproduce with for instance a HF wave function.

CI calculations of both optical rotatory strengths and optical rotatory power was per-
formed for H2S2 [70], and their dependence on the dihedral angle was studied. The optical
rotatory power was calculated using the sum-over-states method. The results indicate that
the optical rotatory power for H2S2 is determined mostly by the four lowest spectroscopic
states. The dependence of the optical rotatory power in H2S2 on the dihedral angle has
also been studied at the multi-reference configuration-interaction (MRCI) level by Ha and
Cencek[69]. A similar MRCI study was performed for H2O2 by Hutter, Lüthi and Ha[72].
MRCI was also used by Camellet al.to calculate the ECD spectrum of methyloxirane[57].

CCSD calculations of the full rotatory strength tensor have been carried out for the eth-
ylene chromophore of (−)-trans-cyclo-octene[38]. The results obtained there, even with
the largest basis set, show gauge origin dependence in the length gauge formulation. The
length and velocity gauge do not lead to the same basis set limit, neither for the individual
components of the rotatory strength tensor, nor for the scalar rotatory strength.
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3.2.2. Natural optical rotation

Calculations of optical rotation accounting for electron correlation using other methods
than density functional theory are relatively scarce[22,25,37]. In the work of Polavarapu,
Chakraborty and Ruud[25], HF and CASSCF calculations have been performed to in-
vestigate the dependence of the specific optical rotation of H2O2, H2S2 and allene on the
dihedral angle, and to examine the applicability of semi-empirical models for the prob-
lem. The results obtained using Kirkwood’s polarizability model were found to be in good
agreement with the CASSCF prediction, and HF and CASSCF results were found to differ
significantly.

The CC2 and CCSD methods were used by Ruudet al. [37] to calculate the optical ro-
tation of 14 organic molecules. For all of them, except for norbornenone, agreement of the
optical rotation calculated at the CCSD level with experimental values is good, comparable
to DFT/B3LYP calculations. This suggests that CCSD, in spite of the lack of gauge origin
independence, can be used for benchmarking purposes, at least for molecules of relatively
small size. We note, however, that for the only molecule where electron correlation effects
were large (norbornenone), the predictions by CC2/CCSD differ significantly from both
experiment and DFT/B3LYP results, the DFT/B3LYP results on the other hand being in
very good agreement with experiment.

Ruud and Helgaker[22] used CCSD and MCSCF methods to calculate the dependence
of the specific optical rotation on the dihedral angle for the same systems as in Ref.[25].
Since the purpose of this work was mainly to use these high-level results to benchmark the
DFT numbers, the findings are discussed in the next section.

3.3. Density functional calculations

The most widespread method in use for calculations of optical rotation and ECD spectra
is, apart from the Hartree–Fock method, density functional theory, and its applications to
the calculation of ECD and OR will be reviewed here.

Grimme developed a formalism in which the density functional calculations are com-
bined with a singles-excitation configuration interaction treatment[29] (later extended to
multi-reference configuration interaction[30]), which has been applied for the calculation
of optical rotatory strengths in the velocity gauge[74,75].

Gauge-origin independence of the rotatory strength in the length gauge formulation is
ensured, for variational methods including Kohn–Sham DFT, by the use of LAOs. Such
an implementation was presented by Peculet al. [33]. Expressions for the time-dependent
DFT calculations of optical rotation in the length gauge (although without the use of LAOs)
was also presented by Autschbach and Ziegler[31]. The same formalism was also proposed
for the calculation of optical rotatory strengths[76]. Another implementation of the time-
dependent density functional theory (LDA only) for this purpose was presented by Yabana
and Bertsch[32]. In this implementation, a grid representation of the wave function is
employed instead of atomic orbitals.

There are several works in which the performance of DFT for the calculation of ECD
spectra and optical rotation was tested against hierarchicalab initio methods and against
experiment. We shall first discuss such investigations for ECD, and then for the optical
rotation.
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3.3.1. Optical rotatory strength

The formalism of Grimme[29] was applied by Pulmet al.to model ECD spectra of bicyclic
ketones (norcamphor, camphor and fenchone)[74]. The theoretical results were found to
be in fair agreement with experiment, and allowed for an interpretation of the experimental
spectra, and in particular they helped to differentiate between overlapping Rydberg and
valence bands.

The same group presented large-scale TDDFT calculations of the ECD spectra of
[n]helicenes[77]. The calculations were performed with conventional atomic orbitals, but
the differences between the length and velocity gauge formulations were found to be less
than 10%. The results obtained allowed for an interpretation of the experimental ECD
spectra of [n]helicenes, and demonstrated that TDDFT can be used for simulations of ECD
spectra in realistic rigid chemical systems. The same formalism was used for the study of
the ECD spectrum of a chiral azulenophane[78].

A systematic investigation of the performance of various exchange-correlation func-
tionals (with conventional atomic orbitals) for calculations of optical rotatory strengths
was presented by Diedrich and Grimme[75], and the results were compared to two mul-
tireference methods (MRMP2 and DFT/MRCI), and to experimental ECD spectra. The
molecules investigated were the three model systems H2S2, twisted ethylene, and dimethy-
loxirane, and seven larger molecules, some of them with chiral chromophores (4,5-di-
methylphenanthrene) and some with achiral chromophores (camphor, norcamphor). The
authors concluded that the TDDFT method should be used with care, especially for sys-
tems with important diffuse or charge-transfer states, and that in these cases multireference
methods are preferable. Good performance was also observed for the coupled cluster model
CC2. It was found that when the TDDFT method is used, the hybrid B3LYP functional is
probably the best functional for the calculation of ECD spectra. The relatively good per-
formance of the B3LYP functional was confirmed also in the study by Peculet al. [33].
The study also confirmed that the DFT methods fail to model excited states with a diffuse
character such as Rydberg states.

A limited study of the performance of different exchange-correlation functionals for
ECD spectra (for methyloxiranes, cyclohexanone derivatives, and aziridines) was also per-
formed by Autschbach and Ziegler[76], who found that none of the functionals tested
were entirely satisfactory for the calculation of the optical rotatory strengths, although
some functionals with semi-empirical corrections performed better than LDA and GGA
(the last in the form of the BP86 functional). However, due to restrictions in their code, no
hybrid functional could be tested.

3.3.2. Natural optical rotation

The optical rotations of 30 small organic molecules were calculated at the HF and B3LYP
computational levels and compared to experiment by Stephenset al. [65]. For the B3LYP
calculations, comparison with experimental values of[α]D for 28 of the 30 molecules
yielded an average absolute deviation between calculated and experimental values in the
range 20–25 deg·cm3·g−1·dm−1 for the three largest basis sets, all of which included dif-
fuse functions. HF/SCF[α]D values were substantially less accurate; at the aug-cc-pVDZ
basis set level, the average deviation from experiment was 63 deg·cm3·g−1·dm−1.

The dependence of the specific optical rotation of H2O2, H2S2 and allene on the dihedral
angle has been studied by Ruud and Helgaker[22] using HF, MCSCF, CCSD (for H2O2
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only) and DFT methods. It was found that whereas DFT tends to overestimate the optical
rotation (as a result of a general underestimation of the excitation energies), it gives the
correct dependence on the dihedral angle (in contrast to the HF method). The B3LYP
functional was found to perform better than BLYP and LDA in comparison with CCSD.

It should be noted that there are systems for which currently available DFT methods
fail completely for all optical properties, and therefore also for the optical rotation. An
example of such a system is anionic proline[79], where DFT/B3LYP fails to describe the
excited states, yielding much too low excitation energies, which propagate into the results
for the second-order molecular properties, including the optical rotation. Another example
are very diffuse excited states, such as Rydberg states[33].

3.4. Structural dependence

3.4.1. Determination of absolute configurations

For rigid molecules, or flexible molecules with only a few low-lying conformers,ab initio
calculations of rotatory strengths and optical rotation provide a very valuable tool for deter-
mination of the absolute configuration[80], superior to empirical correlations such as the
octant rule[14]. A methodology usually employed for determination of absolute configu-
ration is to combine calculations of optical rotation or of rotatory strengths with calculation
of other properties associated with chirality, such as vibrational circular dichroism (VCD)
or Raman Optical Activity (ROA) intensities in order to have an independent confirmation
of the assignment. This approach has been shown to be useful in several cases[80–84], and
is becoming a standard in the determination of the absolute conformation for molecules of
moderate size.

DFT calculations of the ECD spectrum and optical rotation have been performed by
Stephenset al. [80] for bicyclo[3.3.1]nonane diones, in order to establish their absolute
configuration. The assignment obtained in this study is consistent with previous assign-
ments based on empirical correlations, with the exception of one case in which the empiri-
cal octant rule was found to fail. This is encouraging for further applications of calculations
at this level of accuracy (B3LYP/aug-cc-pVDZ) as a supplementary tool in organic chem-
istry. Stephenset al. [80] also confirmed the necessity for accounting for all low-lying
conformers in such calculations.

A combination of DFT/B3LYP calculations of the optical rotation and calculations of
Raman Optical Activity (ROA) spectra was presented in the work of Polavarapu[81] with
the purpose of confirming the absolute configuration of bromochlorofluoromethane. The
previous[82] assignment of (S)-(+) and (R)-(−) was confirmed by means of calculations
with larger basis sets.

The group of Polavarapu combined calculations of the specific optical rotation with cal-
culations of vibrational circular dichroism[83] in order to study the structural dependence
of these parameters in substituted butynes. On the basis of these data, the absolute config-
uration of (+)-3-chloro-1-butyne have been determined.

Another work in which density functional theory has been used to calculate the optical
rotation in order to determine the absolute configuration of a molecule is that of Stephens
et al. [84]. On the basis of the study of several organic molecules, rigid and flexible, the
authors concluded that as long as the experimental specific optical rotation of a rigid mole-
cule is larger than 20–30 deg·cm3·g−1·dm−1, the sign of the optical rotation can be reliably
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predicted by means of DFT/aug-cc-pVDZ calculations and therefore the absolute configu-
ration can be correctly assigned from these calculations. In the case of flexible molecules,
the problem is much more intricate, as will be discussed in the next subsection.

3.4.2. Conformational dependence

Both the specific optical rotation[25,79,85–87]and the optical rotatory power[79,88,89]
depend strongly on the conformation of the molecule and are therefore in principle sen-
sitive tools for structural investigations. To date, structural investigations based on ECD
spectra have relied on experimental correlations only, which in many cases may lead to
wrong conclusions[88], so the application of this fast and inexpensive spectroscopy for
structural investigation has been limited.Ab initio calculations can rectify this, and also
enable some structural information to be derived from measurements of the optical rota-
tion, for which empirical correlations seem even less reliable than for the ECD spectra[90].

3.4.2.1. Optical rotatory strength.One of the most important areas of application of
ECD spectroscopy is the investigation of the spatial structure of polypeptides and pro-
teins on the basis of transitions in the amide chromophore. Consequently, there have been
several papers[91–94]focusing on calculating the electronic spectrum of the model amide
N-methylacetamide, and using this to model the ECD spectrum of the protein backbone.
However, we are not aware of any rigorousab initio calculations of the optical rotatory
strength for a model peptide.

The ECD spectrum of several conformers of 1-(1-naphtyl)ethylamine was calculated
by means of the CI-singles (CIS) approach using the 6-311+G(d) basis set by Plusquellic
et al. [89] in order to interpret the experimental ECD spectrum. Theoretical Boltzmann-
averaged results obtained at this level of theory are in qualitatively good agreement with the
recorded experimental spectrum. The signs of the rotatory strengths calculated for different
conformers are in this case in agreement with the so-called sector rule[95] for chirally
substituted aromatic rings.

The effect of internal rotations on the rotatory strengths in 1-(R)-phenylethanol have
been calculated by Macleodet al.[88]. When a chiral side chain is rotated around the bond
connecting it to the benzene ring, there is an oscillation in the sign of the rotatory strength.
The orientation of the hydroxyl group was also found to significantly influence the rotatory
strength.

3.4.2.2. Natural optical rotation. The firstab initio study of the conformational depen-
dence of the optical rotation was that of Polavarapu and Chakraborty on H2O2, H2S2 and
3-butyn-2-ol[96]. In the last molecule, the sign of the optical rotation was found to change
with conformation, despite the molecule not changing its enantiomeric state (unlike H2O2
and H2S2). The large torsional dependence of the optical rotation in H2O2 and H2S2 have
been investigated several times for methodological purposes, as discussed in Section3.2.

The optical rotations of the large flexible organic molecules indoline, azetidine, menthol
and menthone, have been calculated at the HF level by Kondru, Wipf and Beratan[97],
where particular attention was paid to taking into account all conformers of the molecule
using Monte Carlo sampling. The optical rotation of these molecules showed a strong de-
pendence on the conformation: changing the conformation often changed the sign of the
optical rotation. If the prediction of the optical rotation of a flexible molecule is attempted,
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all possible conformations therefore need to be accounted for. Moreover, in indoline a cor-
relation between the dihedral angle of the allyl substituent and the atomic contribution to
the optical rotation were postulated. It should be noted, however, that the results of Kondru,
Wipf and Beratan[97] were obtained using a very small basis set (6-31G∗), which might
have significantly affected the conclusions (see Section3.1). The same probably applies
to another study of this group[98], in which the optical tensor was explicitly expressed
in terms of atomic integrals and molecular orbital coefficients, and atomic contributions to
the optical rotation were analyzed for small organic molecules in a manner analogous to
Mulliken population analysis[99,100].

The concept of partitioning the optical rotatory power into atomic contribution was also
introduced by Ligabueet al.[101], who employed it to rationalize the torsional dependence
of optical rotatory power in H2O2. The same idea was used in the work of Bécar Varela,
Ferraro and Rail[102], where the dependence of the optical rotation of N2H4 on the di-
hedral angle was studied. However, since these studies were performed at the HF level,
and since the conformational dependence of the optical rotation is significantly affected
by electron correlation (see Section3.2), the conclusions of Refs.[101,103]may not be
correct in view of the results in Refs.[22,25].

Another study of the conformational effects on the optical rotation was carried out for
two amino acids: proline (neutral, anionic, and cationic forms) and alanine[79]. The optical
rotations of both amino acids were found to be very sensitive to the molecular geometry,
giving rise to different signs for different conformers. For alanine, the sign of the optical
rotation varies with the relative orientation of the amino and carbonyl groups. In proline,
the conformation of the ring as well as the orientations of the amino and carboxylic groups
influence the optical rotation and the optical rotatory strengths, theendoconformers having
a more negative specific rotation than theexoones. The increase in the optical rotation of
proline with increasing pH, observed experimentally, was reproduced by the calculations.

Polavarapu, Petrovic and Wang[90] investigated the large solvent dependence of the
optical rotation of (R)-(−)-epichlorohydrin using DFT calculations, and found that it orig-
inates from the existence of two low-lying conformers of epichlorohydrin with nearly the
same magnitude of specific rotation, but with opposite sign. They demonstrated that a
combination of intrinsic rotation measurements with density functional calculations of the
specific optical rotation is a useful method for determining the structures of molecules.

Wiberg, Vaccaro and Cheeseman[68] investigated the conformational dependence of
the optical rotation in 3-chloro-1-butene, and found that the changes in the C=C–C–C
torsional angle lead to a change of the optical rotation in the range from approximately
−530 deg·cm3·g−1·dm−1 to +370 deg·cm3·g−1·dm−1. This large dependence of the op-
tical rotation on the molecular conformation was confirmed by a study of the temperature
dependence of the rotation, although the observed rotations were smaller than the calcu-
lated values by a factor of 2.6.

3.5. Vibrational effects

Ab initio predictions of the full vibrational structure of an ECD spectrum is undoubtedly a
feasible and very interesting undertaking. However, the authors are not aware of any work
published so far on this subject.
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Investigations of the influence of molecular vibrations of the optical rotation have ap-
peared only recently. The vibrational contributions to the optical rotation calculated by
Ruud, Taylor and Åstrand[104] indicate that these effects are substantial, as are the con-
formational effects (see Section3.4.2). Zero-point vibrational effects—which were studied
for methyloxirane and trans-2,3-dimethylthiirane[104] at the HF level—were found to be
as large as 20–30% of the electronic counterpart.

Another problem investigated by Ruud, Taylor and Åstrand[104] is the optical rotation
due to isotopic substitution, in which only the vibrational part contributes to the chirality
of the molecule, calculated for mono-deuterated oxirane. The vibrationally induced chi-
rality was found to lead to an optical rotation of 1.32 deg·cm3·g−1·dm−1 at the sodium
wavelength, an effect which would certainly be experimentally observable.

3.6. Solvent effects

It is well known from experiment that both optical rotations and ECD spectra are very
sensitive to solvent effects[105,106]. In some cases, a change of the solvent can even lead
to a change of sign of the optical rotatory strength or of the optical rotation[105,106], even
for rigid molecules such as methyloxirane[106].

3.6.1. Optical rotatory strengths

Ab initio calculations of solvent effects on the ECD spectra are few. Anab initio study
of the solvent effects on the ECD spectra has been carried out by Peculet al. [107] us-
ing the PCM method[108–110]at the DFT/B3LYP level using LAOs. The results for
S-methyloxirane obtained there are summarized inTable 3. The rotatory strengths are
strongly influenced by the change in the solvent, and for certain transitions even the sign

Table 3. Solvent effects excitation energies
E (in eV) and optical rotatory strength
nR (in 10−40esu2cm2) of (S)-methyloxirane. PCM method at the B3LYP/d-aug-cc-pVDZ
computational level

Gas C6H12 CH3CN CH3OH CF3CH2OH H2O

2A 
E 6.44 6.53 6.67 6.66 6.66 6.67
2A nR 16.74 16.94 9.74 9.79 9.91 9.34
3A–5Aa 
E 6.87 6.93 7.09 7.08 7.08 7.09
3A–5Aa nR −12.10 −12.28 −5.27 −5.32 −5.43 −4.88
6A 
E 7.29 7.36 7.48 7.48 7.48 7.49
6A nR −7.52 −6.91 0.69 0.58 0.33 1.17
7A 
E 7.39 7.46 7.60 7.60 7.60 7.61
7A nR −0.11 −0.48 1.15 1.01 0.63 1.62

Reproduced from Ref.[107].
a Rydberg transition to thep orbital. The theoretical excitation energy is given for the central transition, and the
theoretical rotatory strength is summed over all three components.
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is changed. This is in spite of the fact that methyloxirane is rigid, and does not change its
conformation upon changing the solvent. On the other hand, such sensitivity of the ECD
spectrum of methyloxirane to solvent effects can be expected considering the large solvent
effects observed experimentally for the optical rotation[106]. For flexible molecules, even
larger solvent effects can be anticipated. In the same work[107], calculations of the ECD
spectra of chiral bicycloketones in several organic solvents were performed, and the initial
results show promising agreement with experiment.

Another approach based on a dielectric continuum model to calculate solvent effects on
ECD spectra was presented by Kongstedet al. [55], who used the coupled cluster method
in a spherical cavity to model the influence of a solvent on the rotatory strength tensors of
formaldehyde (a non-chiral molecule that exhibits optical activity only in oriented samples,
see Section2.2). Both the length and velocity gauge formulations were employed. As in
Ref. [107], the presence of the dielectric continuum was found to change the sign of the
optical rotatory strengths of some transitions.

Another system investigated using continuum models is 1-(R)-phenylethanol, for which
the effect of the aqueous solution has been calculated by Macleodet al. [88]. In this case,
both the PCM method and a supermolecular model (small singly and doubly hydrated
clusters) were used to model the effects of the aqueous environment on the ECD spectrum
of 1-(R)-phenylethanol, but the results obtained were still at variance with experiment.
The best (although still not perfect) agreement with experiment was obtained when calcu-
lations were performed on averaged structures of solvated 1-(R)-phenylethanol obtained
from molecular dynamics simulations.

3.6.2. Natural optical rotation

Solvent effects on the optical rotation of several conformationally rigid chiral organic
molecules were studied by Mennucciet al. [111] using the Polarizable Continuum Model
(PCM), and were found to be substantial. For the solvents investigated, the results obtained
using the PCM model were found to be in agreement with experiment. The exceptions were
the solvents benzene, chloroform and carbon tetrachloride, for which it was concluded that
other interactions than the purely electrostatic ones play a more important role. The ex-
cellent agreement for the wide range of solvents ranging in polarity from cyclyohexane to
acetonitrile confirms the good applicability of the PCM model to solvent effects on optical
properties.

Solvent effects on the optical rotation were modeled by means of the PCM method also
for 6,8-dioxabicyclo[3.2.1]octanes[112]. When the DFT calculations were combined with
the PCM model, the errors in the calculated optical rotations when compared to experiment
did not exceed 20 deg·cm3·g−1·dm−1. To some extent, this may be fortuitous, since only
one conformation was taken into account for each molecule. On the other hand, other
conformations were found to lie significantly higher in energy. It was also found that the
Lorentz effective field approximation does not properly account for the solvent effects in
this case.

Goldsmithet al. [113] performed what is probably the firstab initio study of the in-
fluence of dimer formation on the specific optical rotation, calculating the specific optical
rotation of pantolactone in its monomeric and dimeric forms. The results were compared
with the experimentally established optical rotation as a function of the concentration of
pantolactone in CCl4. The study confirms that aggregated species can have greatly altered
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optical rotation compared to the monomeric component, a conclusion supported by the
experimental data.

3.7. Optical activity in oriented phases

In oriented phases, optical activity can be exhibited by molecules which are not chiral
in themselves, but have anisotropic mutual orientations[114,115]. The rotatory strength
tensor, although experimentally accessible, has been the subject of fewab initio investiga-
tions. In order to obtain the rotatory strength tensor, the quadrupole term, which vanishes
for freely tumbling molecules, has to be calculated, not only because it contributes signif-
icantly to the tensor components, but also because it is only the sum of the electric dipole
– magnetic dipole and the electric dipole – electric quadrupole polarizabilities, and not the
individual contributions, which is gauge origin independent.

The first calculation of the rotatory strength tensor was carried out for ethylene twisted
into a D2 conformation (as a model for the ethylene chromophore of (−)-trans-cyclo-
octene) by Pedersen and Hansen[20], who used the random phase approximation (time-
dependent HF) in the velocity gauge. They found that the electric dipole – electric quadru-
pole contribution is smaller than the electric dipole – magnetic dipole contribution, but that
it is by no means insignificant, and that it is essential to include it to ensure the gauge origin
independence of the total tensor. The calculations were repeated afterward using the length
gauge formulation with LAOs[26].

The same model system was used for CCSD calculations of the full rotatory strength
tensor[38]. In this case, both length and velocity gauges were employed. The CCSD calcu-
lations of the ECD spectrum, including all components of the rotatory strength tensor, were
subsequently carried out for the full (−)-trans-cyclo-octene by Pedersen and Koch[54], for
the twenty lowest singlet transitions.

Hansen and Bak[116] calculated the anisotropic rotatory strength for planar and helical
cis-butadiene and for 1,3-cyclohexadiene and some of its allylic methyl derivatives, using
the time-dependent Hartree Fock approach.

4. CONCLUDING REMARKS AND OUTLOOK

Ab initio calculations of natural optical rotation and ECD spectra are becoming more and
more widespread and they are being established as a standard tool in the interpretation
of experimental spectra (ECD) or to assign the absolute configuration of chiral molecules
(both ECD and optical rotation). However, before they will have predictive power, several
problems still need to be resolved.

One of the remaining problems in the calculation of ECD spectra is the lack of low-
scaling and robust methods capable of yielding reliable results for excited states of diffuse
or charge-transfer character, since linear response (or time-dependent) density functional
methods often fail in such cases. The other problem in calculations of both optical rotation
and ECD spectra is thatab initio methods which are hierarchical and allow for a systematic
investigation of the effects of electron correlation on these properties do not ensure, in the
length gauge formulation which is preferable on account of the faster basis set convergence,
origin independent results. For flexible molecules, an additional challenge is to account for
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all low-lying conformers in order to extract meaningful information from the calculated
properties.

Because of the sensitivity to conformational changes, calculations of optical rotation
and in particular of ECD spectra for conformational studies are a promising and growing
field. It can be expected that theoretical studies of the correlation between conformational
structure and ECD spectra (and also optical rotation) will lead to a better understanding of
these effects as well as to a more robust method for extracting structural information from
ECD spectra than the empirical rules used so far.

Quantitative comparisons ofab initio calculations and experiment are still precluded
due to vibrational and solvent effects. The effects of molecular vibrations on the optical
rotation are estimated to be substantial, and they should be accounted for in order to allow
for a quantitative comparison with experimental results.

Solvent effects present an even larger problem than rovibrational effects, and in many
cases preclude applications of theoretical calculations of ECD spectra and optical rotation
for structural studies, since the solvent may change the sign of the optical rotation and the
rotatory strengths. Some studies have been carried out, employing polarizable continuum
or supermolecular models, but the results, although encouraging, do not yet seem to have
predictive power. This is another field open for future developments.
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Abstract
The ab initio calculation of molecular electron affinities (EA) and ionization potentials (IP) is a difficult task
because the energy of interest is a very small fraction of the total electronic energy of the parent species. For
example, EAs typically lie in the 0.01–10 eV range, but the total electronic energy of even a small molecule, rad-
ical, or ion is usually several orders of magnitude larger. Moreover, the EA or IP is an intensive quantity but the
total energy is an extensive quantity, so the difficulty in evaluating EAs and IPs to within a fixed specified (e.g.,
±0.1 eV) accuracy becomes more and more difficult as the system’s size and number of electrons grows. The
situation becomes especially problematic when studying extended systems such as solids, polymers, or surfaces
for which the EA or IP is an infinitesimal fraction of the total energy. Equations of motion (EOM) methods such
as the author developed in the 1970s in collaboration with P. Jørgensen and others offer a route to calculating
the intensive EAs and IPs directly as eigenvalues of a set of working equations. A history of the development of
EOM theories as applied to EAs and IPs, their numerous practical implementations, and their relations to Greens
function or propagator theories are given in this contribution. EOM methods based upon Møller–Plesset, multi-
configuration self-consistent field, and coupled-cluster reference wave functions are included in the discussion as
is the application of EOM methods to metastable states of anions.
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1. INTRODUCTION

The vertical electron affinity (EA) of a molecule can be estimated by (approximately) solv-
ing the Schrödinger equation for the energyE(0, N) of theN -electron neutral molecule
and the Schrödinger equation for the energyE(K,N + 1) of theKth state of the(N + 1)-
electron anion and subtracting the two energies:

(1)EA = E(0, N)− E(K,N + 1).

The corresponding vertical ionization potential (IP) is given as

(2)IP = E(K,N − 1)− E(0, N).

Here, we useK to label the electronic state of the anion or cation that one wishes to study,
and 0 to label the state of the neutral (usually but not necessarily the ground state) to which
the electron is being attached or from which it is removed.

In using such an approach to obtaining the EA or IP, one is faced with a very difficult
numerical challenge becauseE(0, N),E(K,N−1), andE(K,N+1) tend to be extremely
large (negative) numbers, whereas EA and IP nearly always lies in the range 0–20 eV. For
example, the EA of the4S3/2 state of the carbon atom[1] is 1.262119± 0.000020 eV,
whereas the total electronic energy of this state of C is−1030.080 eV (relative to a C6+

nucleus and six electrons infinitely distant and not moving that defines the zero of energy).
Since the EA isca. 0.1% of the total energy of C, one needs to compute the C and C−

electronic energies to accuracies of 0.01% or better to calculate the EA to within 10%.
This observation shows only the “tip of the iceberg”, however as the major problem

relates to the fact thatE(0, N), E(K,N − 1), andE(K,N + 1) are extensive proper-
ties whereas EA and IP are intensive quantities. For example, the EA of C2 in its X2Σ+

g

ground electronic state is[1] 3.269± 0.006 eV near the equilibrium bond lengthRe but
only 1.2621 eV atR → ∞ (i.e., the same as the EA of a carbon atom). However, the total
electronic energy of C2 is −2060.160 eV atR → ∞ and lower byca.3.6 eV (the dissoci-
ation energy[2] of C2) atRe, so again EA is a very small fraction of the total energies. For
buckyball C60, the EA is[1] 2.666±0.001 eV, but the total electronic energy is sixty times
−1030.080 eV minus the atomization energy (i.e., the energy change for C60 → 60 C)
of this compound. Clearly, the challenge of evaluating EA (or IP) to within even 50% be-
comes more and more difficult as the size (i.e., number of electrons) in the molecule grows,
and it becomes impossible when the system of interest is an infinite solid, surface, or poly-
mer. This same kind of difficulty (i.e., calculating an intensive quantity as the difference
between to extensive energies) plagues the computation of EAs and of ionization potentials
(IPs), bond energies, and electronic excitation energies.

The problems discussed in the preceding paragraph do not disappear if one uses a
computer with higher numerical precision in its arithmetic (i.e., a longer word length)
or algorithms that compute the one- and two-electron integrals needed for any quantum
chemistry calculation to more significant figures. No mater how precise the integrals and
how long the floating point word length (as long as they are finite), the evaluation of in-
tensive properties such as IPs, EAs, and excitation energies as differences between pairs of
extensive total electronic energies is doomed to fail.

Of course, much progress can be made in computing EAs and IPs as differences between
anion and neutral or cation and neutral total energies[3] because of large systematic cancel-
lation in energy errors[4]. For example, the pair correlation energies of the two 1s electron
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pairs in C2 is quite large, but is very nearly the same as in C−
2 , so even a large percent error

made in computing these contributions to the total energy may not greatly affect the EA
computed by subtractingE(K,N + 1) fromE(0, N). Some of the earliest high qualityab
initio calculations of EAs were carried out using wave function techniques and calculat-
ing separate neutral and anion energies. Nevertheless, in the late 1960s and early 1970s,
workers were motivated to develop methods that would allow intensive energy differences
such as EAs[5], ionization potentials (IPs) and excitation energies (
Es) “directly” rather
than as differences in two very large numbers. This point of view is what led to the de-
velopment of so-called equations of motion (EOM) methods as well as Greens function
methods[6] pioneered by the Linderberg and Öhrn groups and, more recently, response
function approaches[7] of Jørgensen, Olsen, and co-workers. In all of these theories, one
performs a derivation in which the two total energies (i.e., ion and neutral or ground and
excited state) are subtracted analytically (rather than numerically) thereby achieving an
analytical expression for the desired intensive energy difference. It is by thus dealing with
equations that involve only intensive energies that one can overcome the problems detailed
earlier.

Among the earliest practitioners of EOM methods in the chemistry community were
McKoy [8] and his group at Cal Tech. They imported many ideas and mathematical tools
from the nuclear physics literature[9], where EOM theories had been used to study excited
states of nuclei, and they focused their efforts on electronic excitation energies
E, not IPs
or EAs. In 1973, the author used the framework of EOM theory[10] as expressed by the
McKoy group to develop a systematic (i.e., order-by-order in the Møller–Plesset perturba-
tion theory sense) approach for directly computing molecular EAs and IPs as eigenvalues
of the EOM working equations. It is this development and its subsequent improvement, to
several of which Prof. Poul Jørgensen contributed, and extensions[11] by our group and
others that we now describe.

2. BASICS OF EOM THEORY

2.1. The EA equations of motion

The fundamental working equations of any EOM theory can be derived by writing the
Schrödinger equations for the neutral and anion (or neutral or cation or ground and ex-
cited) states of interest and subtracting the two equations as a first step toward obtaining a
single equation that will yield the EA or IP or
E. That is, the EOM theory produces the
intensive energy difference directly as an eigenvalue of the working equation. As above,
we use|0, N〉 to denote the 0th electronic state of theN -electron neutral and|K,N + 1〉
to denote theKth state of the (N + 1)-electron anion and write the two Schrödinger equa-
tions as

(3)H |0, N〉 = E(0, N)|0, N〉,
(4)H |K,N + 1〉 = E(K,N + 1)|K,N + 1〉.

Because|0, N〉 and |0, N + 1〉 contain different numbers of electrons, it is convenient
in developing EOM theories of EAs to express the electronic HamiltonianH in second-
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quantized form[12]:

(5)H =
∑

i,j

h(i, j)i+j + 1

2

∑

i,j,k,l

〈i, j |k, l〉i+j+lk

whereh(i, j) represents a matrix element of the one-electron operators (i.e., kinetic en-
ergy, electron-nuclear Coulomb attraction,etc.) within the orthonormal molecular spin-
orbital basis{φj }, 〈i, j |k, l〉 is a matrix element of the two-electron operators (i.e.,
electron-electron repulsion), and the set of Fermion creation operators{i+} create an
electron in the{φi} spin-orbitals, whereas the{i} operators destroy such an electron.
Writing H in such a form allows us to use the sameH in equations(3) and (4)
even those these two Schrödinger equations relate toN andN + 1 electrons, respec-
tively.

The next step in developing an EOM equation is to assume that the anion state|K,N+1〉
can be related to the neutral state|0, N〉 through an operatorQ+(K):

(6)|K,N + 1〉 = Q+(K)|0, N〉
that maps the neutral molecule wave function into the desired anion wave function.

For the EA case at hand, the operatorQ+(K) is usually written in terms of scalar co-
efficients t (K, l) multiplied by operatorsT +(l), also expressed in second-quantization
language, each of which involves adding an electron

(7)Q+(K) =
∑

l

t (K, l)T +(l).

Manne showed[13] that a complete set of suchT +(l) operators consists of the union of
sets of operators{p+} that add an electron to a spin-orbitalφp, operators{p+q+a} that add
an electron toφp and excite another electron fromφa to φq , operators{p+q+r+ab} that
add an electron toφp excite an electron fromφa to φr and excite another electron fromφb
to φq as well as higher-level electron addition and excitation operators up to the highest-
level operators that add an electron and induceN excitations. In labeling these operators,
the indicesa, b, c, d, etc., are used to denote spin-orbitals occupied in a so-called refer-
ence Slater determinant within|0, N〉 andp, q, r, s, etc., are used to denote unoccupied
(i.e., virtual) spin-orbitals. The reference determinant, which is what defines the concept of
occupied and unoccupied spin-orbitals, is usually chosen to be the determinant|0〉 within
the neutral-molecule wave function

(8)|0, N〉 =
∑

J=0,M

C(0, J )|J 〉

with the largest amplitudeC(0,0), but it has been shown[13] that|0〉 can actually be taken
to be any determinant within|0, N〉 that possesses non-zero amplitude. Later we will deal
with how one determines theC(0, J ) amplitudes in the wave function|0, N〉; for now,
suffice it to say these amplitudes can, for example, be taken from Møller–Plesset (MP)
perturbation theory, from multiconfiguration self-consistent field (MCSCF) theory, from
configuration interaction (CI) theory or from coupled-cluster (CC) theory.

Using equation(6) in equation(4) and subtracting equation(3) from (4) gives a single
equation whose eigenvalue gives the desired EA:

(9)
(
HQ+(K)−Q+(K)H

)
|0, N〉 =

(
E(K,N + 1)− E(0, N)

)
Q+(K)|0, N〉
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or, in terms of the commutator[H,Q+(K)]

(10)
[
H,Q+(K)

]
|0, N〉 = EQ+(K)|0, N〉

where the eigenvalueE is the negative of the EA. The key point is that one now has a single
equation to be solved that produces the intensive EA as its eigenvalue. This equation ap-
pears to be of the conventional eigenvalue-eigenfunction form, but it is somewhat different
because the operator that acts on the eigenfunctionQ+(K)|0, N〉 is not the Hamiltonian
but a commutator involving the Hamiltonian. The fact that the commutator appears is what
causes the eigenvalue to be an intensive energy difference.

To progress further toward practical implementation, specific choices must be made for
how one is going to approximate the neutral-molecule wave function|0, N〉 and at what
level one is going to truncate the expansion of the operatorQ+(K) given in equation(7). It
is also conventional to reduce equation(10) to a matrix eigenvalue equation by projecting
this equation onto an appropriately chosen space of (N + 1)-electron functions. Let us first
deal with the latter issue.

Once the number ofT +(l) operators used to constructQ+(K) has been chosen (we
discuss this choice later), the total numberlmax of t (K, l) amplitudes has been determined.
Multiplying equation(10) on the left by the adjointT (j) of any one of theT + operators,
and then projecting the resultant equation against〈0, N | gives one form of the working
EOM EA equations:

(11)

∑

l

〈0, N |T (j)
[
H, T +(l)

]
|0, N〉t (K, l) = E

∑

l

〈0, N |T (j)T +(l)|0, N〉t (K, l).

To make use of this equation, the〈0, N |T (j)[H, T +(l)]|0, N〉 and〈0, N |T (j)T +(l)|0, N〉
matrices of dimensionlmax× lmax must first be evaluated in terms of one-and two-electron
integrals (appearing inH ) and one-, two-, and higher-body density matrices (depending
upon the level at which the{T +(l)} operator expansion is truncated). Subsequently, the EA
values (i.e., EAs for the various anion states, K, relative to the|0, N〉 state of the neutral)
are computed as minus the eigenvaluesE of equation(11).

2.2. The analogous equations of motion for ionization potentials

It is useful to explore how this same framework has been used to compute molecular ion-
ization potentials (IPs). It is fairly straightforward to show that an equation analogous to
equation(10)but reading

(12)〈0, N |
(
HQ+(K)−Q+(K)H

)
=
(
E(0, N)− E(K,N − 1)

)
〈0, N |Q+(K)

is valid if the operators{Q+(K)} are as given in equation(7) but with the{T +(l)} de-
fined to include operators of the form{a+, a+b+p, a+b+c+qr, etc.}. Of course, in equa-
tion (12), the operators withinQ+(K) act to the left on〈0, N | to generate cationic states.
As a result, neutral-cation energy differences appear in equation(12) and thus this offers
a route to computing IPs. Multiplying this equation on the right by any one of theT (j)

operators and then projecting against|0, N〉 gives

(13)
∑

l

〈0, N |
[
H, T +(l)

]
T (j)|0, N〉t (K, l) = E

∑

l

〈0, N |T +(l)T (j)|0, N〉t (K, l)
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but now the eigenvaluesE denote values of(E(0, N) − E(K,N − 1)), which are the
negatives of the IPs.

Thus far, we see that EOMs can be written that allow EAs or IPs to be computed. The
fundamental constructs within these equations are as follows:

(i) For the EA case, matrix elements〈0, N |T (j)[H, T +(l)]|0, N〉 involving the commu-
tator ofH with theT +(l) operators then multiplied on the left by aT (j) operator, as
well as an analogous overlap matrix element〈0, N |T (j)T +(l)|0, N〉;

(ii) for the IP case, matrix elements〈0, N |[H, T +(l)]T (j)|0, N〉 of the same commutator
but with theT (j) operator on the right, as well as the corresponding overlap matrix
element〈0, N |T +(l)T (j)|0, N〉;

(iii) the neutral-molecule wave function|0, N〉 with respect to which the EA or IP is to be
evaluated.

2.3. The rank of the operators

It is now useful to analyze the density matrix elements1 that enter into these equations.
Each of theT +(j) operators contains an odd number of creation or annihilation opera-
tors, and the HamiltonianH contains two (i.e., i+j ) or four (i.e., i+j+lk) such operators.
It can be seen that the commutator[H, T +(l)] does not contain four plus the number of
creation or annihilation operators inT +(l), but two fewer operators. For example, the
commutator[i+j+lk, p+q+a] does not yield any terms with four creation and three an-
nihilation operators but only terms with three creation and two annihilation operators. We
say that the act of forming the commutator (which is what causes the higher order op-
erators to cancel) gives rise to a reduction in the rank of the operators. As a result, both
the operator productsT (j)[H, T +(l)] and[H, T +(l)]T (j), which appear in the EA and
IP equations of motion, respectively, contain terms only involving both creation and an-
nihilation operators equal to the number of creation operators inT +(l) plus one plus the
number of creation operators inT (j). For example, ifT +(l) = p+q+a andT (j) = b+rs,
thenT (j)[H, T +(l)] and[H, T +(l)]T (j) will contain terms with no more than four cre-
ation and four annihilation operators. This means that the density matrices needed to from
〈0, N |T (j)[H, T +(l)]|0, N〉 and〈0, N |[H, T +(l)]T (j)|0, N〉 will be, at most, fourth or-
der density matrices of the〈0, N | . . . |0, N〉 density.

2.4. Equations of lower rank for both EAs and IPs

Indeed, in the early years of using EOM methods[14] to compute EAs and IPs, oper-
ator manifolds of the form{T +(l)} = {p+;p+q+a, p+q+r+ba, etc.} or {T +(l)} =
{a+, a+b+p, a+b+c+qr, etc.} were employed with Møller–Plesset approximations to
|0, N〉 (usually taken through first order) to form the kind of matrix elements appearing
in equations(11) and (13)and to then evaluate EAs and IPs from their eigenvaluesE.
However, it became more common to use a combination of the EA and IP EOMs formed

1 The first- and second-order density matrices, respectively, have elements given by〈0, N |j+k|0, N〉 and
〈0, N |j+k+lh|0, N〉.
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by adding equations(11) and (13), while expanding the{T +(l)} operator manifold to in-
clude both those needed to evaluate EAs{p+;p+q+a, p+q+r+ba, etc.} and those needed
for the IPs{a+, a+b+p, a+b+c+qr, etc.}, to simultaneously compute both such energy
differences.

To understand why such a combination has proven beneficial, it suffices to examine the
form and rank of the operators whose〈0, N | . . . |0, N〉 matrix elements must be evaluated

∑

l

〈0, N |
[
H, T +(l)

]
T (j)+ T (j)

[
H, T +(l)

]
|0, N〉t (K, l)

(14)= E
∑

l

〈0, N |T +(l)T (j)+ T (j)T +(l)|0, N〉t (K, l).

Recall that theT +(j) operators contain an odd number of creation or annihilation opera-
tors. Each of the products[H, T +(l)]T (j), T (j)[H, T +(l)], T +(l)T (j), andT (j)T +(l)
thus contain an even number of such operators. However, because of the fundamental anti-
commutation properties of these operators

(15)i+j + ji+ = δi,j ,

(16)ij + ji = 0,

(17)i+j+ + j+i+ = 0

it can easily be shown that theoperator combinationsT +(l)T (j) + T (j)T +(l) and
[H, T +(l)]T (j) + T (j)[H, T +(l)] contain one fewer creation and one fewer annihila-
tion operator than does either of the two terms in the sums. So, by combining the EA and
IP EOMs, one effects a rank reduction in the operators appearing in the equations although
the dimensions of the matrices one needs to construct are doubled (because the{T +(l)}
operator manifold was doubled when both EA and IP operators were included. The rank
reduction is important because it means that the density matrices that need to be evalu-
ated to compute the〈0, N | . . . |0, N〉 matrix elements are of lower rank in equation(14)
than in either equation(11) or equation(13). As we said, it has become more common
to use the combined EA and IP equation(14) because lower-order density matrices are
required.

2.5. Summary

Thus far, we have shown how one can obtain eigenvalue equations, in which the energy
eigenvalues correspond to the intensive EAs (or IPs), by postulating that the anion (or
cation) wave function can be related to the neutral-molecule wave function through an
operator. We have also shown how the EA and IP equations of motion can be combined to
generate a combined EOM from which both EAs and IPs can be obtained. The advantage
to the latter approach is that the operators appearing in the resultant equations are of lower
rank and thus lower-order density matrices must be evaluated to carry out the calculations.
Let us now move on to address more specific embodiments of such EOM theories that
result from different choices of the neutral-molecule wave function and of the operator
connecting the neutral and anion wave functions.
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3. PRACTICAL IMPLEMENTATIONS OF EOM THEORIES FOR EAS
AND IPS

The basic ideas underlying any EOM method for computing EAs or IPs appear above.
However, as discussed earlier, in any specific embodiment of such a method, one must
commit to

(i) a specific approximation to the neutral-molecule wave function|0, N〉,
(ii) a specific choice of how large an operator manifold{T +(l)} to employ, and
(iii) how to solve the resultant EOM equations for the eigenvaluesE that then produce

the EAs or IPs. In the following subsections, we describe the most commonly used
choices for these three issues.

3.1. The Møller–Plesset based approximations

In the earliest implementation of EOM approaches to EAs, the author’s group[10,14]chose
to represent the|0, N〉 wave function in a Møller–Plesset (MP) expansion

(18)|0, N〉 = ψ0 + ψ1 + ψ2 + · · ·
with the single-determinant unrestricted Hartree–Fock (HF) function beingψ0 and the cor-
responding neutral-molecule HF Hamiltonian beingH 0. This choice was made because
there existed substantial evidence that EAs and IPs computed at the Koopmans’ theorem
level would not meet the desired 0.1 eV accuracy. The evidence on atoms and small mole-
cules also showed that EAs and IPs computed using standard second-order MP theory were
much more accurate but not sufficient to approach the 0.1 eV standard. For this reason, the
author’s group set their sites on the next reasonable level, that of third-order MP theory.

The operator manifold{T +(l)} was taken to consist of{p+;p+q+a} and{a+, a+b+p}.
In a close collaboration with P. Jørgensen, this choice of operator manifold was shown to
be capable of producing EAs and IPs that were precise through third order2 in the MP
perturbation, which is why this choice was made.

The resultant variant of equation(14) was not solved by finding the eigenvalues of
this matrix eigenvalue equation whose dimension is the sum of the dimensions of the
{p+;p+q+a} and{a+, a+b+p} operator manifolds. Rather, that large matrix eigenvalue
problem was partitioned[10] using a primary subspace defined by the{p+, a+} opera-
tors and a secondary subspace defined by the{p+q+a, a+b+p} operators. The partitioned
eigenvalue problem

(19)
∑

j=a,p
Hi,j (E)Xj = EXi

whose dimension was that of the{p+, a+} operator space was used to find the eigenval-
uesE. Of course, the act of partitioning the higher-dimension matrix eigenvalue problem
does not change the values ofE that represent solutions to the equations. That is, the same
E values that fulfill the original equations are also solutions to the partitioned equations.
However, once one introduces approximations designed to evaluate elements of the par-
titionedHi,j (E) matrix to a chosen order in perturbation theory, this equivalence is lost.

2 See Ref.[6k].
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It is precisely by making such an order analysis (e.g., computingHi,j (E) through second
or third order) that EOM theories capable of evaluating EAs or IPs to a given order were
obtained.

When the elements of the partitioned matrices were evaluated through second order in
the MP series, the following expression was obtained for the matrix elementsHi,j ;

(20)Hi,j (E) = εiδi,j −
∑

p,q,a

〈i, a||p, q〉〈p, q||j, a〉
εp + εq − εa − E

+
∑

a,b,p

〈i, p||a, b〉〈a, b||j, p〉
εa + εb − εp − E

.

Here, theεj denote the UHF spin-orbital energies of the neutral molecule and the〈i, j ||k, l〉
denote differences in two-electron integrals (〈i, j ||k, l〉 = 〈i, j |k, l〉 − 〈i, j |l, k〉). Such
expressions were also obtained by Reinhardt and Doll[17] within the Greens function
framework, but they had not extended their efforts to third or higher orders.

The expression forHi,j (E) valid through third order in the MP series is more compli-
cated and is derived in Refs.[10].3 The partitioned matrix eigenvalue equation was written
in those works as

(21)H(E)X = EX

where the elements of theH matrix were defined as follows:

Hi,j (E) = Ai,j +
∑

α<β,m

Bi,αmβB
∗
j,αmβ

Emαβ + E
−

∑

N+1<n, α

Bi,nαN+1gB
∗
j,nαN+1

EN+1n
α − E

(22)−
∑

N+1<m<n, α

Bi,nαmgB
∗
j,nαm

Emnα − E
.

In turn, the elements of theA andB matrices are shown below:

(23)Bi,αmβ = − 〈im|αβ〉 − 1

2

∑

p,q

〈im|pq〉K(pq)
αβ

+
∑

γ,p

[
〈iγ |pα〉K(mp)

(βγ ) − 〈iγ |pβ〉K(mp)

(αγ )

]
,

(24)Bi,nαm = 〈iα|mn〉 + 1

2

∑

γ,δ

〈iα|γ δ〉Kmn
(δγ )

+
∑

γ,p

[
〈ip|γ n〉K(mp)

(αγ ) − 〈ip|γm〉K(np)

(αγ )

]
,

(25)Ai,j = δi,jεi +
∑

k,l

〈ik|j l〉Fkl

to which one adds the followingE-independent terms

δAi,j =
∑

δ,β,p,m,n

〈jp||iδ〉〈δβ||mn〉〈mn||pβ〉
(εδ − εp)(εδ + εβ − εm − εn)

+
∑

δ,β,p,m,n

〈jδ||ip〉〈pβ||mn〉〈mn||δβ〉
(εδ − εp)(εδ + εβ − εm − εn)

3 See Ref.[6k].
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+
∑

δ,α,β,p,n

〈jp||iδ〉〈δn||βα〉〈αβ||pn〉
(εδ − εp)(εα + εβ − εp − εn)

(26)+
∑

δ,α,β,p,n

〈jδ||ip〉〈δn||βα〉〈αβ||pn〉
(εδ − εp)(εα + εβ − εp − εn)

.

The energy denominators appearing in theHij matrix elements are

(27)Emnα = εm + εn − εα − 〈αm|αm〉 − 〈αn|αn〉 + 〈mn|mn〉,
(28)E

p
δγ = εp − εδ − εγ − 〈δp|δp〉 − 〈γp|γp〉 + 〈δγ |δγ 〉.

Finally, theF quantities appearing above are given as

(29)Fkl =
∑

α<β, p

[
K
pk
αβK

pl
αβ +K

kp
αβK

lp
αβ

]
−
∑

p<q, α

[
K
pq

αl K
pq

αk +K
pq

lα K
pq

kα

]

where

(30)K
(pq)
αβ = K

pq
αβ −K

qp
αβ ,

(31)K
pq

(αβ) = K
pq
αβ −K

pq
βα ,

(32)K
(pq)

(αβ) = K
pq
αβ −K

qp
αβ −K

pq
βα +K

qp
βα,

and the latter quantities are the MP expansion coefficients of the first-order wave function:

(33)Kmn
αβ = 〈mn|αβ〉

εα + εβ − εm − εn
.

Although more complicated than their second-order counterparts, the basic structure of
the above expressions forHi,j (E) are the same as those shown earlier.

These third-order equations have been used in many applications in which molecu-
lar EAs have been computed for a wide variety of species as illustrated in Refs.[14].
Clearly, all of the quantities needed to form the second- or third-order EOM matrix ele-
mentsHj,k are ultimately expressed in terms of the orbital energies{εk} and two-electron
integrals〈j, k|l, h〉 evaluated in the basis of the neutral molecule’s Hartree–Fock orbitals
that form the starting point of the Møller–Plesset theory. However, as with most elec-
tronic structure theories, much effort has been devoted to recasting the working EOM
equations in a manner that involves the atomic-orbital (AO) two-electron integrals rather
than the molecular-orbital based integrals. Because such technical matters of direct AO-
driven calculations are outside the scope of this work, we will not delve into them further
here although we note that J. Oddershede[15] and our group looked into how to express
EOM-type calculations in the AO basis.

3.2. Relationship to Greens functions/propagators

It turns out that in the early 1970s when we were developing and implementing the EOM
method for treating EAs and IPs, several groups had taken a different approach to the evalu-
ation of atomic and molecular electronic energy differences using what were called Greens
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functions (GF) or propagators. Linderberg and Öhrn pioneered4 the use of such methods
in quantum chemistry, while Cederbaum and co-workers[16], Reinhardt and Doll[17],
Taylor, Yaris, and co-workers[18] and Pickup and Goscinski[19] were among the first to
apply the methods to EAs and IPs using anab initio approach. Purvis and Öhrn[20] soon
thereafter expanded the range of the theory to include open-shell systems. These workers
as well as Jørgensen and Oddershede[21] and others[22] developed Møller–Plesset based
GFs for evaluating electronic excitation energies but we will not discuss these develop-
ments further here because our emphasis is on IPs and EAs.

The GF EA and IP theories were derived from consideration of the following time-
dependent matrix elements:

Gj,k(t) = (1/ih̄)Θ(t)〈0, N | exp(iHt/h̄)j+ exp(−iHt/h̄)k|0, N〉
(34)+ (1/ih̄)Θ(−t)〈0, N |k exp(iHt/h̄)j+ exp(−iHt/h̄)|0, N〉.

Here,Θ(t) is the Heaviside step function, which equals unity whent is positive and zero
when t is negative,j+ andk are the same creation and annihilation operators discussed
earlier, and|0, N〉 is the neutral-molecule reference wave function. Introducing complete
sets ofN−1 andN+1 electron Hamiltonian eigenfunctions into the first and second terms
in equation(34), it is straightforward to see that one observes time dependences varying as
exp(i[E(0, N)−E(K,N − 1)]t/h̄) and exp(i[E(K,N + 1)−E(0, N)]t/h̄), respectively.

Taking the time derivative of equation(34), one obtains expressions involving commu-
tators of the form[H, j+]k andk[H, j+] just as one finds in equation(14). By analyzing
the resulting time-derivative equations, workers in this field were able to obtain equations
that suchGj,k(t)matrix elements obey (n.b., these were called the equations of motion for
these quantities). The workers named above were able to express the resulting equations
in terms of one-and two-electron integrals and corresponding density matrices much as the
author had done within the EOM framework. In fact, it turned out that the final working
equations of the so-called one-electron Greens function (GF) or electron propagator de-
fined in equation(34), when Fourier transformed from the time to the energy domain, were
exactly the same as the EOM equations given above (i.e., equation(20) and those repro-
duced from Refs.[10].5 However, only the Cederbaum group achieved the full third-order
expressions within the GF framework analogous to what we reproduced above.

Especially in recent years, much of the work aimed at calculating EAs and IPs using
these direct-calculation EOM and GF methods has been performed within the notation of
Greens functions and has been carried out by Vince Ortiz’s group[23] as well as by the
Cederbaum group. The workers who pioneered GF theory have also shown that the residues
(or eigenvectors, depending on how one solves the equations) also provide a wealth of in-
formation other than energy differences. To further illustrate the impact that such advances
have had within the quantum chemistry community, we note that the Ortiz group has imple-
mented various (i.e., Møller–Plesset and other) variants of these theories within the highly
successful Gaussian[24] suite of computer codes as a result of which many workers world-
wide now employ EOM of GF-type methods to evaluate EAs and IPs.

4 See Refs.[6l] and[6r].
5 See Ref.[6k].
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3.3. The natural orbital or extended Koopmans’ theorem approach

In the mid 1970s, R.G. Parr and co-workers[25] and, independently, D. Smith and co-
workers[26] proposed to use an equation such as equation(13) for computing IPs and
they referred to these methods as natural orbital or extended Koopmans’ theorem theo-
ries. Subsequently, E. Andersen and the author analyzed[27] the working equations of this
approach through second and third order in the MP series and noted differences between
them and the Greens function and equivalent EOM theories computed through these same
orders. Of course, based on the discussion of Section2. D, these differences relate to the
ranks of the operators appearing in the working equations and are not surprising. More
recently, Cioslowski and co-workers[28] have shown that these extended Koopmans’ the-
orem approaches indeed offer a very efficient and reasonably accurate route to computing
IPs or EAs, so it is likely that these methods will continue to develop. One of the more
attractive aspects of the extended Koopmans approaches is that they have been shown[29]
to be capable, at least in principle, to be able to yield the correct lowest ionization potential
of a neutral molecule because they are capable of generating the proper asymptotic form
for the density.

3.4. Multi-configuration based approximations

Following on the proof by R. Manne[13] that the operator spaces{T +(l)} = {p+;p+q+a,
p+q+r+ba, etc.} and{T +(l)} = {a+, a+b+p, a+b+c+qr, etc.} can be used (i.e., is ca-
pable of forming complete sets of ion states) even when no single determinant forms a
dominant component of the neutral-molecule wave function|0, N〉, the author’s group ex-
tended the combined EA and IP EOM theory to the case in which|0, N〉 is of an arbitrary
multi-configuration self-consistent field (MC-SCF) form[30] and the ionization opera-
tor manifold {T +(l)} included operators of the form{p+;p+q+a} and {a+, a+b+p}.
The resultant working equations were written as in equation(19), with the Hj,k ma-
trix elements given in equations (18) of Ref.[30a], which we do not reproduce here
because of their complexity. The primary additional difficulty involved in implementing
these multi-configuration-based equations is the fact that three-electron density matrices
〈0, N |i+j+k+lhn|0, N〉 taken with respect to the MC-SCF wave function|0, N〉 are in-
volved. These density matrices arise when the commutators[H,p+q+a] and[H, a+b+p]
are evaluated.

To date, not much use has been made of the MC-SCF based EOM theories as developed
in the author’s group. Instead, the framework of time-dependent response theory, which can
treat essentially any kind of reference wave function|0, N〉 including the MC-SCF variety,
has superseded the EOM-based developments for such cases. It is important to keep in
mind, however, that both the EOM and response function theories involve formulating and
solving sets of equations whose solution (i.e., the unknown energy) is an intensive energy.

3.5. Coupled-cluster based EOM

The use of coupled-cluster (CC) wave functions within EOM theory for excitation energies,
IPs, and EAs has been developed[31,32]upon slightly different lines than outlined in Sec-
tion 2. The CC wave function ansatz for|0, N〉 is written as usual in terms of an exponential
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operator acting on a single-determinant (e.g., unrestricted HF) “reference function”|0〉
(35)|0, N〉 = exp(T )|0〉.

The so-called cluster operatorT is expressed in terms of spin-orbital excitation operators
of the form{T1} = {p+a}, {T2} = {p+q+ba}, {T4} = {p+q+r+cba}, etc., with Tk relating
to the excitation ofk electrons from occupied spin-orbitals (a, b, c, etc.) to virtual spin-
orbitals (p, q, r, etc.). Prior to forming any EA EOM, the neutral-molecule CC equations
need to be solved for the amplitudes{tn} that multiply the{Tn} operators to form the CCT
operator. For completeness, let us briefly review how the conventional CC wave function
evaluation is carried out.

We recall the CC equations are formed by manipulating the Schrödinger equation

(36)H exp(T )|0〉 = E exp(T )|0〉
to read

(37)exp(−T )H exp(T )|0〉 = E|0〉
and subsequently projecting this equation against the set of functions{〈0|T +

n }. Because the
T operator contains only creation operators for unoccupied spin-orbitals and annihilation
operators for occupied spin-orbitals, it turns out that the commutator expansion

exp(−T )H exp(T ) = H − [T ,H ] + 1/2
[
T , [T ,H ]

]
− 1/3!

[
T ,
[
T , [T ,H ]

]]

(38)+ 1/4!
[
T ,
[
T ,
[
T , [T ,H ]

]]]
+ · · ·

exactly truncates at the fourth order term. So, the final working equations of CC theory can
be written as

〈0|T +
n

{
H − [T ,H ] + 1/2

[
T , [T ,H ]

]
− 1/3!

[
T ,
[
T , [T ,H ]

]]

(39)+ 1/4!
[
T ,
[
T ,
[
T , [T ,H ]

]]]}
|0〉 = 0.

Once the CC amplitudes{tn} are determined by solving these quartic equations, the CC
energy is computed as

〈0|H − [T ,H ] + 1/2
[
T , [T ,H ]

]
− 1/3!

[
T ,
[
T , [T ,H ]

]]

(40)+ 1/4!
[
T ,
[
T ,
[
T , [T ,H ]

]]]
|0〉 = E.

The operatorQ+(K) that maps the CC wave function|0, N〉 into an anion or cation
state is expressed as in equation(7) with the {T +(l)} operators including, for example,
{T +(l)} = {p+;p+q+a, p+q+r+ba, etc.} when EAs are to be computed and the adjoints
of {a+, a+b+p, a+b+c+qr, etc.} when IPs are computed. The basic EOM analogous to
equation(10) is then written as

(41)
[
H,Q+(K)

]
exp(T )|0〉 = EQ+(K)exp(T )|0〉.

Multiplying on the left by exp(−T ) and realizing thatT andQ+(K) commute reduces
this equation to

(42)
[
H ′,Q+(K)

]
|0〉 = EQ+(K)|0〉

where

(43)H ′ = exp(−T )H exp(T ),
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which can be expanded as in equation(38) to involve at most quartic terms in the{tn}
amplitudes. Then, multiplying on the left by〈0|T (j) reduces the EOM equations to their
final working form

∑

l

〈0|T (j)
{
H − [T ,H ] + 1/2

[
T , [T ,H ]

]
− 1/3!

[
T ,
[
T , [T ,H ]

]]

+ 1/4!
[
T ,
[
T ,
[
T , [T ,H ]

]]]}
, T +(l)|0〉t (K, l)

(44)= E
∑

l

〈0|T (j)T +(l)|0〉t (K, l).

This set of matrix eigenvalue equations are then solved to obtainE which gives the EA
or the IP (depending on what operator set was used). Such so-called electron-attached and
electron-removed equations of motion (EA-EOM and IP-EOM) approaches have proven
highly successful[31,32] in computing EAs and IPs of a wide range of atoms and mole-
cules primarily because the coupled-cluster treatment of electron correlation provides such
a highly accurate treatment of the dynamical electron correlation. At present there is a great
deal of activity within this framework of utilizing EOM theories for computing EAs, IPs,
and
Es.

4. SOME SPECIAL CASES

4.1. Calculating EAs as IPs

In this discussion, we have focused on computing EAs and IPs by forming a neutral-
molecule wave function|0, N〉 and computing the EA or IP as an eigenvalue of an EOM
matrix problem. Consider applying such an approach to evaluate the EA of the X2Π state
of the NO molecule. Because the X-state wave function of NO is spatially degenerate
(i.e., theπx andπy orbitals should be degenerate), one may encounter artifactual symme-
try breaking when forming this neutral-molecule wave function. That is, theπx andπy
orbitals may not turn out to be degenerate; in fact, most commonly employed electronic
structure codes are not able to guarantee this degeneracy as they should. It would then be
unwise to use this symmetry-broken wave function to compute any property of this state
of NO, including the EA. To overcome such difficulties, one could use the X3Σ+ state
of NO− as |0, N〉 and employ an EOM method to evaluate the IP of NO− (actually the
electron detachment energy of NO). The advantage to this approach is that the open-shell
3Σ+ state of NO− would not be susceptible to symmetry breaking because it is not spa-
tially degenerate and has itsπx andπy orbitals equivalently occupied. This example shows
that it may sometimes be better to compute an EA of a molecule as the IP of the corre-
sponding anion. Likewise, it may be better to compute an IP of a molecule as the EA of
the molecule’s cation in some cases.

4.2. Metastable anion states

A different kind of problem arises when one attempts to compute the EA of a molecule
whose anion is not electronically bound relative to the corresponding neutral. For example,
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the X1Σ+
g state of the N2 molecule does not bind an electron to form an electronically

stable anion. Instead the X2Πg state of N−
2 , formed by adding an electron to theπg anti-

bonding orbital of N2 is a so-called resonance state that lies higher in energy than N2 and
can spontaneously eject its excess electron. One cannot simply employ conventional basis
sets andab initio electronic structure methods (including EOM or GF or response-function
methods) to correctly determine the energies of such states.

The most common and powerful tool for studying such metastable states theoretically
is the so-called stabilization method (SM). This method, pioneered by Professor Howard
Taylor’s group[33], involves embedding the system of interest (e.g., the N−1

2 anion) within
a finite “box” in order to convert the continuum of states corresponding, for example, to
N2 + e−, into discrete states that can be handled by conventional square-integrable basis
functions using, for example, the EOM method. By varying the size of the box, one can
vary the energies of the discrete states that correspond to N2 + e− (i.e., one varies the box
size to vary the kinetic energy KE of the orbitals containing the excess electron). As the box
size is varied, one eventually notices (e.g., by plotting the orbitals) that one of the N2 + e−

states obtained in the EOM process possesses a significant amount of valence character.
That is, one such state has significant amplitude not only at large-r but also in the region of
the two nitrogen centers. It is this state that corresponds to the metastable resonance state,
and it is the EOM eigenvalueE of this state that provides the stabilization estimate of the
resonance state energy relative to that of the neutral N2.

Let us continue using N−1
2 as an example for how one usually varies the box within

which the anion is constrained. One uses a conventional atomic orbital basis set that likely
includes s and p functions on eachN atom, perhaps some polarization d functions and some
conventional diffuse s and p orbitals on eachN atom. These basis orbitals serve primarily
to describe the motions of the electrons within the usual valence regions of space. To this
basis, one appends an extra set of diffuseπ-symmetry orbitals. These orbitals could be pπ

(and maybe dπ ) functions centered on each nitrogen atom, or they could be dπ orbitals
centered at the midpoint of the N–N bond. Either choice can be used because one only
needs a basis capable of describing the large-r L = 2 character of the metastable2Πg
state’s wave function. One usually would not add just one such function; rather several
such functions, each with an orbital exponentαJ that characterizes its radial extent, would
be used. Let us assume, for example, thatK such additional diffuseπ functions have been
used.

Next, using the conventional atomic orbital basis as well as theK extraπ basis functions,
one carries out an EOM calculation for the EA of the N2 molecule. In this calculation, one
tabulates the energies of many (sayM) of the EOM EA eigenvalues. One then scales the
orbital exponents{αJ } of theK extraπ basis orbitals by a factorη :αJ → ηαJ and repeats
the calculation of the energies of theM lowest EOM eigenvalues. This scaling causes the
extraπ basis orbitals to contract radially (ifη > 1) or to expand radially (ifη < 1). It is
this basis orbital expansion and contraction that produces expansion and contraction of the
“box” discussed above. That is, one does not employ a box directly; instead, one varies the
radial extent of the more diffuse basis orbitals to simulate the box variation.

If the conventional orbital basis is adequate, one finds that the extraπ orbitals, whose
exponents are being scaled, do not affect appreciably the energy of the neutral N2 system.
This can be probed by plotting the N2 energy (computed as〈0, N |H |0, N〉) as a function of
the scaling parameterη; if the energy varies little withη, the conventional basis is adequate.
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Fig. 1. Plots of the EOM EA eigenvalues for several anion states vs. the orbital scaling
parameterη. Note the avoided crossing of state energies near 1 eV.

In contrast to plots of the neutral N2 energy vs.η, plots of the energies of theMN−1
2

anion states relative to the energy of N2, obtained as EOM eigenvalues, show significant
η-dependence asFig. 1 illustrates.

What does such a stabilization plot tell us and what do the various branches of the plot
mean? First, we notice that each of the plots of the energy of an anion state (relative to
the neutral molecule’s energy, which is independent ofη) grows with increasingη. This
η-dependence arises from theη-scaling of the extra diffuseπ basis orbitals. Because most
of the amplitude of such basis orbitals lies outside the valence region, the kinetic energy is
the dominant contributor to such states’ relative energies. Becauseη enters into each orbital
as exp(−ηαr2), and because the kinetic energy operator involves the second derivative with
respect tor, the kinetic energies of orbitals dominated by the diffuseπ basis functions vary
asη2. It is this quadratic growth withη that appear as the basic trends in the energies vs.η

plots inFig. 1.
For smallη, all of theπ diffuse basis functions have their amplitudes concentrated at

large r and have low kinetic energy. Asη grows, these functions become more radially
compact and their kinetic energies grow just as the particle-in-a-box energies grow as the
box length decreases. For example, note the three lowest energies shown above inFig. 1
increasing from near zero asη grows. Asη further increases, one reaches a point at which
the third and fourth anion-state energies inFig. 1 undergo an avoided crossing. At higher
η values, it is the second and third states and then the first and second states whose ener-
gies undergo such avoided crossings. At suchη values, if one examines the nature of the
two anion wave functions (obtained as in equation(6)) whose energies avoid one another,
one finds they contain substantial amounts of both valence and extra diffuseπ function
character. Just to the left of the avoided crossing, the lower-energy state (the third state
in Fig. 1 for the smallestη at which an avoided crossing occurs) contains predominantly
extra diffuseπ orbital character, while the higher-energy state (the fourth state) contains
largely valenceπ* orbital character. To the right of the avoided crossing, the situation is
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reversed—the lower-energy state (the third state inFig. 1 for small η) contains predom-
inantly valence orbital character, while the higher-energy state (the fourth state) contains
largely diffuse orbital character.

However, at the special values ofη where the two states nearly cross, the kinetic energy
of the diffuse state (as well as its radial size and de Broglie wavelength) are appropriate to
connect properly with the valence state to form a single resonance state. By connect prop-
erly we mean that the two states have wave function amplitudes, phases, and slopes that
match. It is such boundary condition matching of valence-range and long-range character
in the wave function that the stabilization method achieves. So, at such specialη values,
one can achieve a description of the resonance state that correctly describes this state both
in the valence region and in the large-r region. Only by tuning the energy of the large-r

states using theη scaling can one obtain this proper boundary condition matching.
Another observation helps to understand the content of such stabilization plots. One con-

siders the density of states (i.e., how many states are there between energyE andE + dE
for a fixed small value of dE?) in a plot such asFig. 1. Clearly, in the range of energies near
the avoided crossings, there is an enhanced density of states, while the state density is lower
at “off resonance” energies. When viewed either from the point of view of state densities
or avoided crossings, there is something special about the region of energies near such res-
onances. As noted above, it is the fact that the valence-range and continuum components
of the wave function can be properly matched at such energies that is “special”.

If one attempts to study metastable anion states without carrying out such a stabilization
study, one is doomed to failure, even if one employs an extremely large and flexible set
of diffuse basis functions. In such a calculation, one will certainly obtain a large number
of anion “states” with energies lying above that of the neutral, but one will not be able to
select from these states the one that is the true resonance state because the true state will
be buried in the myriad of “states” representing the N2 + e− continuum.

In summary, by carrying out a series of anion-state energy calculations for several states
and plotting them vs.η, one obtains a stabilization graph. By examining this graph and
looking for avoided crossings, one can identify the energies at which metastable reso-
nances occur. It is absolutely critical to identify these resonance energies if one wishes to
probe metastable anions. It is also possible[34] to use the shapes (i.e., the magnitude of
the energy splitting between the two states and the slopes of the two avoiding curves) of
the avoided crossings in a stabilization graph to compute the lifetimes of the metastable
states. Basically, the larger the avoided-crossing energy splitting between the two states,
the shorter is the lifetime of the resonance state.

5. SUMMARY

We have tried to illustrate how, by focusing on the intensive energies that one wishes to
compute when studying EAs, IPs, or electronic excitation energies, one can replace the
solution of the Schrödinger equation by the solution of so-called equations of motion. It is
the eigenvalues of these EOMs that produce the EAs and IPs directly. We have reviewed
some of the history of the development of EOM theory, especially as it applied to EAs
and IPs, and we have attempted to show its relationships to Greens functions and extended
Koopmans’ theorem approaches to these same intensive energies. We have shown that a
wide variety of EOM theories can be developed depending on how one chooses to describe
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the neutral molecule’s wave function (i.e., in MP, MC-SCF, or CC fashion). Finally, we
discussed some of the pitfalls that one encounters when applying EOM theory to EAs of
molecules whose anion states are not bound but are metastable resonance states. It is our
hope and belief that EOM methods have proven useful computationally and for gaining
insight and will continue to have a bright future.

Readers who wish to learn more about how molecular EAs (and to a lesser extent, IPs)
have been studied theoretically are directed to this author’s web sitehttp://simons.hec.utah.
edu as well as to a series[35] of his reviews and chapters. The species that this group
have examined include dipole-bound anions, zwitterion ions, conventional valence anions,
multiply charged anions, as well as a wide variety of metastable anions.
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Abstract
A non-iterative finite-element solver forn-dimensional Poisson and Helmholtz equations has been developed.
The electrostatic potential and the charge-density distributions are expanded in finite-element functions consist-
ing of up to sixth-order Lagrange interpolation functions. The method can also be applied to differential equations
in more than three-dimensional spaces. It is efficient and well suited for parallel computers, since the innermost
loops constitute matrix multiplications and the outer ones can be used as parallelizing index on a parallel com-

puter. The solution of then-dimensional Poisson and Helmholtz equations scales asN (
n+1
n ), whereN = Nn

i
denotes the grid size andNi is the number of element functions,i.e., the number grid points, in each dimen-
sion.
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1. INTRODUCTION

The electrostatic potential plays a fundamental role in many chemical, biological, and
physical processes. It can be obtained analytically only for some simple model systems,
and therefore its determination relies on numerical methods. The calculation of the electro-
static potential is formally straightforward, since the potential is generated as the integral

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 50 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)50011-X All rights reserved



236 R.J.F. Berger and D. Sundholm

of the reciprocal inter-particle distance,|r1 − r2|−1, times a charge distribution. However,
that approach is rarely used since it would involve a six-dimensional (6D) space with sin-
gularities atr1 = r2.

The preferred route to the electrostatic potentials is to solve then-dimensional Poisson
equation which is a second-order elliptical partial differential equation describing the elec-
trostatic potential caused by a charge distribution[1,2]. Most relevant and challenging is
then = 3 case yielding the three-dimensional (3D) Poisson equation. The solution of the
Poisson equation is a nontrivial task, since it involves large linear matrix equations with
crucial system-specific boundary conditions. Owing to its scientific importance and chal-
lenge, lots of efforts have been put on the development of efficient methods to solve the
Poisson equation[1–8]; hundreds of articles involving the solution of the Poisson equation
appear every year, but also other approaches have been used for obtaining the electrosta-
tic potential[8–14]. Many of these methods provide potentials of qualitative rather than
quantitative accuracy. Efficient numerical methods to determine the electrostatic potential
in chemical and biological systems have been developed and implemented in computer
programs such as APBS[7,15], DelPhi [16], ITPACT [17], and Mainfold Code[18], to
mention a few.

An equal important application of Poisson solvers is real-space computational methods
for electronic structure calculations, the success of which completely relies on accurate
solutions to the Poisson equation[1,19–23]. In each cycle of the self-consistent field op-
timization of the electronic structure, the electrostatic potentials caused by the electrons
have to be determined with high accuracy. This is one of the most time-consuming steps in
real-space computations especially when the Hartree–Fock exchange interaction is explic-
itly considered[19,24]. Accurate electrostatic potentials are also of importance in studies
of semiconductor devices. For example, solutions to the Poisson equation are needed in
real-space calculations on semiconductor structures and quantum dots. The electrostatic
potentials can provide information about electron-transportation properties of quantum-dot
systems, and physical insights into the single-electron charging processes are also obtained
in this way[25,26].

In this work, a non-iterative approach to the solution of the Poisson equations in
high-order finite-element bases is presented. The charge density and the potential are ap-
proximated by tensor-product finite-element functions which separates the equation. The
solution to the 3D Poisson equation can be constructed from the solutions of three one-
dimensional (1D) eigenvalue problems. Similar approaches have previously been used
for solving two-dimensional (2D) and 3D elliptical differential equations using B-splines
[6,27]. The first papers presenting direct numerical solutions of differential equations em-
ploying tensorial basis sets appeared about forty years ago[28–31]. Numerical approaches
based on tensorial basis sets have more recently been employed in solution of Navier–
Stokes equation[32] and they have proven to be very useful in the calculation of multi-
dimensional integrals[33]. The tensor-product finite-element approach used for solving
the Poisson equation can with tiny modifications be used for solving the Helmholtz equa-
tion, which is structurally reminiscent of the Poisson equation. It is appropriate to mention
that the tensor-product approach has also been used to formulating efficient expressions to
calculate second-order Møller–Plesset perturbation energy corrections using atomic orbital
basis sets[34].
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2. THEORY

2.1. The Poisson equation

The electrostatic potential for a given charge densityρ(x, y, z) can be obtained by solving
the Poisson equation. The 3D Poisson equation in Cartesian coordinates reads

(1)

(
∂2

∂x2
+ ∂2

∂x2
+ ∂2

∂x2

)
V (x, y, z) = −4πρ(x, y, z)

whereV (x, y, z) is the electrostatic potential created by the given charge-density distribu-
tion. Instead of solving the differential equation in equation(1), a corresponding equation
yielding variational solutions to the Poisson equation can be obtained by constructing a
functionalF

F = 1

2

∞∫

−∞

∞∫

−∞

∞∫

−∞

(
∂V (x, y, z)

∂x

)2

+
(
∂V (x, y, z)

∂y

)2

+
(
∂V (x, y, z)

∂z

)2

dx dy dz

(2)− 4π

∞∫

−∞

∞∫

−∞

∞∫

−∞
V (x, y, z)ρ(x, y, z)dx dy dz

the minimum of which yields an expression for the electrostatic potential involving sym-
metric matrices. The potential and the charge density in equation(2) are first expanded in a
finite basis and thenF is minimized with respect to the expansion coefficients of the poten-
tial. Here, it is assumed that the boundary terms, appearing due to the integration by parts,
vanish. The electrostatic potential and the charge density are expanded in a finite-element
tensorial basis set

(3)V (x, y, z) =
∑

αβγ

vαβγχα(x)χβ(y)χγ (z)

and

(4)ρ(x, y, z) =
∑

αβγ

rαβγχα(x)χβ(y)χγ (z)

whereχα(x)χβ(y)χγ (z) are some locally defined basis functions.vαβγ andrαβγ are the
expansion coefficients of the electrostatic potential and the charge density, respectively.
The equation yielding the potential is obtained by minimizingF with respect to the expan-
sion coefficients,vαβγ

(5)
∂F

∂vαβγ
= 0.

2.2. The Helmholtz equation

The Helmholtz equation is structurally very similar to the Poisson equation. Compared
to the Poisson equation an additional term proportional tok2 appears in the Helmholtz
equation, wherek is a wave number. The solution of the Helmholtz equation,φ(x, y, z),
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represents the spatial part of the solutions of the wave equation. Thus the right-hand side
of the equation,g(x, y, z) can be thought as a wave source. The 3D Helmholtz equation in
Cartesian coordinates reads

(6)−
(
∂2

∂x2
+ ∂2

∂x2
+ ∂2

∂x2

)
φ(x, y, z)+ k2φ(x, y, z) = g(x, y, z).

For real k values, the solutions are “bound”, whereas imaginaryk values correspond
to plane waves when the source term in equation(6) is set to zero. For realk values,
the Helmholtz operator is positively definite, whereas in the case of imaginaryk it has
both positive and negative eigenvalues which are often causing additional complications.
A symmetric matrix expression for the Helmholtz equation can be obtained by applying
the same variational approach as used in the case of the Poisson equation. Helmholtz equa-
tion has proven to be even more difficult to solve than the Poisson equation[35] and lots of
effort has therefore been put on the development of efficient numerical methods to solve it
[36,37].

2.3. The local basis functions

The use of a tensorial basis set reduces the complexity of the algorithm since it introduces
a partial separation of the equations. This property of the present finite-element functions
is explored in the computational algorithm and it is actually the key to the success of
this approach. The computational method can be applied on equations with general source
distributions, since the finite-element functions in each element are defined as a tensor
product of the 1D components and element functions of different elements do not overlap.

The 1D components of the local tensorial basis set can consist of all kinds of basis func-
tions. They can be different representations of polynomial functions, splines, wavelets,etc.
In this work, the element functions in each element are constructed as an outer (tensor)
product of Lagrange interpolation functions (LIF). In the LIF basis, the expansion coeffi-
cients are simply the amplitude of the potential and the charge density in the given grid
points.

For simplicity, the space is in the present applications divided into a isotropic grid mean-
ing that the same distribution of grid points is used in all dimensions. However, this is not
necessary; different grids in all dimensions result in only a slight modification of the algo-
rithm at almost no additional computational costs.

The expressions can be written in a more compact form by introducing vector and matrix
notations. The expansion coefficients are collected in vectors such asv andr of the length
N = Nx × Ny × Nz, whereNx , Ny andNz are the number of grid points in thex, y, and
z direction, respectively. Matrices of dimensionN × N are denoted by bold capital letters
(S andA) and matrices with subscripts such asSx (Ax), Sy (Ay), andSz (Az) are of the
sizeNx ×Nx ,Ny ×Ny , andNz ×Nz, respectively.

2.4. The finite-element equations

The choice of a tensorial finite-element basis results in a separation of the overlap and
Laplacian integrals. In this basis, the overlap matrix can be written as

(7)S = Sx ⊗ Sy ⊗ Sz
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where the matrix elements of theSx , Sy , andSz matrices are the overlap integrals of the
element functions in each direction

Sx(α, α
′) =

∫

Ω

χα(x)χα′(x)dx,

Sy(α, α
′) =

∫

Ω

χα(y)χα′(y)dy,

(8)Sz(α, α
′) =

∫

Ω

χα(z)χα′(z)dz.

Since element functions from different elements do not overlap, theSi (i = x, y, z) ma-
trices are sparse connected block-diagonal matrices. For an isotropic grid, theSi matrices
are identical.

The matrix elements of the 1D second-derivative matrices,Ax , Ay , andAz, needed for
the construction of the 3D Laplacian can be obtained analogously

Ax(α, α
′) =

∫

Ω

∂χα(x)

∂x

∂χα′(x)

∂x
dx,

Ay(α, α
′) =

∫

Ω

∂χα(y)

∂y

∂χα′(y)

∂y
dy,

(9)Az(α, α
′) =

∫

Ω

∂χα(z)

∂z

∂χα′(z)

∂z
dz.

The element functions are defined only in one element, therefore the integration of the
overlap and Laplacian integrals are performed only in the element domainΩ to which it
belongs. Continuity conditions connect the functions in neighbor elements. The full 3D
Laplacian can then be expressed using the threeSi andAi matrices as

(10)A = Ax ⊗ Sy ⊗ Sz + Sx ⊗ Ay ⊗ Sz + Sx ⊗ Sy ⊗ Az

where⊗ denotes the tensor (outer) product of the matrices. Analogously, the overlap ma-
trix in 3D can be written as

(11)S = Sx ⊗ Sy ⊗ Sz.

In the tensorial finite-element basis, the Poisson functional the minimum of which yields
the equation for the potential is

(12)F = 1

2
vTAv − vTSr

where the factor 4π has been incorporated intor . Minimization of F yields the matrix
equation

(13)Av = Sr

or

(14)(Ax ⊗ Sy ⊗ Sz + Sx ⊗ Ay ⊗ Sz + Sx ⊗ Sy ⊗ Az)v = (Sx ⊗ Sy ⊗ Sz)r .
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The corresponding expression for the Helmholtz equation is

(15)(A + k2S)f = Sg

or

(Ax ⊗ Sy ⊗ Sz + Sx ⊗ Ay ⊗ Sz + Sx ⊗ Sy ⊗ Az + k2Sx ⊗ Sy ⊗ Sz)f

(16)= (Sx ⊗ Sy ⊗ Sz)g.

In the Poisson and Helmholtz equations, the matrix on the left-hand side, which is to be
inverted, can thus be expressed as a sum of tensor products of the 1DSi andAi matri-
ces. This implies that the spectral representation of the 3D matrices can be obtained by
construction.

2.5. Construction of the spectral representation

The first step in the construction of the spectral representation of theA andA + k2S ma-
trices is to solve the three generalized eigenvalue equations

(17)Aiqi = SiqiEi, i = x, y, z.

TheAi andSi matrices can then be expressed using the eigenvalues and the eigenvectors
obtained by the diagonalization of equation(17)as

(18)Ai = wiEiwTi , Si = wiwTi , i = x, y, z,

wherewTi denotes the inverse of the eigenvector matrices

(19)wTi = q−1
i , i = x, y, z.

The inverseAi matrices can analogously be written as

(20)A−1
i = wT

−1

i E−1
i w−1

i = qiE
−1
i qTi , i = x, y, z.

The eigenvalues, the eigenvector matrix, and the inverse of the eigenvector matrix for
the 3D equation can be constructed as a tensor product of the 1D components as

EP = Ex ⊗ Iy ⊗ I z + Ix ⊗ Ey ⊗ I z + Ix ⊗ Iy ⊗ Ez,

Q = qx ⊗ qy ⊗ qz,

(21)W = wx ⊗ wy ⊗ wz

whereIx Iy , andI z are the 1D unit matrices for thex, y, andz directions, respectively. In
the case of the Helmholtz equation, theEH matrix will also contain contributions from the
wave number term yielding

(22)EH = Ex ⊗ Iy ⊗ I z + Ix ⊗ Ey ⊗ I z + Ix ⊗ Iy ⊗ Ez + k2Ix ⊗ Iy ⊗ I z,

EP andEH are the eigenvalues of the Poisson and Helmholtz operators in the spectral
representation. The spectral representation of the 3D Poisson and Helmholtz matrices and
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their inverses can now be written as

AP = WEPWT , A−1
P = QE−1

P QT ,

(23)AH = WEHWT , A−1
H = QE−1

H QT .

The inverse of the Laplacian and the Helmholtz matrices can thus be constructed from the
eigenvalues and eigenvectors obtained by the diagonalization of the 1D generalized eigen-
value equations for each dimension. This implies that Poisson and Helmholtz equations in
more than three dimensions can also be analogously solved by construction. The expansion
parameters of the electrostatic potential are obtained as

(24)v = A−1
P Sr

yielding

(25)v = QE−1
P QTWWT r .

As seen in equations(19) and (21), the 3D matrixQT is the inverse ofW

(26)QTW = I .

Thus, two slightly different strategies to calculate the potentials can be used. InAlgo-
rithm 1, the expansion coefficients of the charge distribution are first multiplied by the
overlap matrix. This operation can be made to scale linearly with the number of grid points
since the overlap matrices in each dimension are band-diagonal matrices consisting of con-
nected block matrices. The next step in the solution of the Poisson equation then includes
a linear transformation with theQT matrix, multiplication with the inverse diagonal ma-
trix E−1

P , and finally the back transformation with theQ matrix.
In Algorithm 2, we explore the identity in equation(26). This algorithm involves a linear

transformation with theWT matrix, multiplication with the inverse diagonal matrixE−1
P ,

and finally a back transformation with theQ matrix. TheWT matrix is constructed from
the inverse of the eigenvectorswi ; this strategy will also involve the calculation of the
inverse of the eigenvectors of the 1D generalized eigenvalue problems.

The complete matrices in the 3D space are never constructed. The linear transformations
are instead performed using a direct matrix-times-vector multiplication approach. Since the
Laplacian is a semi-definite operator, the solution of the Poisson equation in a finite basis
involves a singular matrix. However, in this direct approach the spectral representation is
explicitly constructed and the zero eigenvalue is easily identified and can be removed.

3. BOUNDARY CONDITIONS

For a localized charge-density distribution, the electrostatic potential at the boundaries
can be obtained using a multipole expansion. When the boundaries are far away from the
charge-density distribution the first few terms in the multipole expansion is enough to give
accurate potential values at the boundaries. Dirichlet boundary conditions can easily be
incorporated in this approach by deleting the first and last column of either theSi or theAi
matrices along with modifications of the right-hand side[6,27]. However, in the applica-
tion examples of this work the right-hand side has been chosen such that the appropriate
boundary conditions at large distances are automatically fulfilled due to symmetry reasons.
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4. THE ALGORITHMS

4.1. The right-hand side

In finite-element approaches, the right-hand-side vector is constructed by multiplying
the source term,e.g., the charge-density distribution with the overlap matrix (S = Sx ⊗
Sy ⊗ Sz). The 1DSi matrices are connected block diagonal matrices which means that the
innermost loops can be rewritten as matrix multiplications of matrices the size of which is
equal to the number of Lagrange interpolation functions of the 1D elements. Typical sizes
for the diagonal block matrices are 5 or 7. Such an approach to construct the right-hand
side scales linearly with the number of grid points. However, in the present implementa-
tion, it is assumed that theSi matrices are dense. Then, the construction of the right-hand
side consists ofNi sets of matrix multiplications whose size isNi thus it scales asN4/3,
whereN is the total number of grid points. The outermost index is not involved in the
matrix multiplications and can be used as parallelization index on a parallel computer.
The computational time needed for the construction of the right-hand-side vector is shown
in Fig. 1.

In the test applications the source term has been taken to be

(27)ρ(x, y, z) = xyz
(
6 + 4r2)e−r2

, r2 = x2 + y2 + z2.

In the Poisson case, we have assumed that the factor of 4π is incorporated in the charge
density, since it does not appear in the Helmholtz equation. The equations are approxi-
mated in a cubic domain with boundaries at±10. The domain is in each dimension divided
isotropically into a number of elements, and each 1D element contains 7 element functions;
sixth-order LIF are used. A non-equidistant grid has been used. Each element is taken to
be a factor of 1.3 longer that the previous one starting from the center of the box, whereas
in each element the grid points are equidistant.

The precision of the method was checked by calculating the self-interaction integral as a
function of the grid size for the charge density given in equation(27). The self-interaction

Fig. 1. The CPU time (in seconds) for constructing the right-hand side of the Poisson
equation. The calculations have been performed using a DEC Alpha workstation equipped
with a 600 MHz EV6 processor.
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Table 1. The self-interaction integral,(ρ|ρ) as a function of the grid size obtained by
solving the Poisson equation (k2 = 0) equation as well as the Helmholtz equation with
k2 = ±1

Grid k2 = 0 k2 = 1 k2 = −1

25× 25× 25 1.4374409362 1.1784597644 2.0889675911
37× 37× 37 1.3287968899 1.0842696689 1.9652547531
49× 49× 49 1.3315672651 1.0868529977 1.9676160263
61× 61× 61 1.3317110807 1.0869883397 1.9676210396
73× 73× 73 1.3314981186 1.0868078129 1.9673633520
85× 85× 85 1.3315254242 1.0868316094 1.9673914024
97× 97× 97 1.3315234616 1.0868293521 1.9673920879
109× 109× 109 1.3315223680 1.0868284706 1.9673907180
121× 121× 121 1.3315223246 1.0868284564 1.9673905408
133× 133× 133 1.3315223421 1.0868284711 1.9673905285
145× 145× 145 1.3315223475 1.0868284726 1.9673905301

integral is obtained as:

(28)(ρ|ρ) =
∞∫

−∞

∞∫

−∞

∞∫

−∞
ρ(x, y, z)φ(x, y, z)dx dy dz

whereφ(x, y, z) is the solution of the Poisson equation for the sourceρ(x, y, z) given
in equation(27). The same integral was calculated using the solutions of the Helmholtz
equation withk2 = 1 andk2 = −1, respectively. As seen inTable 1, the integrals converge
smoothly with increasing size of the grid. The difference between the integrals calculated
using the 1333 and 1453 grids is a few part per billion (ppb).

4.2. The generalized eigenvalue problems

The initialization of the Poisson solver algorithms involves in the general case the solution
of three generalized eigenvalue problems, whereas for an isotropic grid the eigenvalue
equations are identical and only one of them has to be solved. The obtained eigenvectors
qi and eigenvaluesEi are used for the construction of the 3D spectral representation of the
differential operators. The CPU time for the diagonalization of the generalized eigenvalue
problem and the inversion of the eigenvector matrices scale asN3

i , i.e., linearly with the
grid size. As seen inFig. 2, for the largest grids less than 1% of CPU time is spent on
the solution of the eigenvalue problem and the inversion of the eigenvector matrix is even
faster. The multiplication with the 3D eigenvalue matrix scales also linearly with the grid
size. These steps are not the rate-determining steps; only a few percent of the total CPU
time is used in these parts of the algorithms.

4.3. Transformations using the 3D eigenvectors

The most time-consuming steps of both algorithms are the linear transformation and corre-
sponding back transformation with the 3D eigenvectors constructed from the eigenvectors
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Fig. 2. The CPU time (in seconds) used for solving one generalized eigenvalue problem,
for calculating the inverse of the eigenvector matrix, and for multiplying with the inverse
of the diagonal 3D eigenvalue matrix.

Fig. 3. The CPU time (in seconds) used for one linear transformation with the 3D (inverse)
eigenvectors.

of the 1D eigenvalue problems. See Fig. 3. These transformations has to be repeated for
each charge-density distribution. They scale asN4/3 and become the bottleneck of the
computation.

The linear transformation steps consist of three matrix multiplications of matrices the
size of which isNi . In the 3D case, the third index can be considered as an external index
and used for distribution of the tasks over a number of parallel processors. The number of
matrix multiplications is proportional toNi which results in a scaling ofN4/3 for the CPU
time.

5. SUMMARY

Depending on the strategy, two slightly different algorithms to solve the Poisson equation
can be derived. By introducing some tiny modifications, they can also be applied on the
Helmholtz equation. In the Helmholtz case, the wave numberk2 is added to the eigenvalues
in the construction of the 3D eigenvalue matrix.
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Fig. 4. The total CPU time (in seconds) for solving the Poisson equation in a cubic domain
as a function of the number of grid points.

The diagonalization of the generalized eigenvalue problems in step 1 is done only once.
Furthermore, for isotropic grids the three eigenvalue equations are identical. Only a few
percent of the computational time is spent in this step. The calculation of the inverse eigen-
vectors in step 2 ofAlgorithm 2 is computationally fast in comparison with the linear
transformations in steps 3 and 5.

In the present applications,Algorithm 2 is slightly faster thanAlgorithm 1 since the
multiplication of the overlap matrix on the right-hand side vector is avoided. However, the
comparison is not quite fair, since the computation of the overlap matrix times a vector can
be made more efficient, scaling linearly with the grid size. The CPU time needed for solv-
ing the Poisson equation with the present implementation of the algorithms is compared
in Fig. 4.

ALGORITHM 1.

1. SolveAiqi = SiqiEi , i = x, y, z.
2. Calculate right-hand side asb = Sr.
3. Perform the linear transformationa = QT b.
4. Multiply with the inverse of the eigenvalue partc = E−1

P a.
5. Perform the back transformationv = Qc.

ALGORITHM 2.

1. SolveAiqi = SiqiEi , i = x, y, z.
2. Calculate the inverse of the eigenvectorswTi = q−1

i .
3. Perform the linear transformationb = WT r .
4. Multiply with the inverse of the eigenvalue partc = E−1

P b.
5. Perform the back transformationv = Qc.

6. DISCUSSION

The present numerical method to solve the Poisson equation is efficient and scales almost
linearly with increasing grid size. The tensorial basis-set method is also well suited for



246 R.J.F. Berger and D. Sundholm

solving differential equations in four and higher dimensional spaces. Multi-dimensional
Poisson equations result in algorithms that are structurally similar to the 3D case, the main
difference is that one in the linear transformation steps has to loop over indices repre-
senting all dimensions. The main bottleneck in the solution high-dimensional Poisson and
Helmholtz equations is of course the amount of data; a six-dimensional (6D) space with
33 grid points in each direction corresponds to 20 GB data, whereas one linear transforma-
tion step would take about 15 minutes on the DEC Alpha workstation. Recent applications
of the tensorial finite-element approach show that it is an efficient method to calculate
multi-dimensional integrals[33,14].
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Abstract
Trends in the relativistic and electron correlation effects in properties of molecules containing a heavy metal
element are discussed. Numerical results analyzed in this paper have been mostly obtained by the Douglas–
Kroll–Hess quasi-relativistic approach combined with the Coupled Cluster method. We discuss dipole moments
and static electric dipole polarizabilities of diatomic molecules, like fluorides of the Ia and Ib group elements
(RbF, CsF, and FrF; CuF, AgF, and AuF), coinage–aluminium intermetallic molecules (CuAl, AgAl, and AuAl)
and group IVa elements oxides (GeO, SnO, and PbO). Trends in each group of molecules were related to rela-
tivistic effects in the heavy metal element ionization potential, electron affinity and the dipole polarizability. The
relativistic shrinking of the electron density is also considered. Related topics are the bond dissociation energies
of selected diatomic molecules and interaction energies in CuOH2, AgOH2, AuOH2, in CuSH2, AgSH2, AuSH2
and in CuNH3, AgNH3 and AuNH3. Interaction energies are interpreted in terms of the charge transfer mediated
by the lone pair of the ligand. It is linked with relativistic increase of electron affinities of the coinage metal
elements. Long-range terms are affected by relativistic changes of their polarizabilities and ionization potentials.
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1. INTRODUCTION

It took nearly half a century to accept the fact, that the consequences of the relativistic the-
ory are important in the physical and chemical behavior of atoms and molecules. Returning
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back to the history, one observes that Mendeleev did not succeed in placing a few elements
on their proper positions in his original Periodic Table. Mendeleev’s achievement was great
in his ability to systematize and to generalize the accumulated knowledge and even to make
predictions based on his periodic law. Using the present measures and terminology one
would say that this was one of most spectacular achievements of the theory as we under-
stand its mission now. Yet he has failed in some particular cases and it is not surprising that
it concerns mostly heavy elements, like gold, thallium, mercury, lead. Really, the physical
and chemical behavior of these and some other elements and their compounds are affected
by relativistic effects to such extent that they show well-known irregularities within the
series of elements belonging to the same group. Among those who were able to point out
the importance of relativistic effects in molecular properties and in their chemical behavior
is P. Pyykkö[1], and K. Pitzer[2]. Presently we know that essentially all elements and
their compounds throughout the Periodic Table, starting from the hydrogen up to artificial
superheavy elements are affected by relativistic contributions, depending on the particular
molecular property and the accuracy needed for its description. Several excellent review ar-
ticles describing the physical background, basic theoretical principles and most spectacular
chemical consequences of relativistic effects have appeared[3–11]. Knowledge accumu-
lated in atomic relativistic effects includes properties like ionization potentials, electron
affinities, electric field gradients, static dipole polarizabilities, magnetic properties,etc.,
and concern a variety of elements up to superheavy elements[8], see,e.g., [12–16]. Irreg-
ularities of these properties within the group with the same valence electronic structure are
attributed to relativistic effects. They are frequently large enough to change the monotonic
trend at high atomic numberZ. Relativistic effects reflect themselves in metal macroscopic
properties like melting points, specific resistivity, thermal conductivity, electric resistance,
etc., and of course, in molecular properties.

Review articles on relativistic effects in molecular properties were primarily focused on
equilibrium geometries, spectroscopic properties of molecules, dissociation and reaction
energies. Much less attention was paid so far to the understanding of the general trends
in molecular electric properties throughout the series of molecules that contain elements
extending from the light up to heavy or even superheavy elements. Thus, the aim of this
contribution is to summarize selected electric properties, mostly electric dipole moments
and static dipole polarizabilities for the series of molecules. Our goal is the comparison of
trends in molecular electric properties with trends observed before for properties of partic-
ipating heavy elements and the understanding of these trends. Obviously, any peculiarities
of the properties within the series of molecules are difficult to deduce just from the valence
electronic structure. The understanding of relativistic effects in the series of molecules con-
taining heavy elements thus gives more detailed and qualitatively more correct insight into
their behavior in relation to their position in the Mendeleev Periodic Table[5]. We will
also try to show that to relate the knowledge of relativistic changes of electric properties to
the chemical reactivity and intermolecular interactions is a viable approach.

Another aim of the present work is to demonstrate the usefulness of theoretical methods
as a tool for obtaining dipole moments, atomic and molecular polarizabilities and higher
order properties, like hyperpolarizabilities. The importance of theoretical methods is con-
tinuously increasing and they serve presently as a real partner to experiment. We also note
that experimental measurements occasionally face unexpected problems. This includes, for
example, optical properties of inorganic molecules important in material chemistry which
are often difficult to obtain experimentally[17].
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Obviously, accurate description of molecular properties is inconceivable without con-
sidering the electron correlation effects[18]. This fact is generally better understood by
the chemical audience than was the acceptance of the relativistic effects, even if the route
to this cognition was not quite straightforward either. The Hartree–Fock (HF) orbital one
electron picture has remained to be quite attractive for a long time, and, in fact, it may still
be qualitatively useful in some simple cases. However, the HF orbital picture is not capable
to provide results, which are accurate enough for analyzing even trends in molecular prop-
erties. Correspondingly we will pay attention to the simultaneous treatment of the electron
correlation and relativistic effects.

2. BASIC METHODS FOR CORRELATED SCALAR RELATIVISTIC
CALCULATIONS

Numerical results analyzed in this paper have been mostly obtained by the Douglas–Kroll–
Hess (DK)[19] approach. DK method is a one-component quasi-relativistic approach and
appears to be the most frequently used method for estimating the scalar relativistic effects.
When combined with a suitable method for considering electron correlation effects it rep-
resents a very pragmatic and efficient tool for obtaining reliable results for properties of
atoms and molecules containing heavy elements[13,20–22]. In the context of its appli-
cation to molecular properties it deserves two notes. First, one has to keep in mind the
change of picture effect[23,24], see also Refs.[25–27] in relation to calculations of elec-
tric properties. Fortunately enough, the picture change has negligible effect in calculations
of the valence-determined properties, as it was demonstrated,e.g., for dipole moments of
the PbO molecule[28]. Second, the DK method appears to be extremely useful when spin-
orbit (SO) effects play a limited role. This usually holds for closed shell molecules and
some specific states, like,e.g., 2Σ molecular states. Using, again, the PbO molecule as an
example the spin-orbit effects appear to be significant in its dipole moment at the orbital
level. However, Dolg, Nicklass and Stoll[29] have found that the SO coupling is to the
large extend quenched when the electron correlation is included. Only relatively small SO
effect was observed by Mayer, Krüger and Rösch[30] in some other molecular properties,
like the bond length and the harmonic frequency of PbO. Small effect of the SO coupling
(SOC) was convincingly confirmed by Roos and Malmqvist[31]. Their Complete Ac-
tive Space second-order perturbation calculations (CASPT2) with and without SOC have
shown that the dipole moment of PbO is lowered by SOC by only 0.025 a.u. (1.14%) and
the dipole polarizability by 0.16 a.u.,i.e., by 0.26%. Such SOC contributions can not affect
our considerations about trends within selected atoms and molecules.

Results discussed in this paper follow from the DK approach in its standard second-
order form. Extensions of the Foldy–Wouthuysen transformation on which the DK method
is based are focused to the third order[32] and higher order DK approaches[33]. These
efforts, pioneered by Hess, Hirao, Nakajima, Barysz, Sadlej, and their coworkers, also
extend the one component DK approach to its two-component generalizations[34,35].
Applications to,e.g., spectroscopic properties of SnO have shown[36] that higher order
corrections to the second order Douglas–Kroll–Hess transformation has negligible effect.

The treatment of the electron correlation was in most cases performed by the single
determinant reference Coupled Cluster CCSD and CCSD(T) methods. Single and dou-
ble excitation amplitudes in CCSD are obtained iteratively, while triples in CCSD(T) are
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obtained in a perturbative-like way using the converged single and double excitation am-
plitudes from CCSD[37,38]. When combined with the DK approach we use the notation
DK–CCSD and DK–CCSD(T), respectively. Some caution in using CCSD(T) is needed
when the system under investigation is not well represented by a single determinant refer-
ence[39,40]. The capability of CCSD(T) in calculations of electric properties of atoms and
molecules was demonstrated in many previous papers and reviews[41–44]. We note that
the full four-component CCSD(T) approach has been implemented by Visscheret al. [45].

An important step toward the accurate correlated description of electric and magnetic
properties of molecules using the CC methods represents the implementation of the ana-
lytic derivative and response techniques[18,46–50]. These techniques appear to be prefer-
able to the more straightforward finite field techniques. The finite field approaches[51–54]
that rely on the numerical energy derivatives still remain very useful in some cases since
they are applicable any time when the energy for the molecule under investigation is
available for a series of external homogeneous electric or magnetic fields along with the
field-free energy. This is topical,e.g., when combining electron correlation method with
the relativistic treatment and was actually used in most results discussed in this paper. We
note, however, that the implementation of response theory within a 4-component relativis-
tic approach has been reported recently[55].

Another point is a careful selection of the basis sets. Results used in this paper mostly
refer to the family of Gaussian basis sets, called polarized basis sets, invented for electric
properties[56–61], or their extensions. Standard Pol (intended for calculations of dipole
moments and polarizabilities) and HyPol (for hyperpolarizabilities) can be used for non-
relativistic as well as for the DK one component relativistic calculation. The difference
is only in obtaining the contraction coefficients. Basis sets used in DK calculations are
denoted as Pol_dk. The details concerning orbital exponents and contraction coefficients
can be found on the web page[62]. Pol and HyPol basis sets and their relativistically con-
tracted counterparts are reasonably small basis sets still performing very well in predictions
of molecular properties. They allow some insight into the basis set dependence of calcu-
lated properties, even if these bases are not best suited for using extrapolation techniques
toward the Complete Basis Set (CBS) limit, which is another prerequisite for obtaining ac-
curate results[63–65]. Relativistic ANO type (atomic natural orbital) basis sets for a wide
spectrum of elements were developed by Rooset al. [66]. These basis sets allow including
the spin-orbit effects via the RASSI (restricted active space SCF state interaction) method.
RASSI[67] is based on the so-called Atomic Mean Field approach (AMFI)[68,69]which
is a suitable approximation to the true solution of the SO Hamiltonian.

3. EXAMPLES OF TRENDS FOR SELECTED ATOMIC AND
MOLECULAR PROPERTIES

3.1. An illustration of trends in properties of selected heavy elements

Let us first discuss some trends in the behavior of the coinage metal elements Cu, Ag, and
Au, all having the same valence electronic structure,. . . (n−1)s2(n−1)p6(n−1)d10ns1. Yet
their physical properties and chemical behavior shows many differences. It is well known,
that the pattern of,e.g., valence ionization potentials (IP), electron affinities (EA), and the
electric dipole polarizabilities within the Ib group elements is a consequence of relativistic
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Fig. 1. Comparison of ionization potentials of coinage metal atoms calculated in
Pol+3s3p1d1f basis set and experimental data. Ref.[13].

effects. The physical background for relativistic changes in these properties is essentially
the same. Valence s- and p-electrons are relativistically stabilized and their radial distri-
bution is relativistically shrinked. On the contrary, valence d-electrons are relativistically
destabilized and their radial distribution is expanded. Of course, this effect is most signif-
icant in the heaviest element,i.e., gold. Thus, the relativistic stabilization and shrinking
of the valence s-electron leads to large relativistic increase of IP and EA of gold leading
to the irregularity within the group of Ib elements. At the same time, the stabilization and
shrinking of the valence s-electrons leads to the lowering of the polarizability. All these
trends are demonstrated[13,70] by the comparison of DK–CCSD(T) and nonrelativistic
nr–CCSD(T) results inFigs. 1–3. The agreement with experiment is only possible when
both electron correlation and relativistic effects are properly considered. DK–CCSD(T)
calculations with the Pol basis set give reasonable agreement of theoretical values with
experiment. Further improvement is possible primarily by increasing the basis set and by
improving the relativistic treatment. SO effects would split semivalence orbitals with the
nonzero angular momentum but seem to be relatively unimportant in these elements.

Electron correlation at the CCSD(T) level should be very reliable within the accuracy
which can be expected with methods and basis sets used in calculations presented in
Figs. 1–3. Small CCSD excitation amplitudes and other diagnostics show no multireference
character of the wave function and problems due to the eventual quasidegeneracy. Possible
changes of calculated properties due to higher excitations are not expected to affect by no
means our analysis of trends within the group of elements. We note that the electron cor-
relation shows more-or-less the same pattern within the group of the Ib elements reflecting
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Fig. 2. Comparison of electron affinities of coinage metal atoms calculated in
Pol+3s3p1d1f basis set and experimental data. Ref.[13].

thus their similar electronic structure. This is demonstrated by the comparison of nonrela-
tivistic Hartree–Fock (nr–ROHF) and nr–CCSD(T) results. The largest contribution of the
electron correlation to IP and EA is found for Cu, reflecting the smaller energy gap between
the valence d- and s-electrons and the transition-metal character of this element. We stress
that the HF orbital picture completely fails in predicting IP, EA, and dipole polarizabilities
of Cu, Ag, and Au. Electron affinities of these elements at the nr–ROHF level are close to
zero, completely off the experimental values.

The appearance of the non monotonic pattern of,e.g., atomic dipole polarizabilities, is
quite general.Figure 4shows polarizabilities for the Group Ia, Ib, IIb, and IVa elements
(we restrict ourselves to the three heaviest elements in each group). We note that the pattern
of polarizabilities is the same for all four groups. Since all elements in the Zn, Cd, and Hg
group and in the Rb, Cs, and Fr groups have similar valence electronic structure (valence
s-electrons) as Ib group elements, the interpretation of the pattern remains the same. IVa
elements are characterized by the valencenp2 electronic structure. For these elements, es-
pecially for properties of Pb, the spin-orbit interaction can not be ignored. Polarizabilities
of Ge, Sn, and Pb were taken from the review of Schwerdtfeger[12]. In this review the
discussion on polarizabilities in the spin-orbit split states can be found. SO contribution to
the dipole polarizability is known also for the Ia elements, even if estimated at the uncorre-
lated level[14]. Dirac–Hartree–Fock calculations revealed that the SO contribution to the
polarizability of Rb is negligible. SO coupling lowers the polarizability of Cs very slightly,
by 2.7 a.u., while for Fr its magnitude is 13.0 a.u. It further supports the tendency to the
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Fig. 3. Atomic dipole polarizabilities of coinage metal atoms calculated in Pol basis set.
Refs.[13,70].

non monotonic pattern. In any case these values are too small to affect our discussion of the
general trends within the group Ib elements. To proceed further, Limet al. [14] calculated
the polarizability of the superheavy element 119. It is as low (185 a.u.) as the polariz-
ability of the Na atom (165 a.u.). The SO contribution is not negligible but still no larger
than 16 a.u. Electric dipole polarizabilities of the halogen atom in the2P1/2 and 2P3/2
spin-orbit split states have been investigated by Fleig and Sadlej[71]. They used the two-
component variational treatment and showed that for heaviest homologs it is necessary to
replace averaged values by individual component polarizabilities. Difficult calculations of
electric properties for separated atomic SO states are rather unique. Full account of atomic
polarizabilities throughout the Periodic Table was reviewed by Schwerdtfeger[12]. His
analysis shows that Ia elements have the largest polarizabilities, followed by IIa elements
polarizabilities. The polarizability then decreases within one period of the Periodic Table.

3.2. Trends in molecular dipole moments

It would be a bit naive to expect such uniform pattern in electric properties of molecules as
it holds for atoms having analogous valence electronic structure. To make our discussion
more transparent we have selected a series of diatomic molecules which all have an ele-
ment discussed in Section3.1. We have tried to analyze some trends in molecular dipole
moments and dipole polarizabilities,[72,73], dissociation energies[72] and intermolecu-
lar interactions[74] in relation to electric properties of participating heavy metal elements
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Fig. 4. Theoretical atomic dipole polarizabilities, relativistic effects included.
Refs.[12–14,80,84].

Table 1. Dipole moments of GeO, SnO, and PbO (all values in a.u.)

Method/Basisa µz

GeO SnO PbO

nr–CCSD(T)
HyPolf 1.263 1.565 1.669

DK–SCF
HyPolf 1.681 2.114 2.374

DK–CCSD(T)
Pol 1.275 1.563 1.729
HyPolf 1.280 1.598 1.764

Experiment 1.291 1.70 1.83

a In DK calculations Pol family bases with the DK contractions were used. HyPolf is the HyPol basis set extended
by twof functions, see Ref.[73].

some time ago. Miadokováet al. [75] have analyzed the trends of polarizabilities of al-
kali metal fluorides using the polarization model[76]. Recently calculated data on dipole
moments and the dipole polarizabilities in the series of oxides of the IVa elements[73] al-
low to extend previous analysis. Numerical results are collected inTables 1 and 2. Before
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Table 2. Dipole polarizabilities of GeO, SnO, and PbO (all values in a.u.)

Method/Basisa αzz αxx

GeO SnO PbO GeO SnO PbO

nr–CCSD(T)
HyPolf 40.52 57.18 65.76 28.23 40.34 45.85

DK–SCF
HyPolf 35.02 47.89 53.39 28.19 37.19 34.97

DK–CCSD(T)
Pol 40.04 56.05 61.67 27.46 37.94 36.97
HyPolf 40.33 56.29 62.55 27.62 37.75 37.46

a See footnote inTable 1.

we will concentrate to relativistic effects throughout the group we note that the lowering
of dipole moments of GeO, SnO, and PbO due to electron correlation is more important
than are relativistic effects. Quite small relativistic change of the dipole moment of PbO is
particularly surprising. As is usually the case, the electron correlation and the relativistic
effects are not additive[73].

In general, the agreement of theoretical and experimental results is good, especially
for GeO. Dipole moments for SnO and PbO are systematically lower than experimental
ones by about 5.9 and 3.8%, respectively. The SO effect is rather small even for PbO, as
it follows from results obtained recently by Roos and Malmqvist[31], see also discus-
sion in Section3.1. Theoretical values presented inTable 1are uncorrected for vibrational
effects, but their accuracy is still sufficient for discussion of trends within the group of
molecules.

Good agreement of theoretical dipole moments with experiment gives some confidence
to theoretical polarizabilities presented inTable 2. For GeO and SnO experimental data
are missing. The only experimental values are available for PbO from the optical mea-
surements for the solid state[77]. As with dipole moments of all IVa oxide molecules,
parallel component of the polarizability is less affected by relativistic effects than by the
electron correlation. The electron correlation forαzz of PbO (9.16 a.u. or 14% of the final
DK–CCSD(T) value with the HyPolf basis set) is almost three times larger than is the scalar
relativistic effect forαzz of PbO (3.21 a.u. or 5.1% of the final DK–CCSD(T) value). Again,
as with dipole moments, the signs of electron correlation and relativistic effects, respec-
tively, are opposite. Similar compensation of relativistic and electron correlation effects is
observed in calculations ofαxx . This time, however, theαxx component of the PbO polariz-
ability is more affected by scalar relativistic effects than by the electron correlation. Indeed,
results inTable 2show, that relativistic effects lowerαxx of PbO by 8.39 a.u. (22.3% of the
final value) with the HyPolf basis at the CCSD(T) level. With the electron correlationαxx
increases by 2.49 a.u. Both relativistic and electron correlation effects inαxx of GeO and
SnO are much smaller than in PbO but relativistic effects remain more important than are
correlation effects even for the molecules containing relatively lighter atoms.

Dipole moments for the series of the alkali metal fluorides, coinage metal fluorides, the
IVa elements oxides and the coinage–aluminium intermetallic molecules are presented in
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Fig. 5. Non-relativistic (dashed lines) and DK (full lines) dipole moments calculated in
CCSD(T) approximation using the Pol family bases. Refs.[72,73,75,78].

Fig. 5. With the exception of GeO, SnO, and PbO group all molecules are characterized
by the valenceσ bonds. GeO, SnO, and PbO molecules have valence triple bonds. Dipole
moments of the three series increase by relativistic effects. Relativistic changes of dipole
moments of Ia fluorides and IVa oxides are very small. On the contrary, dipole moments
of CuF, AgF, and AuF decrease very significantly. The dependence of dipole moments on
the heavy atom atomic numberZ for four series of diatomic molecules selected inFig. 5
seems to be completely non-transparent. It by no means resembles the uniform picture
valid for atomic polarizabilities as collected inFig. 4. When going from the lowestZ to
the highestZ within each group, we observe the non monotonic pattern for dipole moments
of molecules in both fluorine series. However, the direction of the relativistic change in the
coinage metal fluorides and in the alkali metal fluorides is opposite.

If taken separately, the trends for dipole moments and dipole polarizabilities of the
coinage metal fluorides[72] and the coinage metal–aluminium diatomics[78], respec-
tively, seem to be understandable (see also[73]). First, dipole moments of CuF, AgF, and
AuF molecules are very high and the polarity isMe+F−. This is in accord with high EA of
the fluorine atom (3.40 eV)[79]. The relativistic increase of IP of the coinage metal ele-
ments hinders the charge transfer from the coinage metal element to the fluorine atom and
leads to the relativistic decrease of the dipole moment of CuF, AgF, and especially AuF.

Electron affinity of the aluminium elements is quite low (0.441 eV). CuAl, AgAl, and
AuAl molecules have polarityMe−Al+ and the dipole moment is low. Actually, nonrel-
ativistic CCSD(T) dipole moments of these molecules are almost zero and theMe−Al+

polarity is only obtained at the correlated level[78]. This can be understood easily, since



Some Trends in Relativistic and Electron Correlation Effects 259

Table 3. Ionization potentials of selected atoms (all values in eV)

Atom nr–CCSD(T) DK–CCSD(T) experimenta

Rbb 4.068 4.137 4.1771
Csb 3.681 3.821 3.8939
Frb 3.542 3.977 4.0727

Cuc 7.555 7.733 7.7264
Agc 6.934 7.461 7.5762
Auc 7.035 9.123 9.2255

Ge 7.8994
Sn 7.3439
Pb 7.4167

a All experimental data from Ref.[81]. b Ref. [14]. c Ref. [13].

the ROHF electron affinity is unrealistically low (Fig. 2) and thus considerations at the
HF orbital level are completely useless. Electron correlation and relativistic contributions
support the charge transfer from aluminium to the coinage metal element. In accord with
relativistic changes of EA,Fig. 2, the (negative) dipole moment of AuAl,Fig. 5, relativis-
tically increased by 0.48 a.u.,i.e., four times.

To explain trends in dipole moments for remaining two groups of molecules is more
difficult. The polarity of RbF, CsF, and FrF is very high[75], which can by attributed to
the magnitude of the fluorine EA and relatively small IPs of the Ia elements[14]. DK–
CCSD(T) IPs are 4.137, 3.821, and 3.977 eV for Rb, Cs, and Fr atoms, respectively. IPs
of the two heaviest members of the group differ very little and all IPs in this group are
much smaller than are IPs of the coinage elements[13] (7.733, 7.461, and 9.123 eV, re-
spectively). Relativistic effects in IPs of Ia elements,Table 3, are also much smaller than
those in coinage elements. Small relativistic changes of dipole moments in RbF, CsF, and
FrF correspond to these facts.

The physically sounded rationalization of trends of dipole moments of highly ionic
molecules, like RbF, CsF, and FrF, was proposed by Miadokováet al. [75]. The so called
polarization model[76] was used to explain different relativistic effects in the alkali metal
fluorides and the coinage metal hydrides, respectively[80]. The difference between the
relativistic and nonrelativistic dipole momentµ for a molecule with the bond distanceR
can be related to the difference between the relativisticα(Men, rel) and the nonrelativistic
α(Men, n.r) polarizability of the metal ion (Men). Neglecting relativistic effects in theF−

anion,

(1)µ(rel)− µ(n.r) = − 1

R2

[
α(Men, rel)− α(Men, n.r)

]
.

Relativistic and nonrelativistic polarizabilities of the heaviest element areα(Fr+, rel) =
19.2 a.u. andα(Fr+, n.r.) = 20.5 a.u., respectively. For FrF withRe = 4.65 a.u. the
polarization model leads to the relativistic increase by about 0.06 a.u. This agrees fairly
well with the DK–CCSD(T) result. The polarization model is less applicable to relativistic
effects in dipole moments ofMeAl molecules (Me = Cu, Ag, and Au) sinceMeAl bonds
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are to large extend covalent. The polarity ofMeAl molecules isMe−Al+. Polarizability of
the Au anion decreases by relativistic effects enormously, by 157 a.u.α(Au−, n.r.) = 249
andα(Au−, rel) = 92 a.u.[82]. This would lead to much larger increase of thenegative
dipole moment of AuAl due to relativity than is actually calculated, seeFig. 5.

Another point, not discussed so far, is the change of the interatomic distance, which is
related to the relativistic shrinking of a heavy atom. This, in turn, affects the dipole moment.
No unique source of bond distances is available for all molecules discussed in this part.
Nonrelativistic and DK–CCSD(T) optimized bond distances corresponding to calculated
dipole moments are known for CuF, AgF, and AuF[72]. Relativistic effect reducesRe
of AuF by 0.162 Å and makes its DK–CCSD(T) value (1.947 Å) shorter than isRe of
AgF (2.004 Å). This further supports lowering of the dipole moment of AuF, along with
large relativistic increase of IP of the gold element. Bond distance in FrF at which the
dipole moment was calculated (2.46 Å)[75] is by 0.11 Å longer than that of CsF. Relative
bond distances of these two molecules support the increase of the dipole moment of FrF
in comparison to CsF. This is partly quenched by the relativistic increase of IP of the
Fr element. These considerations may explain small relativistic change of the FrF dipole
moment. Interplay of different factors makes the detailed explanation of the “Z behavior”
more difficult, especially when relativistic changes of underlying physical quantities are
subtle, as is the case of RbF, CsF, and FrF.

Discussion of trends for dipole moments of GeO, SnO, and PbO can be directed in
a similar way as for RbF, CsF, and FrF. GeO, SnO, and PbO molecules have large dipole
moments, the polarity isMe+O−. Experimental bond lengths[83] which were used in DK–
CCSD(T) calculations of the dipole moment for these molecules monotonically increase
within the group. The bond length of PbO (1.922 Å) is by 0.09 Å longer than that of SnO.
Information about relativistic effects of IPs for Ge, Sn, and Pb elements is not available
due to the necessity of considering SO effects. We know from experimental data[79] that
the first IP of the Pb atom (7.416 eV) is only slightly higher than is IP of the Sn atom
(7.344 eV). Relative magnitude of IPs for these two elements would support slight lowering
of the dipole moment,i.e., it acts opposite to the effects arising from relative bond lengths
of SnO and PbO. The result is very small change of relativistic effects in dipole moment
of these molecules. Finally, oxygen has much smaller electron affinity (1.461 eV) than has
fluorine, 3.401 eV[79]. This explains lower dipole moments of GeO and SnO than CuF and
AgF. Molecules with the heaviest elements, AuF and PbO have dipole moments about the
same at the relativistic level. This is rationalized by large relativistic increase (2.088 eV)
of IP of gold. Note that the nonrelativistic dipole moment of AuF is much larger that is the
dipole moment of PbO.

We conclude that relativistic effects, which affect the magnitude of IP and EA of the
heavy metal elements, play a decisive role in understanding the trends in dipole moments
within the group of diatomic molecules. Relativistic shrinking of the size of these elements
needs to be considered along with changes of IPs and EAs for more detailed insight.

3.3. Trends in parallel dipole polarizabilities

The pattern for relativistic and nonrelativistic CCSD(T) calculations of parallel dipole po-
larizabilities of the twelve molecules,Fig. 6, seems to be equally non-transparent as was
the pattern for dipole moments. However, we are able to show that the trends within the
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Fig. 6. Non-relativistic (dashed lines) and DK (full lines) dipole parallel polarizabilities
calculated in CCSD(T) approximation using the Pol family bases. Refs.[72,73,75,78].

group of molecules can be explained in a relatively simple way. Before proceeding further,
let us remind that the three series of molecules are highly ionic. Only CuAl, AgAl, and
AuAl are primarily covalent, with theσ (s–p) valence bond, and have small dipole mo-
ments. These molecules all have large polarizabilities, show the non monotonous pattern
and are characterized by very large relativistic effects. All highly polar ionic molecules be-
have differently. Their polarizabilities are relatively small, increase monotonically within
the group, the relativistic effect being positive or negative. It is very small, even for AuF,
although its dipole moment decreased due to relativity enormously, by 0.86 a.u.,i.e., by
50% of the final DK–CCSD(T) value, 1.73 a.u.[72].

Let us start with the group of CuF, AgF, and AuF molecules. Their dipole polarizabilities
were essentially interpreted[72] in terms of the additivity of theMe+ and F− ionic polar-
izabilities. Me+ ions have much lower polarizabilities than their neutral atoms[70] and
increase monotonically. The trend for polarizabilities of the group of the coinage metal
cations is shown inFig. 7. After ionization, the valence electronic structure in all these
cations is(n−1)d10. Valence d-electrons are relativistically destabilized and, consequently,
their polarizabilities increase[70,80]. The same trend is observed in the group of CuF,
AgF and AuF molecules. Analogous arguments are used in the explanation of trends in
the group RbF, CsF, and FrF. However, the valence electronic structure of their metal ele-
ment cations corresponds to the noble gas element and is(n − 1)p6. Valence p-electrons
are relativistically stabilized, and the polarizability of Rb+, Cs+, and Fr+ ions relativisti-
cally decreases. The same trend is, again, observed in polarizabilities of RbF, CsF, and FrF
molecules. Analogous interpretation, with some reservation, is also valid for GeO, SnO,
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Fig. 7. Non-relativistic (dashed lines) and DK (full lines) dipole polarizabilities of ions
calculated in CCSD(T) approximation using the Pol family bases. Refs.[73,80,84].

and PbO molecules. Polarizabilities of these molecules also increase monotonically with
increasing atomic number of the metal element. If we could interpret these molecules as
ionic species with the charge of the metal Me2+, the polarizability of PbO should decrease
by relativistic effects much more than it is observed inFig. 6. Valence electronic structure
of the Ge2+, Sn2+, and Pb2+ ions isns2np0. These electrons are relativistically stabilized
and their polarizabilities relativistically decrease[73] (like in isoelectronic elements Zn,
Cd, and Hg,Fig. 4). This is qualitatively in line with relativistic effects in GeO, SnO, and
PbO, but the effect in ions is larger and the “Z” dependence is not monotonic. The change
of the polarizability due to relativistic effects in PbO is 3.21 a.u., while in Pb2+ it is 7 a.u.
This quantitative discrepancy is explained by the fact, that PbO can not be completely
represented as Pb2+O2−; the charge on participating atoms is actually lower. This can be
supported by the Mulliken population analysis (with all the reservation to any interpreta-
tion based on the HF orbital picture) which shows that there is the charge transfer of about
1.5 electrons from the metal atom to the oxygen atom. We note that the polarizability of
the O2− anion is estimated by DK–CCSD(T) as 75.3 a.u.

Large polarizabilities of CuAl, AgAl, and AuAl[78] are partly attributed to the bond
polarizability and partly to some charge transfer from Al to the coinage metal. Relativistic
effect lowers the polarizability of AuAl by 54 a.u., which is much less than in the Au−

anion, 157 a.u.[82].
There is less information onαxx polarizabilities for the series of molecules than for

their parallel components. For that reason we will not analyze the trends in perpendicular
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polarizabilities. Less detailed discussion on parallel polarizabilities can be found in our
recent paper[73].

3.4. Trends in bond dissociation energies in heteronuclear molecules

Relativistic effects in the bond dissociation energies, equilibrium bond distances, force
constants, vibrational frequencies, were discussed in many papers and reviews, see,e.g.,
[3,11,85,86]and references therein. There are also some generalizations. For example,
Schwarzet al. [86] present relativistic corrections to the bond energy for a series of mole-
cules including IVa monoxides GeO, SnO, and PbO. Theoretical considerations and the
empirical experience about theZ-dependence of the valence electron densities lead to the
expectedZ-dependence for a homologous series of molecules as roughly proportional to
Z2. Regarding the availability of excellent review articles about relativistic effects in bond
dissociation energies, our discussion will be rather short. We will concentrate ourselves to
the relation of the bond dissociation energies with electric properties of participating heavy
metal elements.

We can follow essentially the same physical arguing as was used in our discussion on
dipole moments and dipole polarizabilities. Here we will illustrate the relation between the
dipole moment and the relativistic change of the bond energy in heteronuclear diatomic
molecules. Let us consider dissociation energiesDe for the two groups of molecules dis-
cussed above, CuF, AgF, and AuF[72], and another group, CuAl, AgAl, and AuAl[78].
Both share the same metal element and differ by the ligand. CuF, AgF, and AuF molecules
have large dipole moment and the polarity isMe+F−. CuAl, AgAl, and AuAl have small
dipole moments and the polarity is opposite,Me−Al+. The charge transfer between the
metal and the ligand, like the polarity, is mainly determined by the electronegativity of par-
ticipating elements. Some other aspects, particularly relativistic effects in the bond length
should be considered as well. Using simple arguments, relativistic changes inDe, Table 4,
can be understood easily. Ionization potential of the coinage element, which determines the
charge transfer to the fluorine relativistically increases, especially in gold, and hinders the
charge transfer to the ligand. The charge transfer from aluminium to the coinage element
in MeAl molecules is supported by the relativistically increased electron affinity ofMe, es-
pecially gold. Thus, relativistic effects act in the two groups differently, destabilizingMeF

Table 4. Dissociation energiesDe (all values in eV)

Molecule nr–RHF nr–CCSD(T) DK–CCSD(T) experiment

CuFa 2.53 4.08 4.04 4.4(2)
AgFa 2.17 3.55 3.32 3.6(4)
AuFa 2.04 3.39 2.93 3.01c

CuAlb 0.59 2.08 2.25 2.315
AgAlb 0.41 1.58 1.95 ∼2.22
AuAlb 0.51 1.68 3.41 3.34

a Data from Ref.[72]. b Data from Ref.[78]. c Ref. [87].
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bonds and stabilizingMeAl bonds. The relativistic destabilization of the AuF bond is very
large, 0.46 eV. Enormous, however, is the relativistic stabilization in AuAl, 1.7 eV. This
means thatDe is twice as large at the relativistic level in comparison to the nonrelativistic
CCSD(T) result. Due to relativity,De of AuAl is even larger than that of AuF. Without
considering relativistic effects, the AuAl bondDe would be about half ofDe for AuF.

Up to now we were discussing only relativistic effects in this chapter. Obviously, electron
correlation must not be forgotten in the discussion of bond energies. Like as relativistic ef-
fects are unavoidable in understanding the underlying coinage metal properties, the HF one
electron picture is completely useless in interpreting EAs and IPs of these species. Thus,
it is not surprising that electron correlation plays so important role in bonding dissociation
energies inMeF andMeAl molecules. Electron correlation is essentially equally important
in all molecules presented inTable 4. It behaves monotonically, always increasing the bond
dissociation energy by about 1.35–1.55 eV inMeF molecules and by 1.2–1.5 eV inMeAl
molecules. In the gold compounds it makes no sense to discuss the relative importance of
the electron correlation and relativistic effects. It is imperative that both must be considered
at highly sophisticated level together, to avoid inaccuracies caused by the nonadditivity of
both contributions.

It is, of course, impossible to explain relativistic changes quantitatively with arguments
used so far. Other effects, including exchange repulsion which is connected with the rela-
tivistic shrinking of valence orbitals plays a role as well. Also, there is the difference in the
bonding character inMeF andMeAl molecules. All are characterized by the bonding va-
lenceσ (s–p) orbital.MeF bonds are more ionic, which is demonstrated not only by larger
dipole moments, but also by the dipole moment curves, which are almost perfectly lin-
ear[72] and correspond to what can be expected from the Coulomb law. TheMeAl bonds
are more covalent. Due to the stabilization of the metal valence s-electrons, theMeAl σ
orbital can be relativistically stabilized as well. This can further contribute to the increase
of De of MeAl molecules.

The overall pattern forDe of all molecules presented inTable 4corresponds to available
experimental data only when relativistic effects are considered. In general, the agreement
between theory and experiment is very good even for heaviest members of both groups.
The thermodynamic stability of AuF, Au2F2 and related compounds has been subjected to
many discussions[11,88].

3.5. Weak intermolecular interactions

We will try to show in this part that ideas which lead to the understanding of trends in the
molecular properties are useful also in the interpretation of some trends in the intermole-
cular interaction energies. Schwerdtfeger and Bowmaker[89] have studied interactions of
coinage metals with CO. They concluded that the metal–carbonyl interactions may be best
described as a combination of dispersion, donor–acceptor (charge-transfer) and repulsive
interactions. Obviously, these terms can be related to the relativistic effect in electric prop-
erties of atoms and molecules, their ionization potentials, electron affinities as well as to
the size of the electron distribution in a heavy metal element.

To proceed in a more systematic way we present inTable 5 interaction energies of
a group of the coinage metal elements, Cu, Ag, and Au (Me), interacting with H2O,
NH3 [74] and SH2 [90] as ligands (L). The weakest interactions are calculated for the
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Table 5. Nonrelativistic and relativistic CCSD(T) interaction
energies (all values in kJ/mol)

Molecule nr-
E DK-
E

CuNH3
a −39.0 −43.8

AgNH3
a −17.1 −18.0

AuNH3
a −13.7 −38.4

CuOH2
a −9.95 −9.93

AgOH2
a −5.59 −4.75

AuOH2
a −4.25 −4.63

CuSH2
b −15.71

AgSH2
b −5.22

AuSH2
b −23.83

a Data from Ref.[74]. b Data from Ref.[90].

MeOH2 complexes, even though the water dipole moment is 1.26 times larger than di-
pole moment of NH3 and two times larger than dipole moment of SH2. The leading
long-range dipole–induced-dipole induction term is not sufficient for explaining the cal-
culated order of stabilities. Theoretical data support available experimental evidence. First,
they allow to explain the problems with identifying AgOH2 (the weakest complex) experi-
mentally, while AgNH3 [91] could be observed[92] in the REMPI (Resonantly Enhanced
Multiphonon Ionization) spectrum. Available are recent ZEKE (Zero Kinetic Energy) spec-
troscopic measurements[93] which lead to binding energies 47± 15 kJ/mol for CuNH3
and 8±13 kJ/mol for AgNH3. Theoretical data agree with these measurements fairly well.
Thus, data inTable 5seem to be sufficiently reliable to serve as a basis for a deeper analy-
sis.

All MeL species inTable 5are van der Waals complexes. Electron correlation is essen-
tial in the description of the geometry and the interaction energy in all complexes. Only
MeNH3 exhibit a shallow minimum on the potential energy curve calculated at the ROHF
level. All other complexes are repulsive when electron correlation is omitted. MeNH3
complexes preserve the C3v symmetry of the ligand. MeOH2 and MeSH2 complexes are
nonplanar, with the metal directed roughly to the lone electron pair of the ligand. This sug-
gests a possibility of a charge transfer mediated through the lone pair. Such charge transfer
is related to the IP of the ligand. IP of H2O, 12.6 eV, is significantly larger than are IPs of
NH3 and SH2, 10.2 and 10.5 eV, respectively[79]. Consequently, admitting that the charge
transfer plays an important role in the bonding mechanism in MeL complexes, SH2 should
resemble NH3 rather than OH2 as a ligand, which is really the case. Due to large IP of the
water molecule the charge transfer in MeOH2 is less favorable than with other two ligands.
Finally, EA of the metal should be considered. It increases due to the relativity, especially
in Au, seeFig. 2, which explains large relativistic contribution to the stabilization energy in
AuNH3. Relativistic effects in MeSH2 are, unfortunately, not yet available. However, rel-
atively large DK–CCSD(T) interaction energy in AuSH2, supports suggested mechanism.
We also note that interactions of Cu and Au with ligands, particularly with NH3, are fre-
quently accompanied with the rehybridization of the metal element valence orbitals[94].
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This effect is linked with significant increase of the magnitude of the CCSD excitation
amplitudes[95]. For Au complexes this effect is significant at the relativistic level.

Relativistic effects play only marginal role in all MeOH2 complexes. Accepting the
expectation that the charge transfer is not dominating in this case, long-range induction
interaction and the dispersion interaction should be considered. Around the minima the
induction interaction was shown[74] to be unimportant. The dispersion interaction energy
(ED) is expressed as

(2)ED = −3

2

IAIB

IA + IB

[
αAαB + 1

3
αA
(
αB

‖ − αB
⊥
)(3

2
cos2 θ − 1

2

)]
R−6

whereαA , αB are mean polarizabilities of the subsystems A and B, respectively, andαB
‖ ,

αB
⊥ are parallel and perpendicular components of the polarizability tensor with respect

to the dipole moment direction of compound B.R is the intermolecular distance andθ
is the angle between the dipole moment direction and the position vector of interacting
compound A. In this formulation are both compounds treated as being composed of point
charge distributions, but at least for largeR this is a reasonable approximation[96]. IPs of
the coinage metals relativistically increase, dipole polarizabilities decrease. Neglecting the
polarizability anisotropy and the geometry considerations, the two important relativistic
effects cancel each other in the dispersion energy term. Due to large relativistic increase
of EA of gold, the charge transfer may still to some extend contribute to the interaction
energy of AuOH2, in spite of large IP of the water molecule. Also, the relativistic shrinking
of the Au atom reduces the bond distance and thus contributes to the increase ofED. This
means that relativistic effects in the AuOH2 complex result from the interference of a few
contributions. In any case, however, relativistic effects in AuOH2 remain very small in
comparison with NH3 as a ligand for all metal elements.

Relativistic and electron correlation effects in AuOH2 were considered by Lambropou-
los et al. [97]. Akinaga, Nakajima and Hirao studied the adsorption of SCH3 on Cu, Ag,
and Au surfaces using DFT with nonrelativistic and quasirelativistic pseudopotentials[98].
Their aim was to elucidate some problems related to the construction of the Self Assembled
Monolayers (SAM). Relativistic effects in MeSCH3 were similar to what can be expected
from the analysis presented above,i.e., the binding energy of the AuSCH3 complex in-
creased by relativity. However, the relativistic effects decrease the adsorption energy of
SCH3 on the Au(111) surface. The explanation of these differences is not straightfor-
ward[98].

4. SUMMARY

This review has attempted to demonstrate that phenomena, which follow from the one-
component Douglas–Kroll–Hess quasi-relativistic approach are useful in interpreting some
trends in dipole moments, static electric dipole polarizabilities, bond dissociation ener-
gies, and selected intermolecular interactions. Only molecules and interacting complexes in
which spin-orbit coupling was unimportant were treated. The starting point for the discus-
sion were the well known relativistic effects in heavy elements, namely relativistic changes
of ionization potentials, electron affinities, polarizabilities, and the relativistic shrinking
(expanding) of the atomic electron distributions. We have mentioned repeatedly that the
Hartree–Fock orbital picture fails in understanding basic trends discussed in this paper. It
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is fair to note that in the Density Functional Theory one may, however, fruitfully use an
orbital picture depending on the quality of the exchange-correlation potential[99]. It is
shown that learning from the relativistic effects in participating elements has improved our
understanding of the pattern of dipole moments and dipole polarizabilities of molecules
containing atoms from the same group of the Periodic Table. The understanding of the
apparently diverse behavior of different groups of molecules is also attainable with this
approach. The knowledge, which was useful in generalizations concerning electric proper-
ties of molecules is also useful in understanding positive or negative changes and trends in
the bond dissociation energies. The understanding of the pattern of interactions between a
heavy metal element and lone-pair ligands was also facilitated by learning from relativistic
effects, which affect properties of participating elements with the same valence electronic
structure. We also would like to stress the increasing usefulness of theoretical methods
as a tool for obtaining dipole moments, atomic and molecular polarizabilities and higher
order properties, which are frequently not amenable to experiment. Theoretical methods
capable to treat atomic and molecular properties for the spin-orbit split states have already
emerged, but these methods are not yet routine.
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Abstract
This work presents development, implementation and applications of density functional theory (DFT) methods for
calculation molecular properties of open-shell molecules. The theory of restricted open-shell density functional
response theory is briefly summarized and the advantages and disadvantages of a spin-restricted formulation is
discussed. Sample calculations are presented and discussed for excitation energies, polarizabilities and ESR spec-
tral parameters:g-tensors and A-tensors (hyperfine coupling constants). For the A-tensors a recent generalization
of the restricted-unrestricted approach [Fernandez,et al., J. Chem. Phys.97 (1992) 3412] has been used. It is
found that the additional complexity of spin-restricted methods is motivated by the quality of our results.
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1. INTRODUCTION

Density functional theory (DFT) relies on two basic theorems by Hohenberg and Kohn[1]
and an ingenious computational scheme known as Kohn–Sham equations[2]. The basic
quantity is the one-electron density; the ground-state energy of an interacting system of
electrons is in the absence of degeneracies a unique functional of the density, and its one-
to-one relation to the external potential suggests the existence of a non-interacting system
with the same density.

The most common approach to density functional theory for closed as well as open-
shell systems is in the form of spin-density functional theory (SDFT), where particle and
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spin density (or equivalentlyα- andβ-density) are optimized separately. Besides the vast
body of computational experience, the theoretical foundations for SDFT is still not clear
which is illustrated by specific examples on non-unique density-potential mappings[3,4].
However, the tradition of DFT is to let the results judge the merits of a method, and we
submit to this tradition. On the other hand, we do not follow the most common path for
solving open-shell problems—the spin-unrestricted optimization method. We will in this
communication motivate the use of the spin-restricted method.

1.1. Spin contamination in DFT

It is a fundamental fact of quantum mechanics, that a spin-independent Hamiltonian will
have pure spin eigenstates. There are classes of approximate wave functions that are not
spin eigenstates,e.g., those obtained with various unrestricted methods. These wave func-
tions give increased flexibility at the cost of spin contamination which is not present in the
exact state. For many molecular properties, such as equilibrium geometries, this disadvan-
tage is of minor importance. However, when it comes to ESR spectral parameters which
are directly related to the spin state of the molecule there is need for caution. The expecta-
tion value of the square of the total spin angular momentum operator,〈S2〉, has been used
as a measure of the degree of spin contamination. Wanget al. [5] used various approxima-
tions for the two-electron density required for evaluating〈S2〉 in DFT. They expressed the
two-electron density matrix in terms of one-electron density matrices, using Löwdin’s re-
lation[6]. The one-electron density matrix was further written in terms of the density and a
correlation hole function, of which the latter was estimated within two simple approxima-
tions: a Gaussian function and a homogeneous electron gas approximation. It was shown
that for the electron gas approximation the exact valueS(S + 1) was a lower bound for the
calculated value of〈S2〉 and that spin contamination was absent wheneverρα(�r) > ρβ(�r)
in all space. This obviously holds for a spin-restricted density functional method where
the non-interacting wave-function is a high-spin determinant. A compelling argument for
using such a method is thus that the underlying wave function of the interacting system is
a spin eigenfunction.

One of our main motivations for pursuing the development of a density functional re-
sponse theory for open-shell systems has been to calculate spin-Hamiltonian parameters
which are fundamental to experimental magnetic resonance spectroscopy. In most cases
the effective spin operator of the spin Hamiltonian coincide with the total electronic spin
of the molecule. Then, it is only within the context of a state with well-defined spin that
theory can make predictions about the parameters. The relationship between microscopic
and effective Hamiltonians rely on the Wigner–Eckart theorem for tensor operators of a
specific rank and states which transform according to their irreducible representations[7].

Below we briefly repeat the theory for open-shell density functional KS and response
theory. In the applications section we have collected applications to excitation energies,
dynamic polarizabilities, electronicg-tensors (in vacuum and solution) and paramagnetic
nuclear magnetic shieldings. In many cases we observe for restricted calculations an im-
proved agreement with available experimental data, over similar unrestricted calculations.
When there is lack of agreement between theory and experiment for both restricted and un-
restricted calculations we are in a position to dismiss explanations that the disagreement in
the unrestricted case is due to spin contamination. Our restricted method thus complements
the unrestricted methods.
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2. THEORY

2.1. Restricted open-shell Kohn–Sham theory

In Kohn–Sham theory[2] the ground state energy of an interacting system ofN electrons
in an external potentialv(�r) is obtained from

E[ρ] = −1

2

∫
d�r 〈Ψ |ψ̂(�r)†∇2ψ̂(�r)|Ψ 〉 + 1

2

∫∫
d�r1 d�r2

ρ(�r1)ρ(�r2)
|�r1 − �r2|

+ Exc[ρ]

(1)+
∫

d�r ρ(�r)v(�r)

where the use of Kohn–Sham (KS) spin-orbitals{φi} is implied;

(2)ρ(�r) =
N∑

i

φ∗
i φi ≡ 〈Ψ |ψ̂(�r)†ψ̂(�r)Ψ 〉 ≡ 〈Ψ |ρ̂(�r)Ψ 〉,

(3)ψ̂(�r) =
∑

i

φi(�r)ai

which diagonalize the effective one-electron Hamiltonian

(4)F(�r) = −1

2
∇2 +

∫
d�r ′ ρ(�r

′)
|�r − �r ′| + δExc

δρ(�r) + v(�r).

The expectation values in(1) and (2)are with respect to the KS determinant which repre-
sents the state of the non-interacting reference system

(5)|Ψ 〉 =
(

N∏

i=1

a
†
i

)
|vac〉.

The exact energy functional (and the exchange correlation functional) are indeed func-
tionals of the total density, even for open-shell systems[8]. However, for the construction
of approximate functionals of open-shell systems, it has been advantageous to consider
functionals with more flexibility, where theα- andβ-densities can be varied separately,
i.e., E[ρα, ρβ ]. The variational search for a minimum of theE[ρα, ρβ ] functional can be
carried out by unrestricted and spin-restricted approaches. The two methods differ only by
the conditions of constraint imposed in minimization and leads to different sets of Kohn–
Sham equations for the spin orbitals. The unrestricted Kohn–Sham approach is the one
most commonly used and is implemented in various standard quantum chemistry software
packages. However, this method has a major disadvantage, namely a spin contamination
problem, and in recent years the alternative spin-restricted Kohn–Sham approach has be-
come a popular contester[9–11].

Consider a trial KS determinant which is parameterized by a real unitary exponential
operator

(6)
∣∣Ψ̃
〉
= e−κ̂ |Ψ 〉.

If the α andβ orbitals are constructed from the same set and the transformation is of the
form

(7)κ̂ =
∑

rs

κrs(a
†
rαasα + a

†
rβasβ)
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we have a spin-restricted optimization. Thus a variation of the energy then gives

δE[ρα, ρβ ] =
∑

σ

∫
d�r δE

δρσ (�r)
δρσ (�r) =

∑

σ

∫
d�r δE

δρσ (�r)
〈
[δκ̂, ρ̂σ (�r)

〉

(8)=
〈[
δκ̂, F̂

]〉

where we have introduced the Fock operator

(9)F̂ =
∑

σ

∫
d�rψ̂†

σ (�r)
δE

δρσ (�r)
ψ̂σ (�r) =

∑

rsσ

F σrsa
†
rσasσ

of which theα- andβ-parts have matrix representations corresponding to the KS Fock ma-
trices. A restricted open-shell Roothan optimization which is based on the diagonalization
of an effective Fock matrix can be designed in different ways—the main criterion is that
the off-diagonal blocks (closed-open, open-virtual, closed-virtual) are zero for a converged
state. If we translate〈[κ̂, F̂ ]〉 to a matrix formulation in an atomic orbital basis and we use
the overlapS, the closed(c) and open-shell(o) Fock matrices

(10)F c = F α + F β

2
,

(11)F o = F α

and density matrices

(12)Dc = 2Dβ ,

(13)Do = Dα −Dβ

we obtain a gradient of the form

(14)S(DcF c +DoF o)− (F cDc + F oDo)S.

Similarly, a specific choice of an adequate effective Fock matrix is the closed shell Fock
matrix with a correction such that the off-diagonal blocks associated with the open-shell
orbitals are adjusted to be proportional to the orbital gradient[12]

F = F c + F v + (F v)T ,

(15)F v = SDo(F c − F o)
(
(Dc +Do)S − 1

)
.

The effective Fock matrix(15)is in our implementation[13] the quantity which is averaged
in the optimization based on the direct inversion in the iterative subspace (DIIS) method
[14]. This formulation applies equally to doublet states (S = 1/2) and high-spin states
(S > 1/2).

2.2. Restricted open-shell density functional response theory

When a molecular system is subject to a time-dependent perturbationV , a propertyA has
a time evolution which can be expressed in terms of response functions

(16)〈0̃|Â|0̃〉 = 〈0|Â|0〉 +
∫ 〈〈
Â; V̂ ω1

〉〉
ω1

e−iω1tdω1 + · · · ,



Restricted Density Functional Response Theory for Open-Shell Systems 275

where the perturbation is assumed to have a Fourier representation

(17)V̂ (t) =
∞∫

−∞
V̂ ωe−iωt dω.

The response of a property that is a simple functional of the density can be determined
within the non-interacting system if we can solve the time-dependent Kohn–Sham equa-
tions[15]

(18)
(
F̂ (t)+ V̂ (t)

)∣∣Ψ̃
〉
= i

d

dt

∣∣Ψ̃
〉
.

This can be done for standard model functionals within the adiabatic approximation; the
time-dependence of the exchange-correlation potential is implicit and the functional de-
pendence on the density is assumed to be the same as in the time-independent case.

In the previous section we used an exponential operator as a tool for optimizing the
Kohn–Sham orbitals. Here we use an exponential operator of the same form, but now the
interpretation is an explicit parameterized time-evolution operator. Following Olsen and
Jørgensen[16] we can then formulate a time-dependent variational principle based on the
Ehrenfest principle

(19)〈Ψ |
[
q†,eκ

(
F̂ + V̂ − i

d

dt

)
e−κ
]
|Ψ 〉 = 0

whereq is arbitrary, but chosen as a column vector of the non-redundant excitation oper-
ators. This gives systems of equations for solving the parameters,i.e., the matrix elements
of the operatorκ. Expanding the parameter matrix in powers of the perturbation

(20)κ = κ(1) + κ(2) + · · ·
we require that(19)be satisfied in all orders. The first-order change inA with an exponen-
tial evolution operator is

(21)A(1) =
〈[
κ(1), Â

]〉
=
∫

dω
〈[
κω, Â

]〉
e−iωt ≡

∫
dω
〈〈
Â; V̂ ω1

〉〉
ω

e−iωt

and the first-order parameters are solved from the first-order expansion of(19)

(22)〈Ψ |
[
q,
[
κω, F̂

]
+ F̂ω + V̂ ω + ωκω

]
|Ψ 〉 = 0

whereF̂ω is the first-order Fock-matrix containing the exchange-correlation kernel. For
details we refer to Refs.[17,18].

2.3. Excitations in open-shell systems

A few remarks are in place on the excitations in open-shell system. Maurice and Head-
Gordon [19] proposed a generalization of a single-excitation configuration interaction
(CIS) for open-shell molecules. They made it clear that in standard CIS scheme, some con-
figurations are missing that may be important for the description of excited states. InFig. 1
we have a graphical presentation of the excitations in open-shell systems; open-virtual (I),
closed-open (II), closed-virtual and the double excitations closed-open and open-virtual
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Fig. 1. Classification of excitation schemes in open-shell molecules with high spin ground
state.

involving the same open-shell orbitals (III), and finally similar double excitations which
involve two different open-shell orbitals (IV).

Most TD-DFT implementations are based on single excitations that are adequate for
closed-shell systems. The generalizations to open-shell systems are obtained by including
excitations of type I and II. In other aspects the RPA equations(22) are similar in struc-
ture. If the off-diagonal blocks (excitation, de-excitation) are omitted in the RPA matrix
we have a Tamm–Dancoff approximation which is equivalent to CIS. Although the off-
diagonal blocks couple the reference determinant with doubly excited configurations it is
clear that the double excitations of type III are not represented. They can be perceived as
combinations of closed-virtual triplet excitations and a spin-flip of the open-shell orbital.
It can therefore be expected that the quality of Hartree–Fock RPA calculations of open-
shell molecules will deteriorate when there are low-lying excited state of double excitation
character, and that these problems will carry over to DFT.

2.4. Spin polarization in evaluation of molecular properties:
the restricted–unrestricted approach

Hyperfine couplings, in particular the isotropic part which measures the spin density at
the nuclei, puts special demands on spin-restricted wave-functions. For example, complete
active space (CAS) approaches are designed for a correlated treatment of the valence or-
bitals, while the core orbitals are doubly occupied. This leaves little flexibility in the wave
function for calculating properties of this kind that depend on the spin polarization near
the nucleus. This is equally true for self-consistent field methods, like restricted open-shell
Hartree–Fock (ROHF) or Kohn–Sham (ROKS) methods. On the other hand, unrestricted
methods introduce spin contamination in the reference (ground) state resulting in overesti-
mation of the spin-polarization.

The philosophy of the restricted–unrestricted (RU) approach is a physically motivated
compromise between the restricted and unrestricted methods; to optimize the wave func-
tion with a spin-restricted approach and to account for perturbations with an unrestricted
approach. That is, a ground state constructed fromα andβ spin-orbitals with common
orbital parts is used with satisfies the variational condition

(23)
dE

dκ
= 0

whereE is the electronic energy andκ is a molecular (spatial) orbital parameter (i.e.,
the parameters of equation(7) collected in a vector). Next, the properties are calculated
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with a set of parameters that allow theα- andβ-orbitals respond independently to the
perturbation. This can be done by considering parameters forα andβ-orbitals separately,
or as in the work of Fernandezet al. [20] in terms of singlet and triplet rotations of the
ground state orbitalsκ = (κs, κt ).

Next we outline the derivations of Fernandezet al. [20] and the generalization for DFT.
The hyperfine coupling (HFC) Hamiltonian is scaled with a perturbation strength and a
energy a perturbation strengthx is used

(24)Ĥ (x) = Ĥ0 + xĤhfc

such that energy and the parameters are functions ofx

(25)E(x, κ) =
〈
κ(x)

∣∣Ĥ (x)
∣∣κ(x)

〉
.

This gives a first-order change in the total electronic energy as

Ehfc = dE

dx

∣∣∣∣
x=0

= ∂E

∂x
+
∑

σ=s,t

∂E

∂κσ

dκσ
dx

∣∣∣∣
x=0

(26)=
〈
κ(0)

∣∣Ĥhfc
∣∣κ(0)

〉
+ ∂E

∂κt

dκt
dx

∣∣∣∣
x=0

where we used equation(23), the variational condition for the singlet parameters; if the
wave function is assumed to be optimized for finitex, the first-order response of the singlet-
parameters is by definition zero.

In order to determine the response of the triplet parameters Fernandezet al. [20] assume
that the change in the non-zero energy gradient is negligible when the perturbation is turned
on (x �= 0); this gives a logical connection between perturbed and un-perturbed systems
and ensures a continuous energy. We need then to solve the coupled equations

(27)0 = d

dx

∂E

∂κσ
= ∂2E

∂x∂κσ
+

t∑

τ=s

∂2E

∂κσ ∂κτ

∂κτ

dx

∣∣∣∣
x=0

, σ = s, t.

A second approximation involves neglecting the singlet contributions in the calculations
of the polarization effects. This is the same as to neglect the singlet-triplet coupling in the
second derivative of the energy. It simplifies equation(27)considerably and the problem is
reduced to solving conventional RPA-type equations

(28)Ehfc = 〈κ|Ĥhfc|κ〉 − ∂2E

∂x∂κt

(
∂2E

∂κ2
t

)−1
∂E

∂κt

∣∣∣∣
x=0

which using the notation for response functions is equivalent to

(29)Ehfc =
〈
Ĥhfc

〉
+
〈〈
Ĥhfc; Ĥ0

〉〉
0.

In DFT the energy is not the expectation value of a Hamiltonian, but rather a functional
of the form

(30)E[ρx, x] = E[ρx] + x
〈
Ĥhfc

〉
.

The ground state density will depend on the field strength parameterx, which is denoted
by a subscript. The functional has both an explicit and an implicit dependence onx and
the first-order energy correction, the total derivative is formed by a partial derivative and a
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functional derivative

(31)
dE

dx

∣∣∣∣
x=0

= ∂E

∂x
+
∫

d�r δE

δρx(�r)
∂ρx(�r)
∂x

∣∣∣∣
x=0

.

The first term is the expectation value and from the fact that the density change is the static
linear response function

(32)
∂ρx

∂x

∣∣∣∣
x=0

=
〈〈
ρ̂(�r); Ĥhfc

〉〉

and identifying the Fock operator of equation(9) we have that the second part of(31) is
the linear response function for the Fock operator and the perturbation giving

(33)
dE

dx

∣∣∣∣
x=0

=
〈
Ĥhfc

〉
+
〈〈
F̂ ; Ĥhfc

〉〉

For the special case that the exchange-correlation potential is the Hartree–Fock exchange,
equations(29) and (33)are identical.

3. SAMPLE APPLICATIONS

In this section we review some of our recent applications of restricted density functional
response theory. The calculations below are subsets of larger investigations, some of which
have been published elsewhere. We find it valuable to summarize these results to illustrate
the range of properties that our methods apply to. For a detailed account of these calcula-
tions we refer to the original articles, where referenced.

3.1. Excitation energies: the naphthalene cation

The spin-restricted DFT linear response method was first applied to the excitation spectrum
of the naphthalene cation radical[18]. This radical which has a2Au ground state is a good
test case as there is plenty of experimental[21,22]as well as computational data, withab
initio (MRSDCI [23], CASPT2[21]) as well as DFT[24] methods. InTable 1we have
collected the excitation spectrum for the ten lowest states. The most interesting excitations
where the spin-restricted method seems to fail concern the 62B3g, 72B2g, 92B1u and 102B2g
states for which our formalism overestimates the excitation energies considerably. How-
ever, a singles-doubles configuration interaction (SDCI) analysis shows that the reason for
this is that these states have a high degree of double excitation character—in particular the
102B2g state for which a double excitation of type III (a triplet excitation singlet coupled
with a spin-flip in the open-shell orbital) has a 81% weight. An RPA-like method where
higher-order excitations have been neglected is then bound to fail. The reason why the un-
restricted methods are more reliable in these situations could be that the combination of
singlet and triplet excitations (which is effectively an unrestricted approach) generate a part
of the configuration having a triplet character (see Section2.3)—the double excitations are
lacking here as well. However, similar comparison of restricted and unrestricted Hartree–
Fock methods does not show the same improvement[25] so we are inclined to believe that
there is some other cancellation of errors.
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Table 1. Lowest vertical excitation energiesa of naphthalene cation radical calculated with RDFT-LR approach

State LDA BLYP B3LYP ULDAb UBLYPb UBLYPb,c UB3LYPb MRSDCId CASPT2e Exp.f

1 2B1u 0.99 1.02 1.07 1.01 1.05 1.11 1.13 1.13 0.99 0.73g

2 2B2g 2.21 2.17 2.16 2.21 2.16 2.35 2.15 2.16 1.89 1.84
3 2B3g 2.83 2.78 2.97 2.83 2.78 2.85 2.99 2.94 2.70 2.69
4 2Ag 2.57 2.88 3.36 2.60 2.92 2.92 3.43 . . . . . . . . .

5 2B1g 2.66 2.94 3.44 2.68 2.97 2.97 3.49 . . . . . . . . .

6 2B3g 3.65 3.61 3.87 3.62 3.53 3.73 3.61 3.51 3.24 3.25
7 2B2g 4.30 4.29 4.55 3.81 3.75 3.78 3.92 4.38 3.98 4.02
8 2B2u 3.54 3.83 4.45 3.56 3.87 3.87 4.50 . . . . . . . . .

9 2B1u 4.43 4.39 4.77 4.32 4.19 4.26 4.23 4.25 4.03 . . .

10 2B2g 5.63 5.61 5.83 4.32 4.33 4.35 4.65 5.14 4.44 4.55

Reproduced fromJ. Chem. Phys.119 (2003) 34.
a Calculations performed for naphthalene cation radical2Au ground state using B3LYP/6-31G* optimized geometries from Ref.[21] in 6-31G** basis set.
b Ref. [24]. Unrestricted TD-DFT calculations in 6-31G** basis set.
c Tamm–Dancoff approximation.
d Ref. [23]. Multireference single and double excitation configuration interaction.
e Ref. [21]. CASPT2 calculation with nine active electrons in five occupied and five virtualπ molecular orbitals.
f Ref. [21]. Peak positions of electronic absorption spectra.
g Ref. [21]. Peak positions of photoelectron spectra.
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A comparison of exchange-correlation functionals shows that the LDA functional gives
an incorrect ordering of the 32B3g, 42Ag and 52B1g for both restricted and unrestricted
methods so the gradient corrections of GGA type functionals seem to be important for the
description of excited states. The B3LYP functional systematically overestimates the exci-
tation energies and is in fact the most sensitive functional regarding excited states of double
excitation character. For both unrestricted and restricted methods the BLYP functional give
results that are closest to experiment.

To summarize, excluding the excited states with substantial double excitation charac-
ter, the restricted calculations closely reproduce the unrestricted results, with an agreement
with available experimental data within 0.4 eV for the BLYP exchange–correlation func-
tional.

3.2. Dynamic polarizabilities: the CN radical

The dynamic polarizability tensor were calculated for a set of functionals (LDA, BLYP,
B3LYP) for the CN radical,[18] using the augmented correlation consistent valence quin-
tuple zeta (aug-cc-pV5Z) basis set[26]. From the apparent lack of correlated calculations
of this property we used the TDROHF-MP2 method as a Ref.[27].

In Fig. 2 we show the frequency dependence of the averaged polarizabilities. We ob-
serve that the reference TDROHF-MP2 calculation show an unusual increase in the higher
frequency range. This is attributed to a poor pole structure in the corresponding response
function. The B3LYP results show a similar increase - the overestimation of the polarizabil-
ity is coupled with an underestimation of the first excitation energy by as much as 0.3 eV.
The LDA and BLYP functionals on the other hand reproduce the experimental excitation
energy within 0.06 eV[28] and show a consistent increase with respect to frequency. These
functionals were most accurate for the static polarizabilities where spin-adapted coupled
cluster calculations where used as reference[18] and it is natural to believe that the same
applies to the static polarizabilities as well.

3.3. g-tensors of transition metal radicals

The electronicg-tensor has first- and second-order contributions in a perturbation the-
ory that is based on the partitioning of the electronic Hamiltonian into a non-relativistic
and a relativistic part. The first-order contributions are the relativistic mass corrections
in the Zeeman effect and the field-dependent part of the spin-orbit operator (diamagnetic
or gauge-correction terms). The second-order contribution (paramagnetic), which is of-
ten dominating, is the cross term between the orbital Zeeman operator and the field-free
(canonical) part of the spin-orbit operator.

As the spin-orbit operator contains two-electron terms a density functional application
is not straightforward. For correlated methods it is well known that the mean-field ap-
proximation[29] of the spin-orbit operator is an excellent approximation for molecules
containing heavy atoms. The diamagnetic two-electron is further negligible in most cases
and is not expected to have an effect here. With these approximations we have thus solved
the two-electron dilemma.
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Fig. 2. Frequency dependence of the averaged dynamic polarizability of the CN radical.

Another dilemma is that the paramagnetic contribution is a combination of two differen-
tial operators and that density functional theory only asks questions which can be answered
by the density, not the density matrix. All is well though, if we consider a perturbation the-
ory which starts out with relativistic Kohn–Sham equations and that we have knowledge
about relativistic functionals. This is of course not the case, but as many others we take
a practical approach to relativistic functionals and use what we have—the standard non-
relativistic functionals.

In Ref. [30], the restricted density functional linear response method was used to cal-
culateg-tensors for a series of transition metal compounds: TiF3, VOF2−

4 , VOCl2−
4 , CrO−

4
and Cu(NO3)2. These had been studied before by Neese[31] with unrestricted methods
and were thus suitable test cases.

The results are reported inTable 2. It can be concluded the g-shifts are underestimated
for both restricted and unrestricted methods. A conclusion that can be drawn is that spin
contamination is not the source of error in these cases. We believe that the functionals are
not just capable of describing properties of this kind and that it is natural to expect that
magnetic properties requires functionals that include current densities.

3.4. g-tensors in solution using the polarizable continuum model

In Ref. [33] we applied the polarizable continuum model (PCM) in the integral equation
formalism[34] to calculate theg-tensor of di-t-butyl nitric oxide (N-I) (Fig. 3, right), and
diphenyl nitric oxide (left), using the B3LYP and BP86 exchange-correlation functionals
and IGLO-II basis sets[35,36]. As solvents we used both protic (methanol, water) and
aprotic solvents (carbon tetrachloride, toluene, acetone, acetonitrile).
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Table 2. Electronic g-tensors of transition metals compounds evaluated with various
exchange–correlation functionalsa,b

Molecule 
gii LDA BLYP B3LYP UBPc UB3LYPd Expe

TiF3 
g‖ 0.3 0.3 0.2 −1.7 −1.1 −11.1

g⊥ −47.0 −32.9 −49.1 −42.8 −41.8 −111.9

VOF2−
4 
g‖ −37.0 −30.3 −39.5 −36.0 −34.1 −58.8


g⊥ −29.6 −21.8 −24.2 −28.0 −25.0 −51.1
VOCl2−

4 
g‖ −20.6 −16.0 −28.3 −18.0 −20.5 −51.1

g⊥ −17.9 −14.4 −16.9 −20.0 −20.6 −32.2

CrOF−
4 
g‖ −15.9 −12.4 −17.5 −19.0 −18.1 −33.5


g⊥ −27.9 −21.4 −21.9 −29.0 −27.0 −50.7
Cu(NO3)2 
g11 126.5 120.0 173.3 . . . 171.2 246.6


g22 31.6 30.9 44.4 . . . 46.0 49.9

g33 29.0 28.9 43.9 . . . 44.6 49.9

Reproduced fromJ. Chem. Phys.119 (2003) 10489.
a Calculation performed at the geometries taken from Ref.[31].
b Electronicg-tensor shifts are given in the principle axis system. Values are in ppt.
c Ref. [32]. Unrestricted coupled perturbed Kohn–Sham calculations in gauge invariant atomic orbitals.
d Ref. [31]. Unrestricted coupled perturbed Kohn–Sham calculations.
e Experimental data taken form Ref.[31].

Fig. 3. The diphenyl nitric oxide (left) and the di-t-butyl nitric oxide (right) geometries
and orientation of principal axes for electronicg-tensor.

It was found that in the case aprotic solvents, the model was capable of qualitative pre-
dictions of the solvent effects on theg-tensor. InFig. 4 we see that with the solvents
arranged with increasing dielectric constant the calculated isotropicg-shifts decrease and
thus follow the experimental trends. The dominating solvent effect on the g-shift is due to
a blue-shift of then−π∗ which has consequences for the paramagnetic contribution to the
g-tensor.

However, in the case of protic solvents hydrogen bonding is responsible for the major
change in the electronic structure of the solute which influences theg-tensor. In these cases
the PCM model fails which is only designed to handle long-range electrostatic effects. In
Table 3we show the hydrogen bonding effects on the calculatedg-tensors. The results
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Fig. 4. The experimentally determined isotropicg-tensor shift and corresponding theoret-
ically evaluated isotropicg-tensor shift dependence on the employed solvent.

suggest that in these cases it is necessary to include explicit solvent molecules and calculate
theg-tensor for the whole complex. On top of that one can apply the PCM model to the
hydrogen bonded complex to account for long-range solvent effects.

3.5. Hyperfine-coupling in transition metal radicals

The restricted-unrestricted (RU) approach (Section2.4) have been applied to calcu-
late the isotropic hyperfine coupling constants of a sequence of transition metal com-
pounds: TiO(X3∆), VN(X3∆), VO(X4Σ−), MnO(X6Σ−), MnH(X7Σ+), TiF3(

2A′
1) and

MnO3(
2A′

1), which have been investigated previously by Kaupp[38] with an unrestricted
Kohn–Sham method. InTable 4it can be seen that the overall quality of the RU results is
slightly better than the corresponding unrestricted results, independent of functional. The
isotropic constants obtained with the BHPW91 functional are the most problematic ones,
and the reason is the failure to reproduce the excitation energies which are necessary to
get the response term accurately. InTable 5we have displayed the individual average and
response contributions to the metal hyperfine couplings.

In the first group of radicals (TiO, VN, VO) the average term is the dominating part.
These molecules have a singly occupied molecular orbital (SOMO) with a 4s character
and the direct contribution from the electron density is more important.

The MnO and MnH are high spin systems with additional SOMOs; of 3d and 4p char-
acter and the spin-polarization is expected to be more important. These cases put a higher
demand on the calculations as it is important have accurate excitation energies in order to
have an accurate response term. Our calculations do not quite meet these requirements as
the calculated response terms are smaller in absolute value than in the first group, which
we believe to be the reason why the experimental agreement is worse.
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Table 3. Electronicg-tensor of N-I in protic solventsa

B3LYP

Environmentb

Complex
Vacuum Solvent


gxx 
gyy 
gzz 
giso 
gxx 
gyy 
gzz 
giso

Methanol:
N-I −7 4135 7909 4012 −8 4044 7520 3852
N-I · CH3OH −86 3737 6963 3538 −87 3668 6696 3426
N-I · (CH3OH)2 −94 3662 6877 3482 −93 3611 6685 3401
N-I · (CH3OH)3 −108 1174 1014 693 −109 1216 1023 710
Water:
N-I −7 4135 7909 4012 −8 4040 7505 3845
N-I · H2O −77 3780 7034 3579 −77 3705 6772 3466
N-I · (H2O)2 −79 3667 6658 3415 −78 3624 6487 3344
N-I · (H2O)3 −94 3568 6531 3335 −96 3528 6390 3274

BP86

Environmentb

Complex
Vacuum Solvent Exp.c


gxx 
gyy 
gzz 
giso 
gxx 
gyy 
gzz 
giso 
giso

Methanol:
N-I 11 3907 7233 3717 12 3848 7013 3624
N-I · CH3OH −71 3544 6477 3317 −71 3495 6318 3247
N-I · (CH3OH)2 −70 3492 6483 3302 −70 3455 6372 3252
N-I · (CH3OH)3 −88 1124 951 662 −90 1168 958 678 3471± 20
Water:
N-I 11 3907 7233 3717 12 3846 7003 3620
N-I · H2O −63 3587 6555 3360 −65 3534 6401 3290
N-I · (H2O)2 −55 3485 6278 3236 −58 3458 6176 3192
N-I · (H2O)3 −69 3400 6202 3178 −75 3371 6125 3140 3241± 10

a Electronicg-tensor shift values are in ppm.
b Geometry used in calculations is optimized in vacuum using B3LYP exchange-correlation functional. The
calculations ofg-tensor are carried out in vacuum (Environment–Vacuum) and in protic solvents (Environment–
Solvent).
c Experimental data taken from Ref.[37].

Finally we have the MnO3 and TiF3 radicals which have SOMOs dominated by a
3dz2 orbital which indicate a higher contribution from the direct term. However there
are also substantial response terms. We have observed that the response term has dif-
ferent signs for different functionals. This inconsistency is attributed to the descrip-
tion of the excited states. In these cases the unrestricted results are closer to experi-
ment.

A conclusion is that the RU approach often give better results than for the unrestricted
approach. The exceptions are cases when the response terms are large and the excitation
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Table 4. Calculated isotropic HFC constants, in MHz, of transition metal compounds and their dependence on the exchange-correlation
functionalsa

Molecule Isotope LDA BP86 BLYP B3LYP BHPW91 UBP86 UBLYP UB3LYP UBHPW91 Exp.

TiO 47Ti −259.0 −245.0 −252.7 −248.6 −211.1 −251.0 −257.5 −252.8 −227.0 −241.0(60)
17O −11.6 −11.5 −11.3 −7.9 3.7 −8.2 −8.2 −4.9 1.6 . . .

VN 51V 1400.9 1321.8 1367.5 1317.4 1764.9 1393.5 1432.6 1388.9 1081.7 1311.8
14N 9.1 8.7 8.2 4.7 35.7 6.2 6.0 3.2 −7.2 . . .

VO 51V 815.8 780.2 808.4 791.2 784.5 821.0 847.8 829.5 753.4 778.0(2)
17O −6.9 −6.9 −6.0 −2.5 1.8 −3.1 −2.7 1.1 8.0 0(4)

MnO 55Mn 512.7 507.8 527.9 508.6 904.5 526.8 543.1 521.8 504.7 479.9(100)
17O −3.4 −5.6 −7.0 −9.4 −24.2 −5.4 −6.6 −8.0 −8.8 . . .

MnH 55Mn 353.3 355.8 360.7 309.7 242.9 380.0 380.0 331.8 276.3 279.4(12)
1H 25.6 24.7 34.3 28.1 7.1 25.8 35.6 28.0 10.1 20.7(39)

TiF3
47Ti −132.9 −127.5 −131.4 −158.2 −175.2 −216.6 −218.0 −192.2 −149.4 −184.8(4),−177.1(4)
19F 9.7 17.1 18.8 1.6 −13.8 5.0 8.7 −5.6 −24.3 8.3(4), 8.0(4)

2MnO3
55Mn 1284.9 1262.2 1267.6 1476.2 1900.8 2009.3 2042.4 1735.5 1111.7 1613(6)
17O −3.2 −3.9 −6.2 −6.4 8.4 −4.1 −5.1 2.6 19.0 . . .

a The geometry of radicals and experimental data are taken from Ref.[38].
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Table 5. R-U contributions to isotropic HFC, in MHz, of transition metal compounds and
their dependence on the exchange-correlation functionals

Molecule Contr. LDA BP86 BLYP B3LYP BHPW91

47TiO Average −284.58 −270.88 −274.54 −267.25 −238.21
Response 25.61 25.84 21.82 18.66 27.06

51VN Average 1558.61 1483.36 1503.84 1474.55 1344.30
Response −157.68 −161.56 −136.37 −157.16 420.61

51VO Average 955.12 918.91 925.13 907.04 934.67
Response −139.29 −138.72 −116.69 −115.82 −150.21

55MnO Average 621.30 621.27 619.75 569.89 474.94
Response −108.64 −113.49 −91.83 −61.27 429.55

55MnH Average 493.92 496.00 479.32 430.91 399.18
Response −140.66 −140.16 −118.58 −121.20 −156.30

47TiF3 Average −151.32 −146.47 −146.64 −166.89 −189.62
Response 18.41 18.95 15.27 8.69 14.44

55MnO3 Average 1357.80 1327.72 1323.84 1215.64 936.37
Response −72.92 −65.54 −56.24 260.58 964.46

energies are not accurate. These cases can easily be identified however, and the RU method
gives a higher degree of control over the calculational process and its analysis.

4. SUMMARY

We have presented a summary of recent theoretical developments and applications of spin-
restricted density functional response theory to open-shell systems. We use a formalism
that is free from spin contamination; to determine the ground state density the variational
principle was applied to a trial Kohn–Sham determinant constructed fromα- andβ-orbitals
of a common set. The response to a perturbation is parameterized in terms of an exponen-
tial unitary operator and the parameters are determined by a time-dependent variational
principle.

In the restricted–unrestricted approach spin-polarization of the system is accounted for
in the form a perturbation. This has the effect of increasing the computational complexity—
a linear response function is required where expectation values suffices for unrestricted
methods—but has the advantage of removing spin-contamination in the unperturbed sys-
tem.

We have reported calculations on excitation energies of the naphthalene cation which
essentially reproduce previously published unrestricted calculations. There are exceptions,
when the excited states are predominantly of double excitation character, the excitation
energies are overestimated. The best overall results were obtained for the BLYP functional.

The calculated dynamic polarizability of the CN radical show an anomalous increase
with frequency for the B3LYP functional, which is related to an underestimation of the first
excitation energy. The LDA and BLYP functionals are more reliable and in reproducing the
experimental excitation energy and also show a more consistent increase.
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From our calculations ofg-tensors we selected a set of transition metal compounds. As
was the case for the unrestricted calculations by Neese[31] our calculations underestimated
the experimentalg-tensors considerably. As our method is free from spin contamination
we could rule out this as a possible source error.

Our calculations ofg-tensors for molecules in solution was done within the PCM model.
For diphenyl nitroxide and di-t-butyl nitric oxide we could reproduce the general trends of
solvent effects on theg-tensor. For protic solvents the model fails because hydrogen bond-
ing effects become important. In these cases it was necessary to include explicit solvent
molecules in the model.

Finally we demonstrated applications of the RU method for hyperfine couplings. The
examples that were problematic with our method where characterized by large cancel-
lation effects between direct and response terms and incorrect excitation energies which
determine the response part. In most cases however, our calculations show an improved
experimental agreement over corresponding unrestricted calculations and demonstrate that
the RU method is a useful complement to the unrestricted methods.
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Abstract
With electron propagator (also known as single particle Green’s function) techniques vertical electron removal

and attachment energies are calculated directly. This avoids the sometimes inaccurate process of separately deter-
mining the total electronic energies of the neutral and an ionic state and then subtracting one large number from
another to obtain a relatively small value,i.e., the ionization potential (IP) or electron affinity (EA) of a molecule.
Traditionally these electron propagator/Green’s function (GF) methods used a single determinant wavefunction
as the “zero order” initial state which was improved with Møller–Plesset perturbation theory often obtained via
diagrammatic techniques. Although these usual perturbative electron propagator/GF methods have been very suc-
cessful, they are limited in applicability. Usual perturbative approaches usually cannot handle reliably (or at all)
systems with initial states that are open shell and/or highly correlated (non-dynamical correlation) for either IPs
or EAs.

We specifically designed the multiconfigurational spin tensor electron propagator method (MCSTEP) and its
predecessor the multiconfigurational electron propagator method (MCEP) to provide accurate IPs and EAs for
systems that cannot be accurately handled by usual perturbational approaches to electron propagator/single par-
ticle Green’s function methods, namely, when the initial state is open shell and/or has non-dynamical correlation
that must be accounted for. In addition, of course, the goal is to also be able to provide accurate IPs and EAs
for systems with closed shell initial states without non-dynamical correlation,i.e., those systems that could be
handled as well by usual perturbational electron propagator/GF methods.

In this article I will first review the theory behind the multiconfigurational spin-tensor electron propagator
method. Since the introduction of MCSTEP over fifteen years ago, several accurate MCSTEP atomic and molec-
ular IPs and EAs have been determined. I will summarize some of the more significant calculations to date.

An electron propagator method using a multiconfigurational second-order perturbation theory wavefunction as
the initial state in the fermion operator block (block 1) in the MCSTEP matrix equations was initially developed
by Heryadi and Yeager. In the other blocks an MCSCF wavefunction is the initial state. This new method is called
EPCASPT2 and should be viewed as an extension of MCSTEP. In this article I will review the theory behind
EPCASPT2 and some of the recent calculations done using a CASPT2 wavefunction as the initial state in the
electron propagator. We compare our results with the results of the calculations using MCSTEP, full configuration
interaction, and the multireference configuration interaction method with the same geometries and basis sets.
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1. INTRODUCTION

With electron propagator (also known as single particle Green’s function) methods, verti-
cal ionization potentials (IPs) and electron affinities (EAs) are determined directly[1,2].
This avoids the oftentimes tedious and sometimes inaccurate more traditional techniques
where separate wavefunctions and total electronic energies are determined for the initial
(neutral) state and final (ionic) states of interest and individual IPs and EAs are determined
by subtracting one fairly large total electronic energy from another to obtain a relatively
small energy difference. While non-electron propagator techniques can be very accurate,
it is also sometimes especially difficult to properly balance correlation effects in the initial
versus the final state.

The usual approach to using electron propagator methods for IPs and EAs is to solve the
equations consistently through a certain order in the electron–electron interaction[3–11].
The initial state is chosen to be a single determinant closed shell Hartree–Fock state cor-
rected using Møller–Plesset perturbation theory. Operators are included which allow for
both simple electron removal and addition as well as more complicated processes such
as simple removal+ single excitation, electron addition+ simple single excitation,. . . .
The simple removal+ single excitation, electron addition+ simple single excitation,. . .
processes are usually included in a secondary space which is coupled to the primary space
of simple electron removal and electron addition[5].

These usual perturbational electron propagator approaches have been highly successful
for low-lying principal IPs and EAs of atoms and molecules where the initial state is closed
shell with no non-dynamical correlation[3–22]. For these kinds of systems perturbational
approaches solved through at least third order in the electron–electron interaction have
provided accurate results. Typically, IPs and EAs can be determined with these usual per-
turbative methods for low-lying principal vertical IPs and EAs for closed shell initial state
systems with no non-dynamical correlation to within 0.3 eV or sometimes better provided
terms are kept to at least third order (and sometimes higher) in the electron–electron in-
teraction. The well-developed computer codes for these perturbational electron propagator
methods are now usually very rapid.

Usual perturbational electron propagator approaches have not been successful, in gen-
eral, for open shell molecules. This is because open shell molecules often have orbital
energies that are close-lying, giving small denominators in certain terms. Sometimes with
perturbational approaches for open shell initial states, IPs and EAs are not from and/or to
states of pure spin symmetry.

Since these perturbational methods have traditionally been based on a single determinant
initial state corrected by perturbation theory they have not been successful, in general,
either for systems where several determinants (non-dynamical correlation) are necessary
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to provide a good “zero order” description of the initial state. Simple examples of where a
at least two determinants are necessary include the Be atom and the ozone molecule.

The multiconfigurational spin tensor electron propagator method (MCSTEP)[23] and
its predecessor the multiconfigurational electron propagator method (MCEP)[24] were
specifically designed to provide accurate low-lying IPs and EAs for systems that can not
be accurately handled by usual perturbational approaches to electron propagator methods,
namely when the initial state is open shell and/or has non-dynamical correlation that must
be accounted for. In addition, of course, the goal is to also be able to provide accurate
IPs and EAs for systems with closed shell initial states without non-dynamical correlation,
i.e., those systems that could be handled as well by usual perturbational Green’s function
methods. Several calculations have demonstrated the accuracy and reliability of MCSTEP
for both closed and open shell initial state molecules even when non-dynamical correlation
is important[19,23,25–44].

Heryadi and Yeager[43] developed an electron propagator method using a multiconfig-
urational second-order perturbation theory (CASPT2) wavefunction as the reference state.
With this new method a better initial state than an MCSCF state is used in the electron
propagator calculations. CASPT2 is specifically designed to handle both dynamical and
non-dynamical electron correlation effects[45,46]. Of the five blocks in the MCSTEP ma-
trices, the initial MCSCF state is replaced with a CASPT2 state in only block 1. This is
the block that involves only simple electron removal and addition operators. It is the most
important part of the MCSTEP matrices for calculating low-lying principal IPs. The re-
maining MCSTEP blocks are not changed.

We have applied the newly developed method, the electron propagator method with a
CASPT2 wave function as the initial state (EPCASPT2) to calculate the IPs of several
systems[43,44].

In Section2, we briefly present the theory behind MCSTEP and EPCASPT2. In Sec-
tion 3, the results of some of our recent calculations are reviewed. Finally, we summarize
and conclude in Section4.

2. THEORY

2.1. The spectral resolution of electron propagator/single particle Green’s function

The single particle Green’s function for an exactN -electron state of total spinS0 and spin
projectionM0 is defined as[1,2,47]

Grσ,pσ ′= lim
η→0+

[〈
ψ
NS0M0
0

∣∣a†
rσ

(
E + E

NS0
0 −H + iη

)−1apσ ′
∣∣ψNS0M0

0

〉

(1)+
〈
ψ
NS0M0
0

∣∣apσ ′
(
E − E

NS0
0 +H − iη

)−1a†
rσ

∣∣ψNS0M0
0

〉]

where

(2)H
∣∣ψNS0M0

0

〉
= E

NS0
0

∣∣ψNS0M0
0

〉
,

(3)S2
∣∣ψNS0M0

0

〉
= S0(S0 + 1)

∣∣ψNS0M0
0

〉
,

(4)Sz
∣∣ψNS0M0

0

〉
= M0

∣∣ψNS0M0
0

〉
.
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H is the nonrelativistic electronic Hamiltonian in the Born–Oppenheimer approximation

(5)H =
∑

ijσ

hija
†
iσajσ + 1

2

∑

ijklσσ ′
〈ij |kl〉a†

iσa†
jσ ′alσ ′akσ .

The creation and the annihilation operators inH are summed over a formally complete
orthonormal basis of spatial orbitals{φi} and the spin indices,σ andσ ′ can have the value
of α or β spin.

The spectral resolution of equation(1) is

Grσ,pσ ′= lim
η→0+

∑

f

[〈
ψ
NS0M0
0

∣∣a†
rσ

∣∣ψ (N−1)SfMf
f

〉(
E + E

NS0
0 − E

(N−1)Sf
f + iη

)−1

×
〈
ψ
(N−1)SfMf
f

∣∣apσ ′
∣∣ψNS0M0

0

〉
+
〈
ψ
NS0M0
0

∣∣apσ ′
∣∣ψ (N+1)SfMf

f

〉

(6)×
(
E − E

NS0
0 + E

(N+1)Sf
f − iη

)−1〈
ψ
(N+1)SfMf
f

∣∣a†
rσ

∣∣ψNS0M0
0

〉]

where the summations in the first and second terms contain a complete set of exactN − 1
andN + 1 electronic eigenstates, respectively, and

(7)H
∣∣ψ (N±1)SfMf

f

〉
= E

(N±1)Sf
f

∣∣ψ (N±1)SfMf
f

〉
,

(8)S2
∣∣ψ (N±1)SfMf

f

〉
= Sf(Sf + 1)

∣∣ψ (N±1)SfMf
f

〉
,

(9)Sz
∣∣ψ (N±1)SfMf

f

〉
= Mf

∣∣ψ (N±1)SfMf
f

〉
.

It can easily be seen from equation(6) that the exact ionization potentials and electron
affinities are the poles of the Green’s function.

2.2. The eigenvalue equation

The single particle Green’s function can be written in a form more convenient for calcula-
tions. Arranging the set of annihilation operatorsai as a super-row vector,a, equation(1)
can be rewritten as[2,48,49]

(10)G(E) = (a|
(
EÎ − Ĥ

)−1|a).

In equation(10), the superoperatorŝI andĤ are characterized by their effect on an arbi-
trary operatorΩ:

(11)ÎΩ = Ω,

(12)ĤΩ = [H,Ω]
and the binary product is defined as

(13)(Ωi |Ωj ) =
〈
ψ
NS0M0
0

∣∣{Ωi,Ωj }
∣∣ψNS0M0

0

〉
.

In equation(13), { , } denotes the anticommutator,{A,B} = AB + BA. Taking the inner
projection[50] gives

(14)G(E) = (a|h)(h|EÎ − Ĥ |h)−1(h|a).
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Equation(14)can easily be verified by inserting unity in equation(10) [51]:

(15)Î = |h)(h|h)−1(h|
and utilizing the identity

(16)(h|h) = (h|EÎ − Ĥ |h)(h|h)−1(h|
(
EÎ − Ĥ

)−1|h).
If the operator manifoldh is complete equations(10) and (14)are identical.

Since the IPs and EAs occur at the poles of the Green’s function, equation(14) shows
that the IPs and EAs can be determined as an eigenvalue problem

(17)(h|EÎ − Ĥ |h) = 0.

Approximations that are introduced into the one-electron propagator bring equation(17)
into a computationally tractable form.

Equation(17) is the same as the equations-of-motion for ionization potentials and elec-
tron affinities[6,8,52]

(18)
〈
ψ
NS0M0
0

∣∣{δOf,
[
H,O

†
f

]}∣∣ψNS0M0
0

〉
= ωf

〈
ψ
NS0M0
0

∣∣{δOf,O
†
f

}∣∣ψNS0M0
0

〉

when the electron affinity/ionization potential operatorO†
f which is identified with the

ionic state|ψ (N±1)SfMf
f 〉 is expanded using the operator manifoldf and eachδOf is one

member of that manifold.ωf is the electron affinity or ionization potential. In practical
calculations the symmetric double anticommutator is usually used:

(19){A,B,C} = 1

2

({
A, [B,C]

}
+
{
[A,B], C

})

instead of{A, [B,C]}.

2.3. Approximate electron propagator calculations and MCSTEP

In all practical electron propagator or Green’s function calculations, the exact initial state
is approximated and the operator manifold is truncated.

With MCSTEP (and also with an earlier version of the theory called the multiconfigu-
rational electron propagator MCEP) the initial state is chosen to be an MCSCF state|0〉.
With MCSTEP (but not with MCEP) the reference state is a tensor state (see below) which
contains allMS components for a givenS.

In equations(17) and (18)the operator manifold is complete. Of course, in practical
calculations a truncated operator manifold is used. Dalgaard[53] and Manne[54] give one
choice for a complete operator manifold which includes singles electron removal with all
possible excitations of the remaining electrons and single electron addition with all possible
excitations from a specified single determinant. The operators in this manifold will act on
a state|0〉 which is not orthogonal to the specified single determinant to give a complete
N ± 1 basis of states.

While the operator manifold of Dalgaard and Maane is formally complete, it is not the
most convenient for calculations where the initial state (also called the “reference state”)
is open shell. This can be easily seen by examining the effect of simple electron removal,
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aiσ , from an open shell state with for exampleS = 1. From the simple rules for angu-
lar momentum coupling, the resultingN − 1 states for this example will generally be a
mixture of a doublet and a quartet since no explicit coupling has been introduced. That
is, for open shell reference state ionization potentials and electron affinities, pure ion spin
states will not be obtained in general with a method which utilizes a truncated operator
manifold.

In addition, the Dalgaard–Manne manifold is not optimal in cases where two or more
determinants are important for a good “zero order” description of the initial state. This is
because an operator manifold chosen for one determinant and then truncated may not be
the optimal choice for other necessary “zero order” determinants.

The operator manifold for MCEP and MCSTEP, is{ai,ai |Γ 〉〈0|, |0〉〈Γ |ai} (with appro-
priate modifications with both methods as explained below to assure that the final states are
eigenfunctions ofS2 andSz). The indexi in this operator manifold refers to all spin orbitals
present (occupied, partially occupied, and unoccupied). The states{|Γ 〉} are all states in
the MCSCF orthogonal complement space to the initial state|0〉. For example, if the com-
plete active space for Be atom was chosen to be two electrons in the 2s and 2p orbital, The
optimized MCSCF ground state|0〉 is primarily 1s22s2 with about 10% (C2) 1s22p2. All
possible other orthonormal states of all possible spin and spatial symmetries involving two
electrons in the 1s orbital and two electrons in the (2s,2p) orbitals compose the MCSCF
orthogonal complement states. For both the reference and orthogonal complement states
the orbitals that are used are those from the MCSCF calculation for|0〉.
O

†
f is expanded in terms of the operator manifold{ai,ai |Γ 〉〈0|, |0〉〈Γ |ai}:

(20)O
†
f =

∑

i

X
F,f
i ai +

∑

i,Γ

X
TIP,f
i,Γ ai |Γ 〉〈0| +

∑

i,Γ

X
TEA,f
i,Γ |0〉〈Γ |ai

(21)=
∑

j

Xf
jO

†
j .

In equation(20) the superscript F refers to the fermion operators{ai}, the superscript TIP
refers to the transfer ionization potential operators{ai |Γ 〉〈0|} and the superscript TEA
refers to the transfer electron affinity operators{|0〉〈Γ |ai}. The sum in equation(21) is
over all non-zero members of the operator manifold{ai,ai |Γ 〉〈0|, |0〉〈Γ |ai}. The operators
ai are involved both for electron attachment and removal since they occur inO

†
f and as

hermitian conjugate operators inδOf in equation(18). IPs and EAs may have non-zeroXf
j

amplitudes for all F, TIP, and TEAO†
j operators since all operators are coupled together in

equation(18).
The IP and EA transfer operators,{ai |Γ 〉〈0|} and{|0〉〈Γ |ai}, respectively, are analogous

to theN -electron transfer operators|0〉〈Γ | and|Γ 〉〈0| that occur naturally in multiconfigu-
rational linear response[55,56]and MCSCF optimization[57–59]. The EA and IP transfer
operators are necessary to obtain good ionization potentials and electron affinities even for
low-lyings IPs and EAs. The operator manifold of Dalgaard and Manne is not particularly
convenient or useful for a multiconfigurational reference state even if the initial state is
closed shell since a large number of operators would typically be necessary to duplicate
the important effects of the IP and EA transfer operators.

The use of equation(21) in equation(18)gives the matrix eigenvalue equation

(22)MXf = ωfNXf
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where

Mij = 〈0|
{
Oi,H,O

†
j

}
|0〉,

(23)Nij = 〈0|
{
Oi,O

†
j

}
|0〉

andωf is an ionization potential or electron affinity.
With MCSTEP we use tensor states and tensor operators in order to assure that the final

state is an eigenfunction ofS2 andSz [60]. With MCSCF typically convergence is to one
N -electron state with spinS0 and spin projectionM0. The MCSCF state|0〉 (≡ |0NS0M0〉)
is one component of anN -electron tensor state|0NS0〉〉. The MCSCF reference tensor state
with 2S0 + 1 components is composed of the individual states that are connected byS+
andS−.

The operator manifold for MCSTEP consists of tensor operators. In order to ensure that
N ± 1 electron states of pure spin symmetry are obtained even for open shell reference
states for which the initial spin is non-zero these operators are angular momentum coupled
to the components of|0NS0〉〉. The operator manifold is

(24)h =
{
ai(1/2), TiΓ (N − 1, k), TiΓ (N + 1, k)

}

where{ai(1/2)} are the spin tensor operators of spin rank 1/2 for an electron in orbitali and
{TiΓ (N ∓ 1, k)} areN ∓ 1 tensor operators of rankk that can be formed from the action of
ai(1/2) on the ket part of|Γ NSΓ 〉〉×〈〈0NS0| and ai(1/2) on the bra part of|0NS0〉〉×〈〈Γ NSΓ |.
The MCSCF orthogonal complement space|Γ 〉 (≡ |Γ NSΓMΓ 〉) is one component of an
N -electron tensor state|Γ NSΓ 〉〉. The MCSCF orthogonal complement tensor state with
2SΓ +1 components is composed of the individual states that are connected byS+ andS−.

The operator manifold in equation(24) is over complete. Linear dependencies are re-
moved via a modified Schmidt procedure[23,24]. In addition, an energy criterion is usually
used to further limit the number of operators included.

In MCSTEP we actually use a modified version of equation(17) where the operator
manifold of equation(24) is explicitly vector coupled to the different spin components
in an MCSCF reference tensor state with spinS0 to form a newN ∓ 1 electron state
with spin Sf . Subsequent Racah recoupling results in the generalized matrix eigenvalue
equation[23,61]

(25)MXf = ωfNXf

where

Mrp =
∑

Λ

(−1)S0−Λ−Sf−γrW(γrγpS0S0;ΛSf)(2Λ+ 1)1/2

(26)×
〈
0NS0

∥∥{h†
r (γ r),H, hp(γp)

}Λ∥∥0NS0
〉

and

Nrp =
∑

Λ

(−1)S0−Λ−Sf−γrW(γrγpS0S0;ΛSf)(2Λ+ 1)1/2

(27)×
〈
0NS0

∥∥{h†
r (γ r), hp(γp)

}Λ∥∥0NS0
〉

andωf is an IP or an EA to the final state|f(N±1)S0〉〉 which has spinSf . W is the usual
Racah coefficient, andhp(γp) andh†

r (γ r) are tensor operator members of the operator
manifold in equation(24)with ranksγp andγr respectively.
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2.4. Characterization

In this section, for the sake of clarity all reference to tensor coupling in MCSTEP is ig-
nored. Of course, in practical calculations tensor coupling is included and the MCSTEP
equations are blocked according to spatial symmetry as well.

In performing an MCSTEP calculation we first may set up equation (25) using only
the simple electron destruction tensor operators{ar(1/2)} and no transfer operators. The
three subblocks of this matrix for which the indicesr andp both represent inactive (i.e.,
doubly occupied), both active (i.e., partially occupied) and secondary (i.e., unoccupied)
orbitals are then separately diagonalized. A unitary transformation within each of these
three orbital sets is thus obtained. This transformation does not allow the inactive, ac-
tive, or secondary orbitals to mix with each other but, of course, does allow mixing of
the orbitals within each set. CAS MCSCF orbitals can be arbitrarily rotated (or mixed)
with their own kind (inactive with inactive, active with active, and secondary with sec-
ondary) without moving to another point on the MCSCF energy surface[23]. Hence, the
MCSCF reference state energy is unchanged. These transformed orbitals are the same
as those latter proposed and used by Anderson, Malmqvist, Roos, Sadlej, and Wolin-
ski [45].

The state formed with these transformed orbitals and the same MCSCF configuration
state functions (with new state expansion coefficients which diagonalize the CAS MCSCF
CI using the new orbitals) has the same electronic energy and properties as the original
MCSCF state; however, these new MCSCF orbitals better describe simple electron addition
and removal. This rotation of the MCSCF orbitals is analogous to the rotations which
can be used in closed shell SCF calculations among doubly occupied orbitals and also
separately among the virtual orbitals to obtain canonical Hartree–Fock orbitals which have
Koopmans’ theorem orbital energies. In fact, in the limit of a single determinant initial
state for a closed shell system, the orbitals obtained from our rotation procedure are the
canonical Hartree–Fock orbitals and virtual orbitals.

This orbital transformation procedure is useful in obtaining MCSTEP contributions from
primarily only one operator rather than several operators when the IP is a low-lying prin-
cipal IP and thus, serves as an aid in characterization. (A principal IP is one that can be
described as primarily removal of an electron from a single orbital without additional ex-
citation of the remaining electrons. A shake-up IP is one that can be described as primarily
removal of a single electron from an orbital with some additional excitation of the remain-
ing electrons.)

The exact finalN ± 1 electron states|ψ (N±1)SfMf
f 〉 are given by

(28)O
†
f

∣∣ψNS0M0
0

〉
=
∣∣ψ (N−1)SfMf

f

〉
for IPs and

(29)Of
∣∣ψNS0M0

0

〉
=
∣∣ψ (N+1)SfMf

f

〉
for EAs.

The MCSTEP generalized eigenvalue equation (equation(18)) may also be derived making
use of equations (28) and(29)and the “killer” conditions[5,8,52]
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(30)Of
∣∣ψNS0M0

0

〉
= 0 for IPs,

(31)O
†
f

∣∣ψNS0M0
0

〉
= 0 for EAs.

The commutator norm (i.e., superoperator binary product) of theO†
f operator with re-

spect to the initial state is

(32)〈0|
{
Of,O

†
f

}
|0〉 = 〈0|OfO

†
f |0〉 + 〈0|O†

f Of |0〉 = 1.

Using equation(30) the second term is approximately zero for an MCSTEP IP vector
(in the limit of a complete operator manifold and the exact initial state it is exactly zero)
and the first term is approximately zero for an MCSTEP EA vector. This may be used
to help determine whether the obtained MCSTEP eigenvector corresponds to an IP or
an EA.

2.5. EPCASPT2

The equations to be solved in EPCASPT2 is of the form of equations(25)–(27) with
CASPT2 wavefunction as the reference state:

(33)|ψ〉 = X
(
|0〉 + |ψ1〉

)
= X

(
|0〉 +

R∑

j=1

Cj |j〉
)

whereX is the normalization constant,|0〉 is the zeroth-order MCSCF wavefunction,|ψ1〉
is the first-order wavefunction as defined in equation (4) of Andersson, Malquist, and
Roos[46] (hereafter referred to as Anderssonet al.),R states{|i〉} are generated according
to equation (1) of Anderssonet al., and{Ci} are expansion coefficients solved in equa-
tion (3) of Anderssonet al. In this initial implementation, the correction is made only to
the first block of the MCSTEPM andN matrices in which the operator manifold con-
sists of electron removal and creation operators, apσ ′ and a†rσ . The rest of the blocks are
evaluated using an MCSCF wavefunction as the initial state exactly as in MCSTEP. The
explicit formulas of matrix elements Mr,p and Nr,p (shown below without including the
tensor couplings for clarity) in the first block are

(34)

Mrp = 〈ψ |{a†
rσ ,H,apσ ′}|ψ〉

= δσσ ′

(
−hpr 〈ψ |ψ〉 +

∑

q,s

Vqprs〈ψ |a†
qσasσ |ψ〉

−
∑

q,s

Vqprs〈ψ |(a†
qαasα + a†

qβasβ)|ψ〉
)
,

(35)Nrp = 〈ψ |{a†
rσ ,apσ ′}|ψ〉 = δrpδσσ ′〈ψ |ψ〉.

The overlap matrix〈ψ |ψ〉 and one-body spin density matrix elements〈ψ |a†
qσasσ |ψ〉 are

needed. Using the orthonormality conditions in the zeroth-order MCSCF wavefunction,
the value of the overlap matrix is

(36)〈ψ |ψ〉 = 1 +
R∑

i,j=1

C
†
jCi〈j |i〉.
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where the normalization constant is dropped in this and subsequent equations since X2

appears in both equations(34) and (35).
The expansion vectorC is obtained from a CASPT2 calculation. Andersson and

Roos [62] described the computer implementation of CASPT2 in MOLCAS quantum
chemistry software[63]. This information was provided for the users who would mod-
ify the codes. We extractC from MOLCAS codes and use it in the calculation of CASPT2
spin density matrix elements. The spin density matrix elements,〈ψ |a†

qσasσ |ψ〉, can then
easily be evaluated

(37)〈ψ |a†
qσasσ |ψ〉=〈0|a†

qσasσ |0〉 + 〈0|a†
qσasσψ1 + 〈ψ1|a†

qσasσ |0〉
+ 〈ψ1|a†

qσasσ |ψ1〉.
The first term in the equation above is an MCSCF spin density matrix element. The other
terms are transition spin density matrix elements that can be evaluated once the expan-
sion coefficient vectorC is obtained. The last terms, for example, may be evaluated as
follows:

(38)〈ψ1|a†
qσasσ |ψ1〉 =

R∑

i,j=1

C
†
jCi〈j |a†

qσasσ |i〉.

By writing the equation above in a matrix form, removing the linear dependencies in
states{|i〉}, and using the othogonalized states, the following formula is obtained

(39)ρ(2) = ˜̃C†T†AT˜̃C

where Apq = 〈j |a†
qσasσ |i〉 andρ(2)pq = 〈ψ1|a†

qσasσ |ψ1〉. The vector̃̃C and matrixT are
described in equations (15)–(17) of Andersonet al. and can be extracted from CASPT2
codes.

In this initial implementation of EPCASPT2 the remaining blocks of the MCSTEP ma-
trices are not corrected by perturbation theory. In addition, the operator manifold we use in
EPCASPT2 is the same as that in MCSTEP. Hence, because block one is the most impor-
tant block for low-lying principal IPs, we expect that the lowest few principal ionization
potentials that are usually well-determined with MCSTEP will be slightly improved and,
in the very few cases where MCSTEP does not do that well for an IP usually because of a
too small CAS choice, the use of a CASPT2 initial state should significantly improve the
value of this IP.

3. SOME RECENT CALCULATIONAL EXAMPLES WITH MCSTEP
AND EPCASPT2

Since 1983 there have been several calculations reported with MCEP and MCSTEP
[19,23–44,64]. These have demonstrated the reliability and accuracy of MCEP and
MCSTEP. Typically, for low-lying principal IPs (under 20 eV) and EAs with reasonable
choices of a complete active space (CAS) accuracy is about±0.2 eV when compared
with 
 full configuration interaction (FCI) or experiment. Initial calculations show that
accuracy is significantly improved with EPCASPT2.
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For most of the calculations reported below Dunning cc-pVXZ (X= D, T, Q) basis sets
are used[65]. For convenience these basis sets will typically simply be labeled pVXZ,i.e.,
without the “cc”.

3.1. O2 [32,33]

The O2 X2Σ−
g ground state principal configuration is 1σ 2

g 1σ 2
u 2σ 2

g 2σ 2
u 3σ 2

g 1π4
u 1π2

g . In
order to demonstrate the accuracy of MCSTEP for vertical IPs we report these IPs at 2.282
a.u. (1.208 Å), the neutral O2 X2Σ−

g equilibrium experimental geometry and compare our
results with experiment[66–69]and some other recent methods[17,70].

In Table 1we compare the vertical MCSTEP IPs using the pVTZ and pVTZ++ basis
sets with IPs calculated using the techniques coupled-cluster electron propagator theory
(CC-EPT)[17] and the Fock space multireference coupled-cluster method (FSMRCC)[70]
using the same basis sets and at the same geometry[33]. Experimental vertical IPs are also
listed[66].

The IPs to the same states obtained with both MCSTEP and CC-EPT are fairly close
to each other and also to experiment. The MCSTEP IPs are, however, very slightly less
sensitive to details of the basis set. The IPs differ by only 0.08–0.09 eV in going from
the pVTZ to the pVTZ++ bases for the X2Πg, a4Πu, b4Σ−

g and c4Σ−
u states, while the

CC-EPT differ by 0.09–0.10 eV for these states. CC-EPT results were not reported for the
other cation states listed inTable 1.

In Table 2we present comparison calculations between MCSTEP and FSMRCC using
pVQZ and pVQZ++ basis sets in addition to the pVTZ and pVTZ++ basis sets reported

Table 1. Vertical principal ionization potentials of O2 at R = 2.282 a.u.: Comparison
among the forefront methods MCSTEP,a CC-EPT(R)b and FSMRCCSDc using pVTZ
and pVTZ++ basis setsd

Ion
state

MCSTEP CC-
EPT(R)

FSMR-
CCSD

MCSTEP CC-
EPT(R)

FSMR-
CCSD

Expt.

pVTZ pVTZ pVTZ pVTZ++ pVTZ++ pVTZ++ PESe

X2Πg 12.12 12.34 12.16 12.21 12.43 12.24 12.3
a4Πu 16.72 16.55 16.74 16.80 16.64 16.80 16.8
A2Πu 17.76 17.84 17.7
b4Σ−

g 18.47 18.13 18.12 18.55 18.23 18.21 18.4
B2Σ−

g 20.68 20.75 20.7
2Πu 24.21 24.29 24.0
c4Σ−

u 24.94 24.86 24.55 25.03 24.63 24.6

a Ref. [33].
b Coupled-Cluster Electron Propagator Theory (CC-EPT)[17].
c Fock Space Multireference Coupled-Cluster Method (FSMRCCSD)[70].
d All results are in eV. For basis sets see Ref.[65].
e Ref. [66].
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Table 2. Vertical principal ionization potentials of O2 at R = 2.282 a.u.: Comparison
among MCSTEP,a FSMRCCSDb and
CCSD(T) using pVQZ and pVQZ++ basis setsc

Ion
state

MCSTEP FSMR
CCSD

MCSTEP FSMR
CCSD


CCSD(T) Expt.

pVQZ pVQZ pVQZ++ pVQZ++ pVQZ++ PESd

X2Πg 12.16 12.34 12.19 12.37 12.39 12.3
a4Πu 16.76 16.90 16.79 16.93 16.76 16.8
A2Πu 17.80 17.83 17.7
b4Σ−

g 18.51 18.31 18.54 18.34 18.26 18.4
B2Σ−

g 20.72 20.74 20.7
2Πu 24.25 24.28 24.0
c4Σ−

u 24.97 24.71 24.99 24.74 24.82 24.6

a Ref. [33].
b Fock Space Multireference Coupled-Cluster Method (FSMRCCSD)[70].
c All results are in eV. For basis sets see Ref.[65].
d Ref. [66].

in Table 1. (Note that no CC-EPT results have been reported using pVQZ and pVQZ++
basis sets.) The same features are apparent when comparing MCSTEP with FSMRCC in
Tables 1 and 2as with the comparison of MCSTEP with CC-EPT inTable 1, namely
that both methods give accurate vertical ionization potentials compared to experiment, that
MCSTEP appears to be less sensitive to basis set choice than the FSMRCC approach (i.e.,
the MCSTEP IPs differ by 0.07, 0.07, 0.07 and 0.05 eV while the FSMRSDCC IPs differ
by 0.21, 0.19, 0.22, and 0.19 eV comparing the largest (pVQZ++) with the smallest basis
(pVTZ) listed for the X2Πg, a4Πu, b4Σ−

g and c4Σ−
u states, respectively) and that for the

FSMRCC approach IPs to certain cation states were not reported.
Also given inTable 2are reported coupled cluster singles + doubles with perturbative

triples (
CCSD(T)) IPs using the pVTZ++ basis set[70]. These results appear to be about
as accurate compared to experiment as the other results reported inTables 1, 2.

We would like to point out that all of these methods (MCSTEP, CC-EPT, FSMRCC, and
CCSD(T)) are apparently very accurate and reliable for determining vertical ionization
potentials. MCSTEP may have some advantages in being slightly less sensitive to basis
set variations (provided, of course, that the basis sets are of at least of double-zeta with
polarization quality) and in being capable of determining accurate IPs for more states when
the initial state is open shell.

3.2. Electron affinity of CH2 [29]

The core-valence parts of the basis sets we have chosen for CH2 were obtained from the
standard Dunning pVTZ sets[65]. We designate that part of our basis sets inside〈. . .〉. The
pVTZ bases are〈4s3p2d1f〉 on C and〈3s2p1d〉 on the H’s. For CH2 the basis is listed as
〈4s3p2d1f/3s2p1d〉. For several calculations on both systems we modified the pVTZ bases
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by deleting the f function on C,i.e., 〈4s3p2d〉, and the d function as well on the H’s in CH2,
i.e., 〈4s3p2d/3s2p〉.

For some basis sets we also included one g function on C for CH2. Our initial choice for
this exponent was the pVQZ exponent, 1.011[65].

In order to properly account for the more diffuse anion charge clouds we added sets
of diffuse functions to the core-valence (pVTZ and modified pVTZ) basis sets. These are
indicated by+ (. . .). The additional diffuse functions were chosen by adding functions
with exponents determined from the geometric ratio of the two smallest pVTZ exponents
of functions of the same symmetry that were on the same center. If there were not two
pVTZ functions of the same symmetry on the same center then the geometric ratio was
obtained from the exponents of the next lower “angular momentum” functions where there
were at least two sets of pVTZ functions.

All six d function components, ten f function components, and fifteen g function com-
ponents were included in our basis sets.

The geometries we used for CH2 were the same as were used by Noro and Yoshimine[71]
for their EA calculations. They obtained these optimized second order configuration in-
teraction (SOCI) geometries using a contracted Cartesian Gaussian basis set (CGTO)
supplemented with extra diffuse functions to[6s4p2d/3s1p]. They call this their TZP basis.
Noro and Yoshimine also performed larger total electronic energy calculations at the TZP
SOCI geometries using the TZP basis, a[13s10p5d3f/5s2p1d] basis which they call EXTF
and a[13s10p5d3f2g/5s2p1d] basis which they call EXTG. Noro and Yoshimine do not
include an estimate zero point vibrational corrections in their reported EAs. We also do not
include an estimate of zero point vibrational corrections in any of our results.

Even though single particle Green’s function techniques give both IPs and EAs directly,
for calculational simplicity in determining EAs the MCSTEP initial state should be the
N + 1 electron system. That is, an electron affinity should be calculated as the lowest ion-
ization energy of the ground state of the negative ions. This is because the charge cloud
in a neutral reference state is not sufficiently diffuse to properly also describe an anion.
Hence, Green’s function methods must incorporate considerably more operators to prop-
erly describe electron attachment to a neutral rather than to describe ionization from the
anion. For all the MCSTEP EA calculations we report here[29], the electron affinities were
determined as the lowest ionization potentials of the ground states of the anions.

For calculational convenience we chose an MCSCF initial state with a complete active
space (CAS) set of configurations. That is, all configurations were included that could be
obtained from all possible arrangements of a certain number of electrons in a chosen set of
orbitals. CAS choices for MCSTEP are discussed extensively in Refs.[19,27,31,34–38].

A full valence MCSCF CAS was used for the CH−
2 X2B1 reference state,i.e., seven

electrons in the (2a11b23a11b12b24a1) orbitals.
Since single particle Green’s function methods determine only vertical IPs and EAs,

adiabatic corrections must be included in order to obtain the adiabatic EAs for CH2. For
the adiabatic EAs reported here, the MCSTEP vertical EAs were determined as the low-
est IP from the anion ground state at the geometry of the neutral X3B1 ground state. The
adiabatic EAs were then calculated by adding to the vertical EAs the energy differences
between the anionic X2B1 total electronic energy at the neutral ground state X3B1 geom-
etry and the X2B1 total electronic energy at the X2B1 anionic ground state geometry. The
total electronic energies we used for the adiabatic corrections were determined by either
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MCSCF or by multireference singles+ doubles CI[72–75]with quadruples estimated by
a Davidson correction[76].

We also make several difference (
) calculations using multireference singles and
doubles configuration interaction (MRSDCI) and multireference singles and doubles
configuration interaction with quadruples estimated using a DV3 Davidson correction
(MRSDCI+Q) for both the neutral and cation states. In order to have a direct calculational
comparisons, all of our
MRCI calculations reported here are at the same CH2 geometries
and using the same C and CH2 basis sets as the corresponding MCSTEP calculations. As
was previously noted above, the CH2 geometries we used are the same as were used by
Noro and Yoshimine.

The multireference CAS used for the CH2 and CH−
2 MRCI calculations was the full va-

lence CAS,i.e., (2a11b23a11b12b24a1). MCSCF orbitals were generated for each state of
interest at each geometry of interest using these CASs. These orbitals were subsequently
used for their respective MRCIs. For the MRSDCI and MRSDCI+ Q calculations, in ad-
dition to the CAS configurations all configurations of the desired symmetry were included
that involved single and double excitations from the CAS reference configurations. No
configurations were included that involved excitations from the core orbital,i.e., the 1a1 in
CH2 or CH−

2 .
Our CH2
MRSDCI,
MRSDCI+Q and MCSTEP adiabatic EAs are listed inTable 3.

Table 3MCSTEP EAs are the MCSTEP vertical EAs at the3B1 geometry corrected with

MRSDCI+ Q adiabatic corrections. The “best basis” adiabatic EA is 0.6306 eV using
MRSDCI+Q and 0.6356 eV using MCSTEP (with
MRSDCI+Q adiabatic corrections).
Experiment is 0.628± 0.031 eV[77].

Even with a basis as small as〈4s3p2d/3s2p〉 + (2s2p1d/1s), the adiabatic

MRSDCI+ Q EA agrees closely with experiment almost to within experimental er-
ror. The 〈4s3p2d1f1g/3s2p1d〉 + (2s2p2d1f/1s1p1d) 
MRSDCI + Q EA agrees with
experiment to within experimental error. MCSTEP (with
MRSDCI + Q adiabatic cor-
rections) agrees with experiment to within experimental error with bases as small as
〈4s3p2d/3s2p〉 + (2s2p2d/1s1p) and 〈4s3p2d1f/3s2p1d〉 + (2s2p1d/1s). None of our

MRSDCI results agrees with experiment.

Also given in Table 3are some adiabatic EAs calculated by others. From this table
it is obvious that in order to obtain very accurate EAs for CH2 
CI calculations at the

MRSDCI+ Q level or MCSTEP (with
MRSDCI+ Q adiabatic corrections) should be
done in general.
SDCI+Q and
MRSDCI are not adequate for very accurate CH2 EAs. It
is also obvious from our EAs (“This work”) that basis sets with large numbers of additional
diffuse s, p, d, and f functions in addition to a good core-valence basis are not necessary
and also that relatively few functions with angular momentum higher than d are needed.
However, a few additional diffuse functions are necessary,e.g., +(2s2p2d1f/1s1p1d).

3.3. IPs of O3 [36,38]

We use pVXZ basis sets where X= D, T, Q (i.e., double, triple, quadruple)[65]. For
all basis sets used for the calculations reported here we retained only the spherical com-
ponents,i.e., five d-components, seven f-components, and nine g-components. In O3 the
pVDZ (〈3s2p1d〉 on each nucleus) contains 42 basis functions, the pVTZ (〈4s3p2d1f〉 on
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Table 3. Summary of the best results for the adiabatic EAs of CH2

Basisa Method EA (eV) Reference

[6s5p2d/4s2p] MRSDCI 0.2519 This work[29]
[6s5p2d/4s2p] MRSDCI+ Q 0.4416 This work[29]
[6s5p2d/4s2p] MCSTEP 0.5872b This work[29]
[6s5p4d/4s3p] MRSDCI 0.3190 This work[29]
[6s5p4d/4s3p] MRSDCI+ Q 0.5295 This work[29]
[6s5p4d/4s3p] MCSTEP 0.6114b This work[29]
[6s5p3d1f/4s2p1d] MRSDCI 0.3549 This work[29]
[6s5p3d1f/4s2p1d] MRSDCI+ Q 0.5702 This work[29]
[6s5p3d1f/4s2p1d] MCSTEP 0.6239b This work[29]
[6s5p4d1f/4s3p1d] MRSDCI 0.3615 This work[29]
[6s5p4d1f/4s3p1d] MRSDCI+ Q 0.5792 This work[29]
[6s5p4d1f/4s3p1d] MCSTEP 0.6270b This work[29]
[6s5p4d2f1g/4s3p2d] MRSDCI 0.4067 This work[29]
[6s5p4d2f1g/4s3p2d] MRSDCI+ Q 0.6306 This work[29]
[6s5p4d2f1g/4s3p2d] MCSTEP 0.6356b This work[29]
[5s3p2d/2s1p] + b.f. MRDCI + Q 0.32 Shihet al. [78]
[9s7p2d/6s2p] SDCI+ Q 0.30 Felleret al. [79]
[6s4p2d/3s1p] MRSDCI 0.227 Noro and Yoshimine[71]
[6s4p2d/3s1p] MRSDCI+ Q 0.266 Noro and Yoshimine[71]
[13s10p5d3f/5s2p1d] SDCI+ Q 0.454 Noro and Yoshimine[71]
[13s10p5d3f/5s2p1d] MRSDCI 0.544 Noro and Yoshimine[71]
[13s10p5d3f/5s2p1d] MRSDCI+ Q 0.577 Noro and Yoshimine[71]
[13s10p5d3f2g/5s2p1d] SDCI+ Q 0.472 Noro and Yoshimine[71]
[13s10p5d3f2g/5s2p1d] MRSDCI 0.559 Noro and Yoshimine[71]
[13s10p5d3f2g/5s2p1d] MRSDCI+ Q 0.604 Noro and Yoshimine[71]
Experiment 0.628± 0.031 Leopoldet al. [77]

a The CGTO basis sets in this column are listed in square brackets to indicate the total number of
(contracted) functions regardless of whether or not they are core-valence or added diffuse functions.
Thus, our 〈4s3p2d/3s2p〉 + (2s2p/1s) basis is listed as[6s5p2d/4s2p], our 〈4s3p2d/3s2p〉 + (2s2p2d/
1s1p) as [6s5p4d/4s3p], our 〈4s3p2d1f/3s2p1d〉 + (2s2p1d/1s) as [6s5p3d1f/4s2p1d], our 〈4s3p2d1f/
3s2p1d〉 + (2s2p2d/1s1p) as [6s5p4d1f/4s3p1d], and our 〈4s3p2d1f1g/3s2p1d〉 + (2s2p2d1f/1s1p1d) as
[6s5p4d2f1g/4s3p2d]. Our basis sets are listed this way in order to more clearly indicate the total number of
functions present for comparison with the work of others. For details see the text.
b The added adiabatic correction is
MRSDCI+ Q. See the text.

each nucleus) contains 90 basis functions, and the pVQZ (〈5s4p3d2f1g〉 on each nucleus)
contains 165 basis functions.

We apply a 3-parameter exponential fitting function first described in Ref.[80] to esti-
mate values at the complete basis set (CBS) limit:

(40)A(x) = ACBS + Be−Cx
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wherex = 2,3, and 4 for DZ, TZ, and QZ basis sets. In our case, the A(x) values are the
MCSTEP IPs obtained using pVDZ, pVTZ and pVQZ basis sets.

The geometry we used in this calculation is the same as that used by Barysz, Rit-
tby, and Bartlett[81], i.e., C2V geometry with bond angle 117.4◦ and bond length
2.387 a.u. This is the experimental geometry. The ground state principal configura-
tion of O3 is 1a211b2

22a2
13a2

12b2
24a2

15a2
11b2

13b2
24b2

26a2
11a2

2. Inclusion of the configuration
1a2

11b2
22a2

13a2
12b2

24a2
15a2

11b2
13b2

24b2
26a2

12b2
1 is also needed for adequately describing the

neutral1A1 ground state since it is necessary to properly describe the important contribu-
tion of biradical structure to the ground state[82–86]. Thus, perturbative Green’s function
approaches (which are based on a single determinant ground state corrected by perturba-
tion theory) should not be adequate for describing the IPs of O3 [12,87]. However, since
MCSTEP uses a multiconfigurational initial state, MCSTEP IPs should be accurate and
reliable.

The complete active space (CAS) we used for these MCSTEP calculations was cho-
sen by a method described previously in detail[31,35,37]—it is composed of the highest
three (in energy) occupied orbitals from the SCF calculation and the next three (in en-
ergy) unoccupied orbitals regardless of symmetry. This CAS has been previously demon-
strated to give accurate and reliable MCSTEP IPs for several systems tested to date.
Thus the CAS for these MCSTEP calculations is composed of all possible configura-
tions of six electrons in the (4b26a11a22b17a15b2) orbitals. For the neutral1A1 ground
state there are only 104 determinants. Note that this CAS choice along with the 5a1, 1b1,
and 3b2 orbitals represents all the orbitals that can be obtained from the 2p atomic or-
bitals and that the CAS includes both the 1a2

11b2
22a2

13a2
12b2

24a2
15a2

11b2
13b2

24b2
26a2

11a2
2 and

the 1a211b2
22a2

13a2
12b2

24a2
15a2

11b2
13b2

24b2
26a2

12b2
1 configurations (as well as others) in the1A1

ground state.
We report in this subsection MCSTEP IPs to hundredths of eV in order to compare with

experimental results for the vertical IPs which are reported to this accuracy[87]. From
the observed photoelectron spectroscopy peaks it is somewhat unclear, however, where the
exact position of the maxima occur since the three lowest IPs are fairly close in energy
and these peaks overlap. There has also been some controversy about their assignment
[12,87].

In Table 4we report the lowest three MCSTEP IPs using the pVDZ, pVTZ, and pVQZ
basis sets as well as the complete basis set limit (CBS) IPs. With all of the basis sets
used inTable 4, MCSTEP gives IPs in very good to excellent agreement with experiment.
The pVDZ MCSTEP IPs inTable 4differ from the vertical IPs reported experimentally
by −0.02, −0.16, and−0.24 eV and the pVTZ MCSTEP IPs differ from experiment by
0.12, −0.08, and−0.19 eV for the2A1 (6a1)

−1, 2B2 (4b2)
−1, and 2A2 (1a2)

−1 states
respectively. The pVQZ MCSTEP IPs inTable 1differ from experiment by 0.14,−0.02,
and−0.12 eV for the2A1 (6a1)

−1, 2B2 (4b2)
−1, and2A2 (1a2)

−1 states respectively. The
CBS limit MCSTEP IPs differ from experiment by 0.14, 0.16, and−0.01 eV for the2A1

(6a1)
−1, 2B2 (4b2)

−1, and2A2 (1a2)
−1 states respectively.

Other low-lying principal IPs for O3 include the2A1 (5a1)
−1, the2B2 (3b2)

−1, and the
2B2 (1b1)

−1. Since the 5a1, 3b2, and 1b1 orbitals are outside of the CAS, these principal
IPs calculated with MCSTEP are not expected to be as accurate as those for the three lowest
IPs and so they are not listed in the tables or reported in this paper.

Using a single-reference state perturbational electron propagator theory method known
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Table 4. O3 MCSTEP vertical IPs using several different standard basis setsa

Ion state pVDZb pVTZb pVQZb CBSc Experimentd

2A1 (6a1)
−1 12.71 12.85 12.87 12.87 12.73

2B2 (4b2)
−1 12.84 12.92 12.98 13.16 13.00

2A2 (1a2)
−1 13.30 13.35 13.42 13.53 13.54

a All results in eV. The MCSTEP IPs are reported to hundredths of an eV for comparison with experimentally
reported vertical IPs.
b Basis sets from Ref.[65].
c Complete basis set limit from equation(40).
d Ref. [87]. The authors report experimental photoelectron spectroscopy (PES) values for vertical IPs to 0.01 eV.

as T1, Ortiz[88] obtained 12.54, 12.67, and 13.19 eV for IPs to the2A1, 2B2, 2A2 states
respectively with the pVDZ basis set and 12.98, 13.10, and 13.52 eV with the pVTZ basis
set. When an approximate Brueckner doubles reference state (BD-T1) was used instead,
thus incorporating some non-dynamical correlation, the results were 12.10, 12.29, and
13.27 eV with the pVDZ basis set and 12.51, 12.68, and 13.53 eV with the pVTZ basis
set[88].

3.4. MCSTEP and EPCASPT2 calculations on NH2 and CH3

We have applied MCSTEP and EPCASPT2 to evaluate the low-lying principal IPs of Be
and several small molecules[44,89]. In this review, we present and discuss the low-lying
MCSTEP and EPCASPT2 principal IPs of NH2 and CH3 using correlation consistent (cc-)
pVDZ, pVTZ, and pVQZ Gaussian basis sets[65] with the only spherical components
(e.g., 1s, 3p′s, 5d′s, 7f′s,etc.) retained. In addition we estimate the complete basis set limit
using equation(40).

We compared EPCASPT2 results to the results of the
 full configuration interaction
(FCI) calculations if the FCI calculations were possible with our computational resources,
as well as to multireference configuration interaction calculations with single excitations,
double excitations, and Davidson’s correction as an approximation for the quadruple ex-
citations (
MRSDCI + Q) calculations. (A
FCI (
MRSDCI + Q) IP is obtained by
subtracting the FCI (MRSDCI+ Q) energy of the ground state neutral from the FCI
(MRSDCI + Q) energy of the cation state of interest.) We note that MRCI calculations
are not size consistent, in general. The FCI and MRSDCI+Q calculations were performed
using the MOLPRO 2000 program package[90–92]. The FCI method provides the exact
solution to the Schrödinger equation for the chosen basis sets and geometry, and, hence,
may be used as a benchmark for the calculations using a newly-developed method, such as
EPCASPT2. In cases where
FCI IPs could not be obtained with cc-pVTZ and cc-pVQZ
basis sets due to the limitations in our computational resources, we have shown that our

MRSDCI + Q IPs are good approximations to
FCI IPs using smaller basis sets. We
then use
MRSDCI + Q IPs for comparison with MCSTEP and EPCASPT2 with the
larger basis sets.
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3.4.1. Ionization potentials of NH2 [43]

The principal electron configuration of the X2B1 ground state of NH2 is 1a2
1 2a2

1 1b2
2 3a2

1
1b2

1.
Previously we reported MCSTEP calculations using a full valence CAS,i.e., all possible

arrangements of seven electrons in the (2a1 1b2 3a1 1b1 2b2 4a1) orbitals, as well as an
optimal balanced CAS,i.e., all possible arrangements of five electrons in the (1b2 3a1
1b1 2b2 4a1 3b2) orbitals [31,37]. The calculations were performed at the experimental
geometry (i.e., the HNH angle is 103.30◦ and the bond length is 1.93508 a.u.)[93–96]and
employed several different basis sets.

Recently, Stephens, Yamaguchi and Schaefer[97] have calculated NH2 vertical ioniza-
tion potentials to the lowest three ion states. Using a TZ3P(2f,2d)+ two sets of diffuse
functions basis set, they reported IPs of 11.96, 12.40 and 14.09 eV using CASSCF-SOCI
for IPs to the3B1 (3a1)

−1, 1A1 (1b1)
−1, and1B1 (3a1)

−1 states respectively. Using the
same basis set and CCSD(T) their vertical IPs to the3B1 (3a1)

−1 and1A1 (1b1)
−1 states

were 12.01 and 12.46 eV. (They did not report the vertical IP to the1B1 (3a1)
−1 state using

CCSD(T).) Experimental vertical IPs are 12.00, 12.45 and 14.27 eV to the3B1 (3a1)
−1,

1A1 (1b1)
−1, and1B1 (3a1)

−1 states respectively[98,99].
We used two CAS choices—one was our usual choice for MCSTEP which almost gives

excellent MCSTEP low-lying IPs and another CAS that should be inadequate for some of
the low-lying MCSTEP IPs. By comparing EPCASPT2 IPs with MCSTEP IPs, we demon-
strated the effects of adding more dynamical correlation in the initial state on the ionization
potentials with our single particle Green’s function method MCSTEP,i.e., EPCASPT2.

MCSTEP and EPCASPT2 calculations were performed at the experimental geometry.
We report here only the optimal balanced CAS as explained above,i.e., our usual and
better of our two CASs. For convenience this CAS will be called the (5,6) CAS. All calcu-
lations are done with the cc-pVDZ, cc-pVTZ, and cc- pVQZ basis sets where the spherical
components (1s, 3p′s, 5d′s, 7f′s,etc.) are retained.

We also performed full configuration interaction (FCI) calculations on the ground state
and the first five ion states of NH2 to determine the first five low-lying vertical
FCI IPs
of NH2. The calculations were performed using the same cc-pVDZ basis set at the same
(experimental) geometry as the MCSTEP and EPCASPT2 calculations. Since
FCI calcu-
lations using cc-pVTZ and cc-pVQZ basis sets were not possible with our computational
resources, we performed
MRSDCI+Q calculations to approximate
FCI IPs with these
basis sets. The MCSCF initial states for the MRSDCI+ Q calculations have the (5,6) CAS
explained above for the neutral. For the cation states the CAS for the MRSDCI+ Q calcu-
lations is four electrons in the same six orbitals.

With the (5,6) CAS, three strongly occupied and three weakly occupied orbitals are in-
cluded. There are 76MS = 0.5 determinants generated for the ground state. This CAS is an
“optimal” MCSTEP CAS for the low-lying valence principal IPs. Since the strongly occu-
pied 1b2, 3a1, 1b1 are in this CAS, we expect very good principal MCSTEP IPs involving
primarily electron removal from these orbitals.

EPCASPT2 IPs are compared with MCSTEP, MRSDCI+ Q, and FCI IPs inTable 5.
Using cc-pVDZ basis set at the experimental geometry, MCSTEP and EPCASPT2 IPs

are in very good to excellent agreement compared to
FCI IPs. MCSTEP IPs differ from

FCI IPs by−0.05, 0.09, 0.08, 0.20, and 0.25 eV for ionization to the3B1 (3a1)

−1, 1A1

(1b1)
−1, 1B1 (3a1)

−1, 3B2 (1b2)
−1, and1B2 (1b2)

−1 states respectively. For the same ion
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Table 5. Vertical ionization potentials of NH2 (in eV) determined using MCSTEP and
EPCASPT2 with the (5,6) CASa,b

Basis setc Ion states MCSTEP EPCASPT2 
MRSDCI+ Qa,b 
FCIb

cc-pVDZ 3B1 (3a1)
−1 11.40 11.46 11.44 11.45

1A1 (1b1)
−1 12.09 12.10 11.99 12.00

1B1 (3a1)
−1 13.82 13.80 13.73 13.74

3A2 (1b2)
−1 16.48 16.40 16.28 16.28

1A2 (1b2)
−1 17.87 17.77 17.59 17.62

cc-pVTZ 3B1 (3a1)
−1 11.67 11.71 11.86

1A1 (1b1)
−1 12.30 12.31 12.31

1B1 (3a1)
−1 14.03 14.07 13.99

3A2 (1b2)
−1 16.68 16.70 16.55

1A2 (1b2)
−1 18.08 17.98 17.81

cc-pVQZ 3B1 (3a1)
−1 11.74 11.89 11.98

1A1 (1b1)
−1 12.34 12.36 12.40

1B1 (3a1)
−1 14.07 14.07 14.07

3A2 (1b2)
−1 16.73 16.71 16.65

1A2 (1b2)
−1 18.13 18.00 17.87

CBS 3B1 (3a1)
−1 11.77 11.91 12.03

limitd 1A1 (1b1)
−1 12.36 12.38 12.44

1B1 (3a1)
−1 14.09 14.07 14.11

3B2 (1b2)
−1 16.75 16.71 16.71

1A2 (1b2)
−1 18.15 18.00 17.91

a The CAS for the (neutral) initial state and transfer operators consists of all possible arrangements of five elec-
trons in the (3a1 4a1 1b1 1b2 2b2 3b2) orbitals. For the cation states the CAS for the MRSDCI+ Q calculations
is four electrons in the same six orbitals.
b The geometry is explained in the text.
c The cc-pVDZ, cc-pVTZ, and cc-pVQZ basis sets are from Dunning[65] with only the spherical components
retained.
d The complete basis set limit formula is equation(40) in the text.

states and using the same basis set and geometry the differences between EPCASPT2 IPs
and
FCI IPs are 0.01, 0.10, 0.06, 0.12, and 0.15 eV.

Using the cc-pVDZ basis set,
MRSDCI+ Q IPs are essentially the same as
FCI IPs,
differing by −0.01, −0.01, −0.01, 0.00 eV, and−0.03 eV for ionization to the first five
ion states. Therefore, the results of our
MRSDCI + Q calculations are expected to be
excellent approximations to
FCI calculations in determining the low-lying IPs of NH2
for basis sets larger than cc-pVDZ.

The first five MCSTEP and EPCASPT2 IPs in other basis sets are also in very good to
excellent agreement compared to
MRSDCI+Q IPs. Using the cc-pVTZ basis set, the first
five MCSTEP IPs reported inTable 5differ from
MRSDCI+ Q IPs by−0.19, −0.01,
0.04, 0.13, and 0.27 eV. For the same ion states and basis set, the differences between
EPCASPT2 IPs and
MRSDCI+Q IPs are−0.15, 0.00, 0.08, 0.15, and 0.17 eV. The first
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five IPs obtained using MCSTEP with the cc-pVQZ basis set differ from
MRSDCI +
Q IPs by−0.24, −0.06, 0.00, 0.08, and 0.25 eV. For the same ion states and basis set,
EPCASPT2 IPs differ from
MRSDCI+Q IPs by−0.09,−0.04, 0.00, 0.06, and 0.12 eV.

In Table 5we also report the first five IPs at the CBS limit determined using EPCASPT2,
MCSTEP, and
MRSDCI+ Q. The MCSTEP IPs to these five low-lying states are 11.77,
12.36, 14.09, 16.75, and 18.15 eV respectively; EPCASPT2 IPs are 11.91, 12.38, 14.07,
16.71, and 18.00 eV respectively; and the
MRSDCI + Q IPs are 12.03, 12.44, 14.11,
16.71, and 17.91 eV respectively.

3.4.2. Ionization potentials of CH3 [44]

The principal ground state configuration of CH3 is X2A′′
2 (1a′

1)
2 (2a′

1)
2 (1e′)4 (1a′′

2)
1. The

first adiabatic IP has been determined experimentally at 9.843± 0.001 eV[100,101]. The
equilibrium ground state geometries of the cation and the neutral are about the same so
the vertical and the adiabatic IPs are nearly equal. This IP is the CH+

3 (
1A′

1) ← CH3(
2A′′

2)

transition. Dixon and co-workers[102] recently reported the results of calculations to deter-
mine the first vertical and adiabatic IP of CH3 using the coupled cluster method with single
and double excitations and with non-iterative correction to the triple excitation (CCSD(T)).
The result of their calculations at the CBS limit was 9.78 eV for the vertical IP.

We have used MCSTEP to calculate the lowest two IPs of CH3. Calculations were
done at the experimental geometry (i.e., planar D3h with a bond length of 1.079 Å) us-
ing spherical correlation consistent pVDZ, pVTZ, and pVQZ basis sets. The optimal
MCSTEP CAS used in all calculations includes all possible arrangement of 5 electrons
in the (1e′1a′′

23a′
12e′) orbitals.

We have also performed full configuration interaction calculations on the ground state
and the first two ion states of CH3. The calculations employ the cc-pVDZ basis set at
the experimental geometry. Due to the limitations in our computational resources, FCI
calculations using cc-pVTZ and cc-pVQZ basis sets were not possible.

To approximate
FCI IPs at the cc-pVTZ and cc-pVQZ basis sets we have performed

MRSDCI + Q calculations using cc-pVTZ and cc-pVQZ basis sets in addition to the
cc-pVDZ basis set. Our
MRSDCI+ Q calculations were also at the experimental geom-
etry of the neutral. The reference CAS used was the same as that used for MCSTEP and
EPCASPT2. For the cation states only four electrons were present in the (1e′1a′′

23a′
12e′)

orbitals.
The first two IPs of CH3 obtained using different methods are reported inTable 6.
With the cc-pVDZ basis set,
MRSDCI + Q IPs differ from
FCI IPs by−0.01 and

−0.02 eV for the first two ion states respectively. Therefore, as with NH2, we expect the
results of the
MRSDCI+Q calculations to be in excellent agreement compared to
FCI
results with cc-pVTZ and cc-pVQZ basis sets.

Using the cc-pVDZ basis set the MCSTEP IP for the first ionic state is lower by
0.39 eV compared to the
FCI IP. Using the cc-pVTZ and cc-pVQZ basis sets respec-
tively, MCSTEP IPs for the first ion state differ from
MRSDCI+ Q IPs by−0.50 and
−0.54 eV respectively.

We have also performed MCSTEP calculations using a larger CAS,i.e., all possible
configurations of seven electrons in the (2a′

11e′1a′′
23a′

12e′) orbitals. Our MCSTEP IP for
the lowest ion state with this large CAS still differs by as much as−0.51 eV compared to

FCI or
MRSDCI+ Q IPs.
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Table 6. Vertical ionization potentials of CH3 (in eV) determined using MCSTEP and
EPCASPT2 compared with other methodsa

Basis
set

Ion
states

MCSTEPb EPCAS-
PT2b


MRSDCI
+ Qb,c


FCI 
MC-
SCFb,c


CAS-
PT2b,c

pVDZ 1A′
1 9.13 9.44 9.51 9.52 8.76 9.57

3E 14.73 14.72 14.72 14.74 14.32 14.63

pVTZ 1A′
1 9.20 9.54 9.70 8.77 9.78

3E 14.82 14.83 14.91 14.34 14.79

pVQZ 1A′
1 9.21 9.60 9.75 8.78 9.84

3E 14.86 14.88 14.97 14.39 14.85

CBS 1A′
1 9.21 9.69 9.77 8.81 9.86

limitd
3E 14.89 14.92 15.00 14.31 14.90

a Geometries are explained in the text. With the cc-pVDZ, cc-pVTZ, and cc-pVQZ basis sets[65] only spherical
components are retained.
b Neutral state CAS consists of all possible arrangements of 5 electrons the (1e′1a′′23a′12e′) orbitals.
c Cation state CAS consists of all possible arrangements of 5 electrons the (1e′1a′′23a′12e′) orbitals.
d Complete basis set limit (CBS) formula is given in the text (equation(40)).

The low values of MCSTEP IPs are due to the fact that some important dynamical cor-
relation effects are neglected in the initial MCSCF state. For all previous cases, MCSTEP
with our choice of an optimal CAS for the initial state provided IPs with better agreement
compared to
FCI,
MRSDCI+Q, and experimental low-lying vertical IPs. A reason for
this can be seen by realizing that the orbitals in simple valence MO theory result with no
orbitals to provide any in-out correlation for the out of plane singly occupied 3a′

1 orbital.
This is also exhibited by the standard CAS choices we use for MCSTEP (3 highest HOMOs
and 3 lowest SCF LUMOs are used as initial guesses and symmetries for the CAS MCSCF
orbitals). Hence, the neutral’s energy is too high. This effect is corrected by “dynamical”
correlation. For example, with the pVTZ basis set there are several more than typical un-
occupied orbitals with fairly low-lying eigenvalues of the Lagrangian for the CH3 neutral
ground state (e.g.,<0.4 a.u.). It is these that will contribute significantly to the dynamical
correlation effects that are neglected in MCSTEP.

Using a CASPT2 wavefunction as the initial state in block 1, that is, using EPCASPT2,
significant improvements to the first IP are obtained. For the cc-pVDZ basis set, the
EPCASPT2 IP to the first ion state differs from the
FCI IP to the same ion state by
−0.08 eV. Using two other basis sets, EPCASPT2 IPs for the first ion state are in very
good agreement compared to
MRSDCI+ Q IPs. EPCASPT2 IPs for the ionization from
the neutral2A′′

2 state to the1A′
1 ion state differ from
MRSDCI + Q IPs by−0.16 and

−0.15 eV for the calculations employing cc-pVTZ and cc-pVQZ basis set respectively. At
the CBS limit the first EPCASPT2 IP differs by−0.08 eV from the
MRSDCI+ Q IP.

For all the correlation consistent basis sets, the second IPs predicted using both MCSTEP
and EPCASPT2 are in excellent agreement compared to the
FCI and
MRSDCI + Q
IPs.
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In Table 6we have also reported MCSCF and CASPT2 IPs. As is well-known, MC-
SCF IPs are generally unreliable[64]. Both EPCASPT2 and CASPT2 IPs are in excellent
agreement with the
FCI and
MRSDCI+ Q IPs.

4. SUMMARY AND CONCLUSIONS

Different forms of the wavefunction have been used as the initial state in Green’s func-
tion/electron propagator methods. Our previous method for the single particle Green’s
function (or electron propagator), the multiconfigurational spin tensor electron propagator
method (MCSTEP), used a small CAS MCSCF state as the initial state. We have devel-
oped an electron propagator method that uses a multiconfigurational-based second order
perturbation theory (CASPT2) wavefunction as the initial state. With this new method a
better initial state is used in the electron propagator calculations. CASPT2 is specifically
designed to handle both dynamical and non-dynamical electron correlation effects. In this
first implementation a CASPT2 initial state is used only in the most important part of the
MCSTEP matrices for low-lying principal IPs (block 1) with the usual MCSCF state used
for the other blocks.

MCSTEP calculations are reported here for the vertical IPs of O2, the adiabatic EA
of CH2, and the vertical IPs of O3. The results are in general in very good to excellent
agreement with experiment or other accurate large scaleab initio calculations.

MCSTEP and EPCASPT2 results are presented here for the IPs of NH2 and CH3 [43,
44].
FCI IPs are used as the benchmark for EPCASPT2 and MCSTEP IPs with the same
basis set and at the same geometry if FCI calculations were possible with our computational
resources since FCI is the exact result for a given basis set. We have demonstrated that our

MRSDCI+ Q calculations effectively mimic
FCI IPs. When FCI calculations cannot
be performed for these systems because of the limitations in our computational resources,
we compare EPCASPT2 results to
MRSDCI+ Q results.

It appears that the use of a CASPT2 wavefunction in block 1 of the MCSTEP matri-
ces (EPCASPT2 versus MCSTEP) does not significantly alter the MCSTEP IPs when the
MCSTEP CAS choice is very good-to-excellent for low-lying MCSTEP IPs; however, the
IPs usually become closer, in general, to
FCI and
MRSDCI+Q for EPCASPT2. When
the CAS choices are inadequate for low-lying MCSTEP IPs, it appears that EPCASPT2
significantly improves the IPs compared to MCSTEP IPs giving very good-to-excellent
agreement with
FCI and
MRSDCI+ Q IPs.
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